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PREFACE 


“If you have knowledge,let the others candle at it” 


This book is specially designed by keeping in mind the demand of securing top 
class marks as well as the difficulties of an average student in understanding of Text 
Book. A significant feauture of this book is 


* All important definitions . 
e Formulas in the begening of every exercise. 
@ Complete and comprehensive notes of every chapter. 
& Easy approach towards every solution. 
° The questions are supported with comprehensive diagrams 


e Each and every important question is highlighted. 


Pa This book isa complete replacement of text book, students need not bother ' 
about text book when they have it. 


Each chapter is provided with the important questions at its end. This book is 
a tremendous equalizer with its main focus to save students from any kind of 
perplexity and preparing them for the examenitions of all the boards of punjab and 
Federal. Underlying all the aspects, this book will prove to be a great aégset, not just 
for students but for all knowledge seekers. 


A special care has been made to avoid mistakes of every kind; therefore this 
note book has been read repeatedly so that before printing, all sorts of mistakes or 
shortcomings can be overcome. In this regard, | am highly indebted to Prof. Rafique 
Bloach, Prof. Nadeem Iqbal, Prof. Nasir Mushtaq, Prof. Javeed Kahoot, Prof. Farooq 
Khan, Prof. M. Farooq, Prof. Babar Zaheer, Prof. Sadaf Batool, Prof. Hina Sikander 
for exhaustive proof reading and giving their very valuable directions to keep the 
book according to the level of the students. 


| am highly obliged to my worthy principla Prof. Shaukat Ali for his 
motivation and encouragment to write this book. 


It is hoped that this book will serve the purpose well for which it has been — 
compiled, | am a staunch believer of the fact that the students will certainly find a 
great boosting difference by comparing it with the other books. 





Dedication 


This book is dedicated to the sacred one Almighty who bestowed knowledge 
upon me, and endowed me with honour and esteem, and rendered me capacity and 
ability to toil and labour, no doubt | was ignorant and nameless. 


To the Professors : 


This book will also be beneficial to our worthy teachers as this will make a 
speedy and quick overview to the lecture. 

Moreover this will be helpful in pointing out and highlighting all the important 
definitions and questions. 

The questions at the end of the chapter are of M.C Qs, short and long questions 
type. Studying the Concepts reviews the content of the chapter and requires that 
students write out their answers. "Testing your skills" of the questions. 

All the convincing comments and patronizingly forwarded Suggestions will be 


thankfully entertained for making this Book more effective. 


Farukh Mahmood 
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Number System 


"ele MILL eau 


A number which can be written in the form of P where pand gez, g#9 
q 


etc. Also 0.21,0.510,0.999 etc are rational numbers 


> 


| 2 
2| 4 


1 
called a rational number e.g.; ae 


21 510° 999 
— ,—— , et 
100 1000 1000 


Vrehieae Mi ue Multan 2010 


5 ? 
A number which can not be written in the form of e where pand gez qg#0 calledan 
G 


as they can be written as 


= 
irrational number e.g.; oa: VJ3.V5,7 etc. All the square roots with prime number in it are 
the examples of irrational numbers. 


erminating decimal: Rawalpindi 2009 


A decimal which has only a finite number of digits in its decimal part, is called a 
terminating decimal.-e.g.; 202.04. 0.000225, 101.25704, 6.25 are examples of terminating 
decimals. 

Since all the terminating decimals can be converted into common fractions as 


20204 
202.04 = ae 





so every terminating decimal is a rational number. 


oe 100 
stale di ae ee Rawalpindi 2009 
A decimal in which one or more digits repeat indefinitely is called recurring decimal 
or a periodic decimal e.g, 1.3333......... 21.134134........ etc are recurring decimals. 
Such numbers can also be converted into their equivalent common fractions (see Q.6, 
Ex6.8, chapter6) So every recurring decimal is a rational number. 
Non-terminating, Pamala ae 
A non terminating and non recurring decimal is a decimal which neither terminates 
nor it is recurring. It is not possible to convert such a decimal! into a common fraction. Thus 
all non terminating and non recurring decimals represent irrational numbers. 
For example. 
7.3205080 ....... (non terminating, non recurring) is irrational. 
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Example 2 Prove that V2 is an irrational number: 


Sol. 


Suppose V2 is a rational number. Then it can be written in fom (where 
q 


Pag ez & GF) ie Bs V2. where p and q has no common factor. 
Z q 


= p= J/2q a a 2q° + (1) Now R.HS of (i) is a multiple of 2, therefore L.H.S 

Must also be a multiple of 2, so let. P = 2 P’'( P’ being an integer) put in (i), then 

(i). Spy 2g? = 4p" =2y° 

2p sig” +i) 

Now L.H.S of (ii) is a multiple of 2, then R.H.S of (ii) is a multiple of 2, so let 
q =2q'(q' an integer) From the above discussion it is clear that p=2p’'and 
q¢ =2q'.This shows that p and q have 2 as their common factor which is 
contradiction to the fact that p & q have no factor in common. Hence our supposition 
that G2 is rational, is wrong. Hence we conclude that is an irrational number. 


Example3 Prove that \’3 is an irrational number: Lahore 2009 


Sol. 


“ 7 
Suppose V3is a rational number. Then it can be written in bee 
q 


(p.gezwith¢ #0) ie Pe V3=> p= V3q (where p,q has no common factor) 
q 


=> p’ =3q? (i) (squaring) 

Now R.H.S (i) is a multiple of 3, therefore L.H.S must also be a multiple of 3, so let 
q = 3p’ (q' being an integer) From the above discussion it is clear that p and q has 
3 as their common factor which is a contradiction to have no fact that in that 


V3 is rational is wrong, Hence we concluding that 3 is an irrational number. 


Note: Using the above method, we can prove that V2.V7 sie: Vn are irrational numbers 
where nis prime. 
Example 4 (i) a.0=0 Multan 


Sol. 


(ii) 
Sol. 


a.0=a.[1+(-1)] additive inverse 
=a.1+(-a.1) distributive law 
=a+(-a)=0 = additive inverse 


ab=0 =>. a=0 v b=0 
given that ab=0 


di pee 
Suppose a# 0 then — exist 


a 


COLLEGE MATHEMATICS-1 NUMBER SYSTEM 


1 
Now i (ab)= 2 .0 => (—.a)b=0 > 1.b=0 => b=0 
a a a 


Similarly if b + 0 then a=0 
Hence if ab=0 then a=0 v b=0 


Example 5 
(i) (-a)b=a(-b)=ab 
Sol. (-a)(b)+ab=(-at+a)b=0(b)=0 
So (-a)b and ab are additive inverse 
.”. (-a)b=a(-b)=-ab 
(ii) (-a)(-b)=ab 
Sol. (-a)(-b)-ab=(-a)(-b)+(-ab)= (-a)(-b)+(-a)b=(-a)(-b+b)=-a(0)=0 = (-a)(-b)=ab 


Properties of Real numbers: 
Addition Properties Multan 2010 


(i) Closure Property: for all a,b¢R,a+6¢Rin other words sum of two real 
numbers is real number. Faisalabad 2009 

(ii) Commutative Property: For all a,be R,a+b=hbt+a 

(iii) Associative Property: For all a,b,ce R.(a+b)+c=a+(b+c) 

(iv) Additive identity: Oc Ris the additive identity of the set of real numbers 
such that o+a=at+o=a, VaeR 

(v) Additive inverse: if the sum of two numbers is zero, then two numbers are 
called additive inverse of each other e.g., additive inverse of 7 is — 7, etc. 

Thus forall ae R such that a+(-—a)=(-—a)+a=0 so “a” and “— a” are inverse of 

each other. 


Multiplication properties: 


(i) Closure Property: for all a,b¢/R,a-b€ Rin other words product of two real 
numbers is real number. Faisalabad 2009 

(ii) Commutative Property: For all a,b< R,a-b=b-a 

(iii) Associative Property: For all a,b,c € R,(a-b)-c=a-(b-c) 

(iv) Multiplicative identity: 1 © IR is the multiplicative identity of the set of real 
numbers such that l.a=a.l=a VaelR 


(v) Multiplicative inverse: _ If the product of two numbers is one, then these two 
numbers are called multiplicative inverse of each other e.g., multiplicative inverse of 
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] Zs }. es ] ] 
7 is 7° etc, thus for all @ © ix there is —eE Rsuch that a.—=—.4=1 soa and 
a = 


are multiplicative inverse of each other. 
a 


Distributive Laws: Faisalabad 2009 


Forall a,bh.ceR a(b+c)=a.b+a.¢ (left distributive law) 
(a+bh)c =a.c + b.c (Right distributive law) 


Properties of Equality: 


(i) Reflexive property: For all a¢R,a=<a.i.e, a number is always equal to itself. 
(ii) Symmetric property: Forall abe R if a=~h>b=a 
(iii) Tra sitive property: Forall a.b.ceR. if a=b and h=c>a=c¢ 


(iv) Additive property: For all a.b.ce R. if a=h then at+c=hie 

(v) Multiplicative property: For all a,b,c <R, if a=b thea.c=h.c 

(vi) Cancellation property w.r.t “+”: For all a,b,c ER, if at+e=b+e>a=h 

(vii) Cancellation property w.r.t “X”: Forall a,6,ceR, if a.c=b.cma=h 
oni Properties of inequalities 





(i) Trichotomy property: Va.b¢ R either a=b or a>bora<b Sargodha 2008 


(ii) Transitive property: For all a.b.ce R 


(Vj) a<bandb<cma<c (ii) a>bandb>c>a>c 
(iii) | Additive property: For all a.b,ceR 

Gi) tf a>boaat+cec>b+e (i) if a<b>at+e<bt+e 
(iv) Multiplicative property: For all a,b,ce R withe>0 

(i) if a>ba>ac>be (ii) if a<b=ae <he 

and forall a,b. €R withe<0 

(i) if a<boaac>be (ii) if a>ba>ac <be 


This shows that if negative number is multiplied to both sides of an inequality then 
the inequality is reversed. 
Note: If reciprocals of both sides of an inequality are taken then the sign of 


bas 
inequality changes e.g., = > 2 Png 
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Exercise 1.1 


: Which of the following sets have 
closure property w.r.t. addition 
and multiplication? 


(i) {0} 
Sol Addition 0+0=0¢ {0} 
Multiplication 0x0 =Qe {0} 


{0} closed w.r.t ‘+’ and 'x' 


(ii) {1} 
Sal Addition 1+1=2¢ {1} 
Multiplication lxl=le {1} 


Not closed w.r.t ‘+’ but closed w.r.t'x' 


(iii) 10,-1} Sargodha 2009, 


Faisalabad 2008, Multan 2009 
Sol Addition 


0+0=0¢{0,-1} 
(0)+(-1) =-1e{0,-} 
(-1)+0=-1e{0,-1} 
(-1)+(-1) 5-2 ¢ {0,-1} 


Not closed w.r.t ‘+’ 
Multiplication 


0x 0=0¢{0,-1} 

0x (-1)=0e {0,-1} 
-1x0=0e€{0,-1} 
(-1)x(-1)=1¢{0,-1} 
Not closed w.r.t. ‘X’. 


(iv)  {1,-1}  (Sargodha 2009, 2011 
Faisalabad 2008, Multan 2008, 2009 
Gujranwala 2009) 
Sol Addition 1+1 


1+(-1)° =0¢ {1-1} 
(-1)+1 =0¢ {1-1} 
(1) + (=I) ==2 4 {1.=1} 
Not closed w.r.t ‘+’ 
Multiplication 


1x | =le{l,-1} 


1x (-1) =-le{l=-1} 
-|x]1 =-le{1,-1} 
(-1)x(-1) =1¢ {1,-1} 
Closed w.r.t. ‘X’. 
2. Name the properties used in the 
following equations. (letters, where 
used, represent real numbers). 


i. 4+9=+-9+4 
Commutative w.r.t ‘+’ 


3 3 
ii. +1)+—=a+(1+— 
(a+1) Fite ( ru 


Associative property w.r.t ‘+’ 
ii, V3 +-V5)4+V7=V3 +5477) 
Associative w.r.t ‘+’ 
iv. 4.1 + (-4.1) = 0 
Additive Inverse 
v. 1000 x 1 =1000 
Multiplicative Identity 
vi. 4.1 + (-4.1) =0 
Additive Inverse 


vii. a-a =0 
Additive Inverse 
viii. V2 x J5 = J2 x V5 


Commutative w.r.t. ‘X’ 


COLLEGE MATHEMATICS-| 


ix. a(b-c) =ab-ac 
Left Distribution over Subtraction 
x. (x- y)z =xz— yz 
Right Distribution over subtraction 
xi. 4x (5x 8)=(4x5)x8 
Associative w.r.t-‘X’ 
xii. a(a+b—d)=ab+ac-—ad 
Left Distribution 
3. Name the properties used in the 
following inequalities: 


i. -3<-—2>0<1 
Sol (Add 3 both sides) 
Additive prdperty 
il. -§<4=> 20<16 
Sol (Multiplying b— 4 ) 
Multiplicative property 
iii. 1>-1>-3>-5 
Sol (Add —4) 
Additive property 
iv. a<0>-a>0 
Sol (Multiply by -1) 
Multiplicative property 
1 ae | 1 
v. a>b=>—<— |'x'by — 
a b ab 
Sol Multiplicative property or Inverse. 
vi. a>b=>-a<-b 
Sol Multiply by (-1) 


(Multiplicative property) 
4, Prove the following rules of addition: 
a 6 a+b 


€ ce c 


b 1 1 
Litsgateomemaitranbae-. 
C:ne ¢ c 





Sol 


ig ¥ Bee 


Sol 
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¢ 


1 
= (ad +bc)x— 
(ad + be) x= 


_ ad+be 
bd 





‘5-21-10 
36 





7 
Prove that ——- -—- = 
12 18 


12 3 
21 10 


36 36 
] 
= (—21—10)x— 
( ) 36 


18 2 


-21-10 
36 


=RHS 





~” 


6. Simplify. by justifying each step: 
(i 4+16x ‘ 
4 

Sol Lyset 83 

4 

| = (4416x)x— 
(! - 6x)x 
=(Ix44+ 4xx4)x- 


= (L+ 4x)x (« x ;) Left Distribution 








etal 
= (1+4x)| 4x— 
tot 
= (1+ 4x\1). Cancellation Law - 
. =(1+4x) © Multiplicative identity: 
1,1 
4° 5 
oi 
4 5 | 
we dite , 
Sol. : 2} = 4,3 — %" Identity 
a+ =x1-=x] 
45 4° § 
15 14 5. 4: 
45754 20°00 g 
scl se en 
45 5 4 20 20 
Nl 
5+4)x = 
O+4)x5, 
1 
3-—4)x — 
( . 30 ' 
org Cancellation property... 
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(iii) 


Sol. 


(iv) 








1 
a 


— 





1 
a 


c 
bid ad 
ad be 

oe eat, 

~bd bd _ 
ad E be 
bd bd 
- ad + be 
ad — be 





aos 
5b _a 
1 


a in 
b ab 


x 
x 


b 
b 
b 


1 
d+b ~ 
(ad + bc)x bl 


] 
td — bc) x ~- 
(a c)x 


] 6b 1 a. 


46 ba 


~~ ab 1 ] 
abs ab 
boa 


ab 
“1x 
ab ab 


_ b-a 


- db-1 


s ab ab. 
rot ] 

-] ib—1)x 
(¢ ) ab 


“1 


| 
Dm 
alas iel 


ab 
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Multiplicative identity 


Cancellation property 
‘X’ Identity 
Cancellation property 


Distribution Law 


Cancellation Law 
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Sol 


Verify the addition properties of complex numbers. 
Closure 
Let a+ih,c+id € Cthen 
(at+ib)+(c+id)=(at+c)+i(b+d) EC 
Associative 
at+ih,e+id.e+if €C then 
[(a+ib)+(c+ id)|+(e+if) 
=[(a+c)+i(b+d)|+(e+if) 
=(at+tet+e)+i(b+d+ f) 
=(a+ib) +[(c+e)+i(d + tI 
=(u +ib) + (c+id)+ (e+if)] 
Additive Identity 
(0+i0),(a+ib)ec* 
then (a +ib)+(0+i0) =(a+0)+i(b+0) 
at+ibec 
Also (0+i0)+(a+ib) 
=(0+a)+i0+b)sat+ibe C 
Additive Inverse 
(a+ib)(-—a-ib)e Cc 
(a+ib)+(—a- ib) =(a—a)+i(b-b) 
0+i0EC 
Also (-a—ib)+(a+ib) =(-—a+a)+i(a+ib) 
0+i0EC 
Commutative 
(a+ib)(c+id) € Cthen 
(a+ib)+(c+id) 
(a+c)+i(b+d)=(c+a)+i(d +b) 
=(c+id)+(at+ib) 
Verify the multiplication properties of the complex numbers. 
Close w.r.t. ‘X’ 
(at+ib)(ce+id) © Cthen 
(a+ib\c+id)=act iad +ibe+ ibd 
=act+i(ad +bc)—bd 
—(ac -hd)+i(ad+beye C 


COL 


Sol 


Sol 
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Associative W.r.t. ‘X’ 

(a+ib),(c+id)(e+ifye Cc 

then| (a + ib\(c + id)|(e + if) = (ac + iPbd + ibe + iad)e + if) 
=[(ac—bd) + i(be + ad)|(e+if) 
= [e(ac —bd)- f(bce+ ad)] + i[ f (ae —bd)+e(bc+ ad)| 
=[aec~ebd — fbe- fad |+ ilafe — fod + ebe + ead | 
= [alec —df)—b(cf + de)| + ila(ef + de) + b(ec — df)] 
=(at+ib)[(ec—df)+i(cf + de)] 
=(a+ib) [(e +id\er+ if)| 

Identity 

(a+6),(1+70) € C then (a + ib\(1 + i0) 
=a+0+ib+0=a+ibeC 








inverse 
(a+ ib), oe se] €C then 
at+h a+h 
(ait), sa =e = =} =(a +i) 2%) 
; a+b a+b a+b 


_a (iby a+b 
a+b? a+b 


Also [ = ae asim 


a+b a+ 


=1l=1+0/ 











_(a-ibatib) a+b? 
ete ate 
=1=1+0) 
Commutative 
(a+ib),(c+id)ec 
(a+ib)\(c + id) =(ac—bd)+i(ad + be) 
=(ca—db)+i(da+cb) 
=(c+id)(a+ib) 
Verify the distribution law of complex numbers. 


(a,b)[(c,d) +(e, £)] = (a,6)(c,d)+(a,b\(e, f) 


- Distribution law is (a,b)[(c,d) +(e, f)]=(a,b)(c,d)+(a.b)(e. f) 
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L.H.S =(a,b)[(c,d)+(e, f)] 
=(a,b)[(c,d) +(e, f)] 
=[a(c+e-b(d + f),a(d + f)+(c+e)] 
= (ac + ae —bd —df),(ad + af) + (be + be) 
= (ac —bd,ad + bc) + (ae —bf ,af + be) 
= (a,b)(c,d)+(a,b)\(e, f) 


=RHS 
4. Simplify the following: 
Note: i= V7 
=P? =-1 ; 
i. i? 
Sol P= xi 
= (i?) xi 
=(-1)'xi 
aixi=i 
ii, FP 
Sol =" =(i)’ =(-1)’ =-1 
lil. (-i)” 


Sol (-i)”" = -7” = +i" 7=-(7 9 §=-(-1)° § =4-l i =i 
-21 


iv. (-1)? 








Cy? =(P)? = (i)?! ye. Cw Aa © a 

a fe i te Tend MEY Rd 
Ane: atone 580 OF 2 pier, Sa 
Cixi ink i ie Fo 1 

5. Written in terms of i 

i. J-1b 

sol V—-Ib=ib 

i, V-5 


sot V5 = VEG) = Va =i5 WSF 


- di. 


Sol . 


Sot 


Spl 


Sol 


Sol 


Sal 


10. 
$ol 


Hi 


25 
-16 [.. 16 pfté 4 
V5 ’ = GS aac m 

1 i 
E. jz eu a me 28 


(7,9) + (3,-5) 

(7,9)+6, ~5} =(74+3,9—- —3) ~~ 
(10,4) 

(8; -5)-(-7,4) | 


= (8—(-7),-5-4) =(8+ 7,5 —4) = =(15, -9) 


(2, 6) (3,7) Multan 2009 | 
= (2+ 613+ 7i) 
= 6+1474+ 187+ 427? 
= 64+32i+42(-1) 
=6+32i-42 
= —36 +327 
= (-36,32) 
(5,-4) (-3,-2) 
=(5—4i)(-3 - 27) 
—15-107+1234 87 
-15+27-8 
—23+25 | 
= (-23,2) 


ot ll 


(0, 3) (0,5) 


=(0+3i0+5/) 
= (iK5i) 


2157? =15(-1) 


acts 
=(-15,0) 
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11; 


Sol 


a2; 


Sol 


13. 


Sol 


(2, 6) = (3,7) 
(2,6) _ 2+ 6i _ 2 +6: 3=7t 
a $48 347 “3-71 


_ (2+ 6i)(3-7i) _ 6-141 +18) - 427° 














(3) -—(7iy 9 -(-49) 
6 +4i-42(-1)_ 6+47+42 
9+49 58 

_48+4) 48 4 
= +b 
58 «365858 
24. 2 24 2 
—+-] =(—, ees 


“39°29 °29°29 

(5,—4) + (-3,-8) Faisalabad 2009 

_ G4) _ 5-44 

“\(-3,=8)  -3=8i : 
5-4 -348i  (S-4i(-3+8i) 
3-87 -3+8i (-3-8/)(-3+8/) 

_ -154+40i + 121-327 7 

(-3)° - Bi)" 

_ -15+52i-327° 

~ 9~64(=1) 

_ -15 4521432 174+52i 








9+ 64 73 


Prove that the sum as well as the product of any two conjugate complex numbers 
isarealnumber. - Federal 2008 
Let Z=x+iy 


Conjgate = Z = x -iy 
Sum =Z+Z 
=x+iy+x-iy 
= 2xis real 
Product = Z Z 
= (x + iy)r- ty) 
=x? -(iy)) =x? -(-y?) =x? + y" ivreal 


COLE 


14. 
(i) 


Sof 


(H) 


(iy 


15. 
(i) 
Sol 

















s ae 
Find the multiplicative inverse of each of the following numbers: 
(-4,7) Faisalabad 2008, Multan 2008 
Multiplicative Inverse = 
-4,7) 
. gt ee 
44+7) 4-7 
_ -4-Ti 4-71 
(4-7 —:16-(-49) 
4-Ti_-4-Ti_-4 -7 
“1644965. 65° 
(V2,-V5) nee 2007, 2010, Gujranwata 2009 
Multiplicative Inverse = Ea a 
1 I v2 + il 
“hE V2 —V5i Ist V24+iN$ 
V2+iV5 V2 + V2 +iv5 
* W2y¥-Wsi 2-5) 
_V2+iN5 V2 +iv5 _ v2, 4, 
“245 °° # oF ra 
v2 V5 
(F4) 
(2, O} 
Multiplicative Inverse =: 
(1,0) 
1 1-0; 1-07 
“1401 1-07 ()? (oy 
Lo 
a ye. ate 
Factorize the following: : 
a’ +45" Sargodha 2008, Multan 2009, 2010 
= a" ~(-4b’) = (a’)— (i748) = (a)? — (2bi)" 


=(a-—Dbi)fa + 2bi) 


NUMBER SYSTEM 
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(ii) 9a’? +165" S arg odha 2008, Faisalabad 2007 
Sol = 9a? +16b? = 9a’ — (—16b?) = 9a? - (i716?) 
=9a° ~(i4b) = (3a) -(i4b)’ 
= (3a — 4bi)(3a + 4bi) 
(ii) = 3x? +3’ 
Sol = 3x’ +3y? =3(x? + y’) 
=3[(x)°-(-y”)] 
= 3(x)’ —(iy)’) 
= 3(x —iy)(x + iy) 
16. Separate into real and imaginary parts (write as a simple complex number): 
(i 2-7i 
4+5i 
2-7i 2 2-7i . 4-Si 
4+5i 4+5i 4-5 
_ (2-Ti)(4—Si) 8-101 -281 + 357? 











Sol 


(4° -(SiP ~~ 16 -(-25) 
_ 8-381 - ~35 _ -27- 38i _-27_ 38 
16 +25 41 41 41 
es s\2 
ti) (-2 + 3%) 
1+i 


nt 9 oe 5 2 m4 
Sol (-—2 + 3/) A 127+ 97 gant 
1+i 1+i l-i 


«ole XD) 


(1+i)(1-i), 

— (4-12i-9)(1-i) _ (-S-12/)(1-1) 
(1)? -(iy’ 1-(-1) 

_ ~5+5i-121 +127? 

2 1+1 

_~S-7i+1%-1)_ -5-7i-12 

oi 2 Jee 

Aic.§ Rs Pak Ae 





(iii) 


Soi 


1+i 
i i bar. if 
™ 


tei I+? 1-7 QP -@. 
i~(-1)* i#] Lit 


eee ee 


Example-1: Find the Module of the following complex numbers. 


i. 1-i/3 ii, 3 iii, —Si 
Solution: . 
@) Let Z=1- iN ; 
_ Falsalabad 2009, Sargodha 2010 
dale = Jay +(-3Y 
=¥14+3 =2 Ans : 
{ii) fet Z+3 
Z =34+0i 
“.|Z}= ¥GY +(0)? =3 Ans 
{iil) Let Z=-Si 
Z =O- Si 
-\zl= Jor+s y =5 Ans 
(iv) Let Z=3+4i 
o |Z | = (3)? +(47 
= 425 =5 Ans~ 


amps 2: (Federal beard) 


Wf Z,=2+i, Z,=3-2i 


Z. =1434, then express 
ZZ, (+1043) (2-0-3) 
ke eae ga 
2-6-1437? 2-71-3 

-3-2% 3-2; 

-1-7i_ 342i 





—_—— x a 
a= 2 342i 


iv. 


3+4i 


Ta NUMBER SYSTEM 
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—3=2j = 20-147" - —3—237+14 
9-4; 9+4 
11-23) 1123, 
13 313 


Express the complex number 1+ iV3 in polar form. 
Sargodha 2011, Fasaiabad 2007 


Put r cos0 =1— (i) & r sind = V3 > (ii) 
Squaring & adding (i) & (ii) 

r cos? 6 +r? sin? @ = (1)? +(V3)? 

r*(cos’ @ + sin’ 0)=1+3 

rash 


r=2 


Example 4: 


Solution: 


Dividing (ii) by (i) 
rsin@ 3 





rcos@ 1 

tan@ = V3 

@  =Tan'(J3) 
C. = 


Thus 1+ iV3 = r(Cos6 + isin@) 
. = 2(Cos60" +7sin60) vious 
State Demoiver,s Theorem: Lahore 2009 


Statement: 
(Cos@ +isin@)" = Cos(n@) + isin(n@) 


Example 5: Find out real and imaginary parts of each of the following complex numbers. 
(i) (v3 +i) Federal 2009 
? ( 1-V3i } 
1+ V3i 
Solution (i): 
Let rcos0= V3 , & rsind =1 where 
r’cos’ O+r sin’? @ =(V3Y9 +) 


r?(cos’@ +sin’ 0) =3+1 





COLLEGE MATHEMATICS-| NUM M 





r =4 
or =2 
rsin@g 1 
also =— 
rcos@ 3 
l 
tan@ =—= 
v3 
1 
@ =tan"' 
F 
6 =30° 


(V3 +1) =[r(cos@ + isin@)] = r°(cosd + ising)’ 
= 2°(cos@+isin@)’ = 8(cos 3(30°) +i sin 3(30°) By demoiver’s theorem. 

= 2'(cos30’ +isin30’)’ =8[ cos90° + isin90° | 

=8[0+i.1]=0+8/ 
Real Part =0 
Imaginary Part =8 
Solution (li): : 

Let rcos@, =1&r,sing =-V3 


, =v) +(-v3? 


h = V1+3=2 
“sing, _-v3 
7,cos6, cP. 


V3 


tan@=-J3 6, = Tan'(-*=) = -60" 
Also Let —r,cos0, =1 &r, sin = V3 


= =V0 +3? 
fe = 4 =2 
v3 


and 0,= Tan" (—— 


Oo = 3 
1+.V3i [ (cos 60° + isin 60° )] 


) = 60° 





_| cos(—60°) +isin(~60°) | 
(cos 60° + sin 60°} 
= [ cos(-60°) + isin(—60°) | [cos(60°) + isin(60°) | 
= { cos(~300°) +i sin(—-300°) | [ cos(-300") + isin(~300°) ] By demaiver,s theorem 
= [cos(300”) ~ isin(300° )|[ cos 300° — isin 300° ]=[cos300° —i sin300°] (i) 
as cos 300° = cos[3x 90+ 30]=sin30 =\ 
sin 300° = sin[ 3x90” +30° ]=~cos30" = 3 


i 


= G + my here 


ia) S)(F) 





2143332214939 1398, 
Oe ae a ee 4-4 2 
I~3_ V3, 2 V3. 
+—i=~--—+— I 
4 2 - 2 
gel iva, 
2 


Theorems If 2,2,,Z, be any complex fumbers then shaw that 


Wo [2\=|-z|=|2/=|-2| a 
Sol. Let Z=a+ib=>|Z|\=Va' +e 7 wo 
Also Z=a~-ib=|2|=J@y+(Cby =Vesh 2) 
-2a-0-bapZalcarcy nF ey 
-Z =-a+ib=>|-z| = J(-a)' + (by = Va eh (4) 
From (1),(2),(3) & (4) we have, 
l-12|=F2|=[-21. 


COLLEGE MATHEMATICS. Pt | | NUMBER SYSTEM 
(ii) (Z) =Z - Multan 2009 
Sol. let = Z=atib—(l)- 
aa Z=a-ib 
=> Z=atib—+(2)_ 
From {1} & {2) we have (Z) =Z 
ii) ZZ= z/ . Lahore 2009 
So. Let Z=a+ib=> Z =a-ib 
LHS=Z. Z =(a+ib\a—ib)=(a’)—{iby 





* = gt_ pp? 
"sat +B? oa 
RHS =|z)=(Wa+e?yP=a?+h >i) 
LHS = R.H.S | 
(vw) Z,+Z,=2Z,4+Z, Sargodha 2008 
Sol. = Let Z, =a +ib, Z,ser+id 


Z, =a-ib, Z, =c-id 
Now Z;+Z, =(a+ib)+(c+id) 
=(a+c)+i{b+d) 
=>Z,+Z,=(a+c)-i(b+d) ~> {i) 
Also Z,+2Z, =(a-ib)+(c=id) 
- =(a+e)—i(b+c) | - 
From (1) & (2) we have Z, +2, = zZ, +Z, —> (di). 





Z,\ Z,. eee 
(v) (2:} = 3 Federal 2008, Sargodha 2009, Falsalabad 2008 
2/ z 


Sol LetZ,=a+ib,  Z,=c+id 
Z, =a-ib, Z, =c~id 
(4)-# _a+ib c-id 
Z,} ¢e+id ctid c-id 
ac —ind +ibe -i bd 
(cy’ —Gdy’ 











Now 





2) eee (a+ bal} lad - ~be) 
Z 


e-Pd? - e? +d? 
=(2 Z,) — (26+ bd} + od — be} +) 
c+a . 











Zz, is 
Agatti |. a—ib _a~ ib ct+id 


cid e-id “erid 
_ ae +iad ~ ibc—ivbd _ ac + iad - ibe+ bd 


es 


(cy —Gay Pd 
4 fac+hd)+il(ad~be) 5 (2) 
Z; ce +d? a 


From (1) & (2) we have (2.2 =a 


(vi) |Z, .Z,|=|2,11z,| ; 
Sol. = Let Z, =atib,. Z, =c+id 
|Z)=va? +e, |Z,JaVe +d 
NowLHS |Z, .Z,|=|(a+ibXc+id)| 
=| ac-+ iad + ibe +i°ba| 
| _ =| ac +iad + ibe — bd| 
=| (ac - bd) + ilad + be 
Va’ ae + bd — Deaebd-+a'd d+ bichs Decbt | 
Va’? +B'd? tad? + bc? =Vare’ +a'd? +b'c +b! 
= Ja ie —— +d) 
Je +b VEE 


=|2,).|2,|=RH-S 












(vi) |Z,|-|2,|.s1z, + 2,|<|z,|+|z,| 
Sol. = Let Z, =a+ib, Z, =ctid 
then Z,+Z, =(at+c)+i(o+d) 
¥ 


4 
Ps we Cfatc, b+c) 


7" 
nee 





0 
 (Z[=|04), Iz, =[0a}, |Z,+2,|=|0C] 
[O4|+[4c|>|oc] : 
IZ,|+12,1> |Z, +Z,| yay | 


For Collinear Points: 





as|ac|=(oe] +a) 
(Z,|+|Z.[ =|Z, +Z,| 
By (1) & (2) |Z,]-{Z,|2|Z,+Z,|- (3) 
Now vs : 
IZ,| =(Z, +2,-2, 
IZfs|Z, +2,|+|-2,| 


(Z,| Ss (Z, + Z,| +(Z,| 
I2:|-|Z,] s[Z, + z,| ‘. ~» (4) 
By {3} & (4) 
[Z,|-|2,|$|Z, +Z,|<|Z,|+Z,] Proved 


COLLEGE MATHEMATICS-1 NUMBER SYSTEM 











1. Graph the following numbers on the complex plane: 
(i) 2+3i 
Sol. 2 +3i Compare with x + iy 

Here x=2, y=-3 

. 

(ii) 2-3i Y 
Sol. 2 —3i Compare with x +iy 

x=2,° y=-3 = 
(iii) —2-3i 

Sol. Compare with x + iy Y 

y2=% -y=s3 

(iv) —2+3i 
Sol. —2+3iCompare with x + iy 


x=-2, y=3 





COLLEGE MATHEMATICS. 





er: = i Se See re oe 
—6=-64+0 
Compare with x+ iy 


x=-6, y=0 





(vi) i 
Sol. ix=0+i 





t= 0, y= 1 
3.4 
i) aes 
(vii) = gt 
Sol. Compare with x + iy 


4 
x==, yo-- 


5 "5 





COLLEGE MATHEMATICS-1 





(viii) -S-6i : 
Sol. Compare with x + iy 


x=-5, y=-6 














2. Find the multiplicative inverse of: 
(i) —3i=0-3i Faisalabad 2008 
‘Multiplicative inverse = —— 
0 ~3i 
1 . 0+ 37 _ 0+3i 
O-3i 0+3% 0-(9;") 
Spas 3i a 
(9). 59 3 
(i) 1-2 
Multiplicative inverse = = 
ee | 
] 1+27 
= x 
1-2) 1+2; 
1+2/ — 1+2i _1+2i 
(1)? -(2i? 1-(-4) 144 
_ +2] _ ees 
1+4 3 
tc ciee 


=—+— 


oS 





(iii) 


ATHEMATICS-/ Pde NUMBER SYSTEM 











-3-Si 
Multiplicative inverse = : 
-3=-5i 
es . SS. | =345 
-~3-5i -34+5i (-3)?-(5i) 
Het AS 
9-(-25) 9425 
a5: eae A Ed 
34 34 34 
(iv) (1,2) Sargodha 2009 
Multiplicative inverse — pone 8: 
(1,2) 
Sit i 2i _1-2i 
1+2i 1-2) 1-2: 
1-2 1-2 


“(y-Qi 1-4) 
_1L2i_1-2i_1 2: 


Stee, oe pa 8 








arZ 
= G 3 3 
3. Simplify: 
(i) i” Lahore 2009, Multan 2010 
Sol. BPO G=(PY° xi =(-1) xi gl xii 
(ii) (-ai)’,aeR 
Sol. = (-ai)' =a =a' (7 Y =a‘ (-1P =a‘l =a’ 
(ji) i? 
ties i i 
Sol. — = =— 


i Pi * @P' CH 


(iv) i '° — Rawalpindi 2009 





Sol. =- 


4. Provethat Z =Z ifZ is real 
Sol. Suppose Z=atib (i) =>Z=a-ib 


COLLEGE MATHEMATICS-1 
Given Z=Z 
a—ib=a+ib >a-a=ib+ib>0=2ib 
>p=9 
(1) become 
Z=artib => 2Z=a+0>Z=a=>Zisreal 
So Z is real conversely suppose that Z is real. 
So Z=@ — (i) 
>Z=a 
Z=a — (ii) 
Compare (II) and (II!) 
Z=Z Hence proved. 
5. Simplify by expressing in the form a + bi 
(i) 5+2/-4 
Sol. 5+2V-4 =5+2/(—14 


=5+2iV4 =5+2i(2)=5 +434 


(i) — (2+/-3)34-V23) 


Sol. = (2+iV3)(3 + iv3) 
= 6+ 2iv3 + 31/3 +733 
= 6 +5iv3 +(-1)(3) = 6-34 5y/3 
=3+5V3i 

ee 2 

(iii) Vs+J8 


2 2. V5-iv8 
Bela BB Bk 
__2(¥S5~iv8) _ (v5 -iv8) 
W5y-(ey 5-8) 
V5 -iv8) 25 ;2v8 


=- eo 


Sol. 


3 
“ey V6 -V-12 
ia 3 3 V6 +ivi2 
Ve-V-12 Je-ii2” Je +iin 


NUMBER SYSTEM 


376 +312: “He +inid 
“(ley (viz 6—(-12) 
‘ _ We Hiv _ v6 +ivi2) | 





6412 18 
6, 68 ea 
6 Tele 
sl WB J 
we q 46 33 - 
i 
7 5 
6 Show that VzeC 
(i) Z'+Z isa real number- _ Faisalabad 2007 
Sol. Take Z =a+ib then Z =a-ib 


Now Z? + Z* =(a+ ib)’ +(a- iby’ 
=a’ +2iab + (iby +a” —2iab + (iby 


=@—b? +a’? —b? =2a ~2h* which is real. 


(ii) (Z- zy is a real: number 
Sol. Take Z=atib | « 


then Z = a~ib 

Now [Z -Z T =[(a+ib)-(a- ib) 
=[a+ib-a+a] 
= (2iby' = 4228? =—4b? 


Which is real. 
7. Simplify the following 


1 v3.) 
9) 
ae yt +S yBoad yin “ 


sly )- “OG 4,38 


Sol. 


VST 


NUMBER SYSTEM 





COLLEGE MA TICS-1 
Steet : ae 
Jr (is a9 : 
8 3 8 8 
=1 Ans 
3 
3 1 v3 
(ii) wine eaten g 
2 ie 
V3 2 a3 3 





nf ‘hy ] 3 1 2 —V3 | hoe *\2 \3 
St a) PS et 


1 
Sol. Saris 5 iy =( ; 
oy By 334 MB 


8 2 
—1 3 
11348 vile == Be ae 


2 


es 1 seu 
W)) AST ee : 


ee 3 Pa 1h 
uy eee yt a5 - Say" 


Sol. -—-— 
, cog 3 4 2 2 
tetas 18, ohn 
Mee BS SA al z 2 
= xB 1 N35 aly y es 
22" 2a 2 2 + 
A.43, A548. ALS 
=a} iden | Scene 3 
eda ee eet a Oe pe ee 
13 A I 7 3 
4 4 A 


(iv) (a+biy 


Sol. (a+ib) = a’ +2abi+ (iby =a’ +2abi-b 


vy) (a+biy* 


S “| : 1 n 1 (a8) 2abi 
Sol. (a+ ib) * (a+ iby a ? + (iby + 2abi {a’ —b')+2abi (a’ -5’)- 2abi 
(a@°~b")-2abi_ (a -b*) - 2abi 


” (@—b') —-Qabiy a +6" 2a’ -(-4a'b) 
(q?-6)-2abi___(a*-b*)—2abi _ (a? -b*)-2abi 


a+b 2a +40 a+b +20b (ata 
_ @&-h? 2abi Note (a +b)’ = a? + 6° + 3ab(a + b) 
—@ FP +e y =a’ +6? +3a°b+3ab" 
ww) = (a+by | 
Sol. (a+ ib)’ = a’ +3a"(bi) +3a(biy + (bi) 
| = a? +3a°bi + 3a(—b) +P? 


= a? +3a"bi —3ab? ~ ib’ = (a’ —3ab”) + i(3a°b—b*) 
(vi) = (a - 1b) 
Sol. (a-iby =(a’ +(-bi)) = =a’ 43a ib) + 3al-ib) + (iby 
= a ~3a°bi + 3a(-b?)- 75? 
= a —3a’bi ~3ab’ -(-i)d? 
= a? ~3a"bi—3ab’ + ib = (a’ —3ab*) + fb’ - 3a"b) 
vty (3-V-4)> Federal 2007 


ta GV)? =0-WA)? 6-27" 


1 
"8 - G+ heen ae 





1 
(3-2) 


1 
” 27— aca —(-i8) 27-54-3648) 
1 -9446i =. -94.467 


” 946i “94 461 Cy (46D 
oo 94465 -9+46i. 


= = nie -_= 


—(-2116) 8142116 2197 
: ns 46 


+ —-—. 
2197 2197 


° ' 





COLLEGE MATHEMATICS.| TEM 
Q#1. Select the Correct Option (10) 
i. The property used in inequality 4 <9 => —a > 0 jg. 
a) Additive b) Transitive 
c) Multiplicative d) Trichotomy 
ii. Multiplicative inverse of (1,0) is: 
a) (- l, 0) b) (0, 1) 
iii. Union of Rational and Irrational Numbers is set of 
a) Real numbers b) Integers 
c) Whole numbers d) Complex numbers 
iv, Factors of 94° +166” are 
a) (3a + 4b)(3a — 4b) b) (3a + 4ib)(3a — 4ib) 
c) —- Bai+4b)(3ai-46) yy (V3a+-416)(/3a- 416) 
Vv = is 
7 
a) Rational numbers b) Irrational numbers 
c) Whole numbers d) Natural numbers 
vi, The number V2 is 
a) Natural b) Rational 
c) Irrational d) Integer 
“19 
vii. (-1)" equal to 
a) I b) = 
Pre G.-- + 
viii. The numbers 0.142857142B57...cccescsss... is 
a) Natural b) Integer 
c) Rational d) Irrational 
ix, The number V16;, called: 
a) Natural b) Integer 
c) Rational d) Irrational 
x. Multiplicative identity in complex number is: 
ee) b) (1) 
¢) (0,0) dg) hl) 


COL THEMATICS- Es TEM 


OT Be _ Short Questions: 
i, Does the (0,-1} posses closure property w.r.t ‘+! & 


ii, Find multiplicative inverse of the complex number (1,2) 
iii. Define Recurring decimal and terminating decimal: 


iv. Prove that 222 iff Z is real. 
Vv. State De Mouvre’s Theorem. 
vi. Prove that 30 a ieee 
vii. Show we V3 isan irrational number. 
viii, Simplify ia 
ix. What is Closure Law of addition in the set of real neni: 
x. Find modulus of !~ N3i 
xi. Simplify 4) +(-3.-8) 

(2.2 
xii. V2,12, EC show that es és 
xiii. Find Multiplicative Inverse of —3i 


xiv. Express I+ in3 in polar form. 


xv. Simplify (-1) 





xvi. For a Real number a.b show that a(—-b) =- 
xvii. Factorize 9@ +16" 
xviii. V2),2, €C Show that £,+Z,=Z,+2, 


xix. State Trichotomy property 


2 2 
XX. Factorize ¢ +45 
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Sets Functions and Groups 


Set: 
=o Well defined collection of distinct objects is called a set. Well defined, we mean an 
object that we can separate easily from other objects. 

The object in a set are called elements or members of a set Capital letters A, B, C, D, 
, _. are used as names of sets small letters a, b, c, d, . .. elements of sets. 

There are three different ways to describe a set. 
i. Descriptive method: A method by which a set is described in words 

For example. N=The set of all natural number. 
ii. Tabular method: tn this form, we have to write all the elements of a set within 
the brackets. For example; the set of all natural numbers can be written as: 

N = {1,2,3,4,5,6, Toccccceorsoh 


iii. Set-builder form: in this form, we use a letter or symbol for an arbitrary element 
of set and also write the property that is common to all element. For example; the set of 








natural number. Can be writtenas N = |x| xis any natural numbers| 


Some different sets of numbers: 


i. N = set of all natural numbers = {1,2,3,4........... \ = set of all +ve integers = Zz. 
ii. * W =setof all whole number = {0,1,2, Sa eacoccace> \ = set of non negative integers. 
iii. Z = set of all integers = {0,+1,+2,43,....0000 } ' 
iv. 2’= set of all—vé integers = {—1,-2,—3,-4......004 } | 
Vv. O= set of all odd integers = {+1, +3, +5,........... \ 
vi. E = set of all even integers = {0,+2,+4,.......04 } 
vii. Q = set of all rational numbers = {ss : where p,qeZ and g# | 


viii. Q’= set of all irrational numbers = {atx P where p,qeZ and q# o} 
q 


COLLEGE MATHEMATICS-I SETS FUNCTIONS AND GROUPS 


elel gem msaNumber of elements ina set is called its order: Lahore 2009 
Membership of a set: inf symbol used for a member ship of a set is € is read as 
“belongs to” Thus a€ A means a is an element of a set A or a belongs to A. If a is not an 
element of set A. It is written asa¢ A. 
SPELT SeeTwo sets A and B are said to be equal sets if each element of one set is an 
element of other set, written as A = B. 
Two sets are said to be equivalent if one-to-one correspondence 
can be established between them 
Example: = if A={I 2 3}; B={a b c} 
Then one-to-one correspondence between A&B can be established as under: 
A={1 2 3} 


cu T 
B={a b c} 


set having one element is called singleton set. 
set having zero number of element is called null set or empty set. It is 


denoted by¢ = { } 


set having finite number of elements. 
set having infinite numbers of elements. 
If each element of set A is also an element set B. Then A is called subset 


of B written as A © Band in sucha case Bis called SUPER SET of A. 

Note: (i) Empty Set "@"'is subset of every set. 

(ii) Every Set is sub set of itself. 

The set of all subset of set A is called power set of A, defined by P(A). 
Note: Power Set of empty set is not empty. 
Proper subset: Faisalabad 2009 

If A is subset of B and contains at least on element which is not in A than A in called 
proper subset of B donated by Ac B 

If Ais subset of B and A=B then Ais Improper subset of B its follow that every set is 
improper subset of its self. 
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Te 


1. Write the following sets in set builder notation: 


i. 
Sol 
ii. 
Sol 
iii. 


Sol 


Sol 


Sol 
vi. 

Sol 
vii, 


Sol 


viii, 


Sol 


Sol 


Sol 
xi. 

Sol 
xii. 
Sol 


{1,2,3, ....-1000} 

{x|xe Naxs 1000} 

{0,1, 2, ....»»»100} 

{| x|x EWaAxs 100} 

{0, 1,2, ..ssoeu + 1000} 
{x|x<Z~-1000 < x < 1000} 
{0,-1,-2, sss. — 500} 
{x|x€ZA-S00< x <0} 

{100, 101, 102,........400} 

{xjxeN and 100 < x < 400} 
{-100,—101,—102, ......— 500} 

{ x| |x ZA-500< x <~-100} 

{ Peshawar, Lahore, Quetta, Karachi} 
{ x|x is @ provincial capital of Pakis tan} 
{ January, June, July} 


{ x|x is month of Calender year beginning with J } 
The set of all odd natural numbers. 

{x|x is an odd natural number} 

The set of all rational numbers. 

{xjx EQ } 

The Set of all real numbers between 1 and 2. 

{ x|.x e€Ral<x<2 } 

The set of all integers between — 100 and 1000 

{x]x €ZA-100< x <1000 } 
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2. Write each of the following sets in the descriptive and tabular forms: 
I. {x|x N ax $10} 
Sol Tabular Forms: {1,2,3,4,.........04+ 10} 

Des. Form: set of first ten natural numbers. 
ii. {x|xeN A4<x<12} 
Sol Tabular Forms: {5,6, Pacussidaesesss l I} 

Des. Form: set of natural numbers between 4 and 12. 
iii. {x|x eZ a-S<x<5} 
Sol Tabular Forms: {—4,—3,—2,-1,0,1,2,3,4} 

Des. Form: set of all integers between -5 and 5. 
iv. {x|xeE A2<xs4} 
Sol Tabular Forms: {4} 

Des. Form: set of even numbers between 2 and 5. 
v. {x|xeP Ax <12} 
Sol Tabular Forms: {2,3,5,7,1 1} 

, Des. Form: set of prime numbers between 1 and 12. 
vi. {x|x€OA3<x<12} 
Sol Tabular Forms: {5,7,9,11} 

Des. Form: set of odd integers between 3 and 12. 
vii. {x|xe E A4< x<10} 
Sol Tabular Forms: {4,6,8,10} 

Des. Form: The Set of even integers from 4 to 10. 
vii,  {x]xe BE A4< x <6} 
Sol Tabular Forms: { } 


Des. Form: The Set of even integers between 4 and 6. 


ix, {x| xEOa5sx 7} einen ate 


Sol Tabular Forms: {5,7} 
Des. Form: The Set of odd integers from 5 up to 7. 
x. {x|xeO5<x<7} 
Sol Tabular Forms: { } 
Des. Form: The Set of odd integers between 5 and 7. 
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xi. {x|x eNAx+4=0} 
Sol Tabular Forms: { } 


Des. Form: The Set of natural numbers x, satisfying x + 4 =0 
xii. {x|{xeQnx’ =2} 


Multan 2010 
Sol Tabular Forms: { } 
Des. Form: The Set of rational numbers x, satisfying x =2 
xiii. {xjxeRAx=x} 
Sol Tabular Forms: IR 


Des. Form: The Set of real numbers x, satisfying x =x 
x = xis satisfying by all real numbers. 


xiv. {xjxeQax=-x} 

Sol Tabular Forms: {0} 
Des. Form: The Set of rational numbers satisfying x = —x 
x=-x => 2x=0 or x=0 

xv. {x|xeRax#2} 

Sol Tabular Forms: IR —{2} 
Des. Form: The Set of real numbers x, except 2 

xvi. {xix eRaxeQ} 


Sol Tabular Forms: QO’ 
Des. Form: The Set of real numbers x, which are not cain so it will set of 
irrational numbers. 


3. Which of the following sets are finite and which of Sa are infinite? 
i. The set of students of your class. 

Sol Finite 

ii. The set of all schools in Pakistan. 

Sol Finite 

iil. The set natural numbers between 3 and 10. 
Sol Finite 

iv. Set of rational numbers between 3 and 10. 
Sol Infinite 

v. The set of real numbers between 0 and 1. 
Sol Infinite 

vi. The set of rationales between 0 and 1. 

Sol Infinite 

vii. The set of whole numbers between 0 and 1. 


Sol Finite 
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viii. 


Sol 
ix. 
Sol 
x. 
Sol 
xi. 
Sol 
xii, 
Sol 


Sol 


xiv, 


Sol 
xv. 
Sol 


xvi. 


Sol 


The set of all leaves of trees of 
Pakistan. 

Infinite 

P(N): 

Infinite 

P(a,b,c) 

Finite 


Infinite 

{EB Aicsssese ,100,000, 0000} 
Finite 

{x| xERAx# x} 
Finite 

{xx ERax'= -16} 
Finite 

{x| x EQax’ =5} 
Finite 

{x|x EQr0s xsi} 
Infinite 


Is there any set which has no proper subset? If so name the set. 
Yes, @ is set which has no proper subset. 


What is the difference between {a,b} and 
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4. Write two proper subsets of each 
: of the following sets: 
i. {a,b,c} 
Sol {a}, {b} 
i, = {0,1} 
Sol {0}, {1} 
lil. N 
wh Wa ON } 
{1}, {2} 
iv. Z 
Sol: Ze (O13 8 } 
tI} {2} 
v. R ; 
Sol R = set of real numbers 
{1}.{2} 
\ W 
Sol W = set of whole numbers 
{1} {2} 
vii. {x]xeQa0s x<2} 
Sol {I}, {2} 
Lahore 2009 
{{4,5}} Faisalabad 2008, Sargodha 2009 


{a,b} isa set with, o elements and { {a, b}} is set with one element {a,b} 
Which of the following sentences are true and which of them are Serer 


{1,2} = {2,1} 


True 


os {{2,1}} 


True 


{a} < {{a}} 


False 


{a} « {fa} 
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v. a : { {a}} 
Sol False 
vi. ge {{a}} 
Sol False 


8. What is the number of elements of the power set of the each of the following sets? 


ka 


Sol Power set of { } has elements = 2° =1 


ii. {0,1} 
Sol —_- Power set of {0,1} has elements = 2? = 4 
Wi. —{1,2,3,4,5,6,7} » 


Sol Power set of {1,2,3,4,5,6, 7} has elements = 2’ =128 

iv.  {0,1,2,3,4,5,6,7} | 

Sol Power set of {0, 1,2,3,4,5,6,7} has elements = 2° = 256 

v. {a,{b,c}} 

Sol Power set of {a, {6,c}} has elements = 2? =4 

{{a,b} {b,c},{d,c}} 

Sol Power set of {{a,b} »{,c}, {d,c}} has elements = 2? =8 

9. Write down the power set of each of the following sets: 

Sol (i) {9,11} Power ser is {o {9}, {11}, {9,1 1}} 
(ii) {+,-.x,+} S arg odha 2010 
Power set is {9, {+},{-}.{x}.{+},{+-}.{+,},{+,2},{-.4 {-.+},{x,+} 


frihiltithftose}l-ot} foot} } 


vi. 


(iii) {9} 
Sol Power set of {gd} is = {¢, {o}} 
(iv) {a,{b,c}} S arg odha 2009 


Sol Power set ={9{a}.{b,c},{a{o,c}} 

10. Which pair of sets are equivalent? Which of them are also/equal? 
i {a,b,c} ,{1,2,3} 

Sol Equivalent 
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ii. The set of the first 10 whole numbers, {0,1,2,3 eececsuies 9} 
Sol Equal 
iii. Set of angles of a quadrilateral ABCD, set of the sides of the same quadrilateral 
Sol Equivalent 
iv. Set of the sides of a hexagon ABCDEF, set of the angles of the same hexagon: 
Sol Equivalent 
v. {$,2,5,4, <ccsrrereere) 9 25 44 Oy Bp reneenstoesss } 
Sol Equivalent 
111 

vi L253 A cos hivest oe L == sasstesacose’ 

4 "234 
Sol Equivalent 
vil. {5,10 15..sseee005555} ,{5,10, 15, 20...rosseceer } 
Sol Neither equivalent nor equal sets. 


Union of two Sets: 

Union of two sets A and B, denoted by AUB js the set of all elements, which 
belongs to A or B: symbolically; ; 

AUB={x\xe Avxe B} 

Example: !f A= {1,2,3,};B ={2,3,4,5}, then AU B={1,2,3,4,5} 
Intersection of two sets: < 

A and B denoted by 4% By is the set of all elements, which belong to both A and B: 
symbolically; AQB= {x|x eAnxe B\ 
Example: lf A= {1,2,3,};B = {2,3,4, 5}, then AN B= {2,3} 


Disjoint Sets: 
If intersection of two set A and B is empty. Then sets A and B are called Disjoint Sets 
Example: Oc E = ¢ Where ‘0’ is set of odd integers ‘E’ is even. 


Overlapping Sets: ‘ 
if the intersection of two sets A and B is non-empty but neither is subset of the 
other, then such sets are called overlapping Sets. 


Example: let 4={1,2,3,4};B ={3,4,5,6}; 4 B=overlapping set = {3,4} 


Complement of a Set: 
If U is universal set, then U/A or U—A is called Complement of A, denoted by 


A' or A‘. Thus A'= A’ =U-A 
Symbolically A‘ = {x|x EUAXE A} 
Example: IfU =N, then E'=O and O'=E 
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Difference of Two Sets: 


The difference 4—Bor A/ B of two sets A and B is the set of elements which belong to A 
but do not belong to B. 
Symbolically A— B= Al B={x|xe ANX€ B} 
Example:  !f4= {1,2,3,4,5}; B ={4,5,6,7}; A — B ={1,2,3} 
Note: A-B#B-A because B-A={6.7} 


enn Diagram: 


(named by “JOHN VENN” The English Logician and Mathematician (1834-83) A.D ( it, 
is the picture representation of given sets in the form of rectangle and circles). In Venn 
Diagram, rectangular region represents universal set U and circular region represent given sets. 

Venn Diagrams of given Sets. 


i; AUB 


When A and Bare disjoint sets OR when AN B=¢@ | 


z AUB y 
Calis) 


When A and B are overlapping set OR when AN B¥¢ 





3. AUB 6 
When ACB 
4. ANB 


When A and Bare Disjoint Setiie AN B=¢ (a) 


5. ANB 


When A and B are overlapping setsiie. AV B#@ 
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6. ANB 


When ACB 


7; A-B=A/B when ANB=o 


When A and B are Disjoint sets i.e. AA B=¢ 


8. A-B Faisalabad 2008 


When A and B over lapping setsi.e when AMB# g 


9. A-B 


When Ac Band A-B=¢ 


10, |. 4 


When Bc A and A-B#¢ 


Note: Shaded area gives required region or required result 


Number of elements: 


(i) No. of elements in set A is denoted by n (A). 


(ii) If A and B are disjoint sets then n(AU B) = n(A)+n(B) 
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2 


©) 
LH IOy 3 a 


(ili) If Aand B are overlapping sets, then (AU B) = n( A) + n(B)—n( Ac B) 


(iv) if ACB; then n(AU B)=n(B) and n(AnB) = n( A) 


(v) n(A— B)=n(A)—-n(AN B) 
(vi) n(B— A)=n(B)-n(ArB) 
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EXERCISE 2.2 
1. Exhibit 4\) Band AB by Venn Diagrams in the following cases: 





i. AcB 
Sol AUB:when ACB ANB=? when Ac B 
Dotted region represents AUB Doted region represents ANB 








ii. BcA 
Sol: AUB: when Bc A ANB=? when BCA 
Dotted region shows AUB Doted region gives AM B 








iii. AVUA!' 


Sol AULA = 
Dotted region represents 
AW A= 
iv. A and B are Disjoints sets. 
Sol :4\ B=? When A and B are disjoint sets. 


Shaded region represents dU B 





Vv. AQ B=? when A and B are disjoint sets. U 


Sol Blank region represents 4B. Because (+) 
according to the condition AN B= 
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vi. A and B are over lapping Sets. 
Sol AUB=? AN B=7. 


When A and B are overlapping sets. When A and B are overlapping sets. 





Shaded region gives AUB Shaded region gives ANB 
Z, Show A— Band B~ A by Venn Diagrams when: 
i. (a) If Aand B are overlapping (b) If A and B are overlapping set, then 
Sol A-B=? B-A=? 





Shaded region gives A-B Shaded region gives B— A 


ii. (a) A~B=? If ACB (b) B—~A=? If ACB 





Which is Venn diagram of A—B Which is Venn diagram of B— A 


iii. (a) A~-B=? Tf BCA ; (b) B—A=? If BCA 
Sol Its Venn diagram is Its Venn diagram is 
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. 3. Under what conditions on A and B are the following statements true? 
i. AUB=A it. AUB =B 
So. If BCA Sol. ACB. 
ii. A-B=A- w. ANB=B 
so. F ANB=6 so. oF BCA 
v. athe B) = n(A)+ a(B) vii © MAT B)= H(A) 
Sol. If A and B is are disjoint sets. Sol. = If ACB 
“lh A-B=A vii, «= {AN B)=0 
Sol. fAandBdisointor ANB=$ = Soh. ANB HS 
Ix. AUB=U ‘Webheisuos | * AUB=BUA 
Sol. if B=A' or B= A_ | Sol. = it is always true. 
xk m=(ANB)=n(B) xi. = U-A=g 
So. if BCA So Ff U=A | 
‘4. Let = | : | | , _ 
U7 ={1,2,3...c0 10}, A={2,4,6,8,10}, B= {1,2,3,4,5} and C={1,3,5,7,9} bist 
the numbers of each of the following sets. 


i. A 7 ' 
sol. 4° =U- A={I,2,3.....10} -{2, 4,6,8, 10} = {1,3,5,7,9} =C 


ii, BE 
so. BY =U-B={1,2,3.....10}—{1,2,3,4,5} = {6,7,8,9, 10} 
iii. AVB | | 
sol. = AUB={2,4,6,8, 10} U41,2,3,4, 5} 

= AUB ={1,2,3,4,5,6,8, 10} 


COLLEGE MATHEMATICS-1 SET FUNCTIONS AND GROUPS 


iv. A-B 
Sol. A-B={2,4,6,8,10}—{1,2,3,4,5} 


or A-B={6,8,10} 


v. ANC 

Sol. ANC ={2,4,6,8,10} ry{1,2,3,4, 5} 
ANC={ b=¢ 

vi. AUC 


So. ANIC a {1,3,5,7,9} U{2,4,6,8,10} 
AO VDE 423A, ccensags 10} 

vii. AUC 

Sol. A UC ={1,3,5,7,9} U41,3,5,7,9} 
A UC ={1,3,5,7,9} 


viii. Oh 
Sol. Ue =U-U 
TUS ainvcersvsen 10} = {1,2,3, stain. 10} =¢ 
5. Using Venn diagrams, If necessary, find the single sets of equal to the following 
i. A’ ii, ANU 
Sol. Sol, AU =set of common elements =A 





iii. 
Sol. 


iv. Aud¢ 
Sol. AU¢=A 
Shaded region shows AU @ 
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v. one 
Sol drg={ } 
6. Use Venn diagram to verify the following: 
i A-B=ANB' . 
Sol. FromVenndiagramof A-—B and AB’ 
We see that A-B=AOB 





ii. (A-B)Y AB=B 
Sol. Use diagram to verify (A—B) MB=B 


Case-l When A and Bare overlapping 


Here A-B= 


(A-B) = | | 


From Venn diagram (A — B)° A B= 





A-B (A- By 
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Case-ll: When A and B are disjoint sets ; then 


A-B= 











SAAAAAARAA AERA 
SNSSSNSSSANSN SASSANID NN) 
LOAN ypyypppywny 
AAA 
SASAAASANS AER REE 
SASASSASNSSSSS NAA SSEA NEN 











(4-2) = 












NSNAANNNWASSANNSSNAASSSA AHA NNN LN ENED AN 
OORT EPS 
SSSSSSSSA AN SNSANNEAASS ASSEN 
SASSSSAV~y~yyywww SONA AN 
SEO EP 
ALAN 77 Www 
SASASRNNVANNn NSAANNAANSNNNNy 
ANASASAAYNSSSNNNN EAA 
SAW AAAEOAN AAA AANHHH HHH HHH HHS SES SESS SES UN PS 
AANA AAO OHO nwownwgnwnww~w~wnygwyygyyyyyyy yy sss Hwy 
SNAAAANAAANV SAAS EEE HHH HHON 


Teds en EO Pa Lisusser(e) (Sargodha 2008, Lahore 2009) 


i. AUB=BUA4; Commutative property of union. 































ii, ANB=Bn A; Commutative property of Intersection 
iii, (AUB)UC=AU(BUC); Associative property of union 
iv. (AN B)AC=AN(BNC); Associative property of Intersection 
V. AU(BOC)=(AUB)O(AUC); _ Distributive property of union over 
Intersection (Faisalabad 2009) 
vi. A(BUC)=(ANB)U(ANC) Distributive property of intersection over union 
(AUB) =A’ OB 


vii. (AN BY =A'UB’ De Morgan’s Laws.(Faisalabad 2008) 


COLLEGE MATHEMATICS-I Roe SET FUNCTIONS AND GROUPS 


1. Verify the commutative properties of union and intersection for the following pairs of sets: 
i.(a) AUVUB=BUA 

A={1,2,3,4,5}, B={4,6,8,10} 
Sol. AU B={I,2,3,4,5}U {4,6,8,10} ={1,2,3,4,5,6,8,10} 1 

BU A={4,6,8,10} U {1,2,3,4,5} = {1,2,3,4,5,6,8,10} — 2 

Froom1&2 AVB=BUA 


i.(b) ANB=BOA 
A B={I1,2,3,4,5} > {4,6,8,10} = {4} —1 
BOA = {4,6,8,10} > {1,2,3, 4,5} => BOA= {4} 2 


From 1 and 2 
Ac B= Bc A proved 


ii. N 
Sol. N =set of naturalnumbers  2Z= set of integers 
Given sets are N and Z then 
ZWN=Z 
NOIZHZ 
NOZ=N 
ZAN=N 


So NUZ=ZUN 

and NAZ=ZON 
iii, A={x|xeRax20} and B=R 
Sol. AUB={x\xeRax20}UR=R 

BUA=RU{x]xeRax20}=R 

AQNB={x|xeRax20}R 
={x]xeRax20} 

BO A=RA{x|xeRax20} 
={x|xeRaAx20} 
AUVB=BUA 

and ANB=BNA 
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x Verify the properties for the sets A,B and C given below: 
i. Associative Law of Union 
= {1,253.4} 
B= {3,4,5,6,7,8} 
C ={5,6,7,9,10} 
Sol. = Associative Law of union 4U (BUC pene 
LH.S=AU(BUC) 
= {1;2,3,4} U[{3,4,5,6,7,8,} U {5,6,7,9,10} | 
= {1,2,3,4} U {3,4,5,6,7,8,9,10} 
= {1,2,3)45 5, cht 10} 1 
R.H.S=(AUB)OC) 
=| {1,2,3,4} U{3,4,5,6,7,8,} ]U{5,6,7.9,10} 
= {1.2,3,4,5,6,7,8} U {5,6,7,8,9.10} 
Be ERIS Ds Hy DamaePivventee 10} 2 
From 1 and 2; 
AU(BUC)=(AUB)UC 
ii. Associativity of intersection 
Sol. AN BAC)=(ANB)AC 
LH.S= AM(BOC) 
= {1,2,3,4} > {3,4,5,6,7,8,} 0 {5,6,7,9,10} 
= {1,2,3, 44.9 {5,6,7} 
={} 1 
R.H.S=(AD ee 
=[ {1.2.3.4} {3,4,5,6,7,8.} ]{5,6,7,9,10} 


= {3,4} te ‘{} +2 
From land 2 
AN(BAC)=(ANB)OC 
iii. Distributivity of union over intersection 
Sol. AU(BOC)=(AUB)A(AUC) 
LH.S=AU(BOC) 
= {1,2,3,4} U| {3,4,5,6,7,8} A{5,6,7,9, 10} | 


= {1,2,3, 4} {5, 6, 7,} = {1,2,3,4,5.6,7) © 1 


COLLEC 


iv. 
Sol. 


Part ii. 
Sol. 
*(a) 


Sol. 


en oH 
R.H.S= (AU BYN(AUC) 
= [{1,2:3,4}0{3,4,5,6,7,8} Jo[{, 2.5.4} {5,6,7,9,10} ] 
= {1,2,3,4,5,6, 7,8} 0 {1 2, 3,.....0c00 759,10} = 2S cavern 7} 2 
From land 2L.H.S = R.HS. 
Distributativty of (over 
AN(BUC)= (AM B)ULANC) 
LH.S= AN(BUC) 
= {1,2,3,4} 0[{3,405,6,7,8} U v{5,6,7,9,10} | 
= fl, 2,3,4} 7 {3,4,5,6,7,8,9, 10} 
LH.S = {3,4} 1 
R.WS=(AMNBYU(ANC) - 
={{1,2,3,4}.0{3,4,5,6,7,8,} JvL{ {1,2,3,4} 5,6, 7,9,10} | 
={3,4fU{ }={3,4} +2 


From land 2 we get. 
L.H.S = R.H.S 


A=$; B={0}; C ={0,1,2} 

Given A = ; B ={0}; C ={0,1,2} then 

Associativity of union; AU (BUC) = (AVB)UC TI 

Putting value in 1, we get gulf {0} Uf 0,1, 2} }]= [@r{o} W]uf 0,1 2} | 
=> 9 {0,1,2} = {0} U{0,1,2} . 
{0,1,2} = {0,1,2} 

LHS =RHS . a 

Associtivity of Intersection AN(BAC)=(AN BAC ->/ 

Putting values i in 1, we get 


Gr {0} m{0,1, 23] ={@A{0}} {01,2} 


bn {0} ae 1,2} 


b= 


Sol. 


. LHS = R-HS 


Distributive Law of \ over 4 
AU(BAC)=(AVB)N(AUC) 
LHS=AU(BAC) 


=9U[ {0} a{0,1,2})] 
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=¢U{0}={0} 1 
R.H.S=(AUB)A(AUC) 
=[¢ top old }v{o12p] 
= {0} 4{0,1,2} ={0} +2 
From 1 and 2; L.H.S = R.H.S 
d, Distributive Law of (\over U 
Sol. AN(BUC)=(ANB)U(ANC) 
LH.S=AN(BUC) 
=$-[ {0} U{0,1,2}) | 
=¢r{0,1,2} =¢ 1 
R.H.S= (AM B)U(ANC) 
=[@ {0} JUL {0.1,2})] 


=~UG=¢ 2 
From 1 and 2 
L.H.S = R.H.S 
Part-iii. N,Z,Q 
Sol. GivenN<Z<Q 
NSU PAA sian, } 


ZH FOS EOS insta } 


QO = Set of rational numbers 
a. Associativity of Union 
Sol. NU(ZUOQ)=(NUZ)UQ 
NUQ=ZUQ0(0. NSZsQ) 


QO=Q2 
LHS = RHS. ved 
b. Associativity of Intersection 


Sol. NA(ZAQ)=(NNZ)NO 
_?>NAZ=NN0Q.NSZSQ) 


N=N 
=> L.H.S = R.H.S proved 
Cc. Distributivity of over > 


Sol, NU(ZAQ)=(NUZ)A(NUQ) 
— meNUZ=ZNQ.NSZSQ) 


Z=Z 
=> L.H.S = R.H.S proved 


COLLEGE MATHEMATICS-1 SET FUNCTIONS AND GROUPS 


d. Distributivity of over U 
Sol. NA(ZUQ)=(NDZ)U(NNQ) 
>NAQ=NUN(VNSZSQ) 


N=N 
=>L.H.S = R.H.S proved 
3. Verify De Morgan’s Laws for the following sets: 
Ushi 2 sss ,20}, A = {2,4,6,.....0:000. »20} and B= {1,3,5, ..cssscoss 19} 


Sol.(i) We have to prove (4 B)' = A’U B’ 
L.H.S=(AM By 
Where 47 B = {2,4,6,......... POR PALS B yeccsiseces 19} 
ANB=9g={ } 
(AN BY =U-(ANB)=U-¢=U 1 
R.H.S= 4’ U B’ 
Where A’ =l/)—A 


Hh, 2 Secon »20} — {2,4,6,.....000.. ,20} 

A’ = {1,3,5,.0s0c.0+0519} 
B'=U-B 

BAL OBO octised »20} — {1,3,5,..ssesceee 19} 
B52 AG essen: 20} 
A PB BLS Soo icine 19} {2,4 6,csvsecrsee. 20} 
AO Bi ={1,2,3,4yeerssens20} =U 2 
From 1 and 2 
L.H.S = R.H.S 


ii. We have to prove that (AU B)' = A’ B’ 
Sol. L.H.S =(AUBY' 


AUB = {2,4,6,....0000520} U {1, 3, 5, sessseen 19} = {1,2,3,......20} =U 
(AUB) =U-(AUB)=U-U=¢ 1 

R.H.S= A’ B’ 

Where 4’ =U -—A 

Al = {1,2,3,4,.ccscessee. ,20} ~ {2,4,6,.....00000 ,20} 

MEE SS 19} | 

B’ =U — B={1,2,3,..c0sservss 520} 41,3, 5) sis... 19} = {2,4,6,........520} 


ANB=¢ -2 
Fromiand2 => L.H.S = R.H.S 
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4. 


Sol. 





Let U = The set of the English alphabet; 
A= {x|x is a vowel \, B= { »| yisa consonant} 
Verify De Morgan’s Laws for these sets. 
We want to prove that 
(AU BY=A' OB 
LH.S =(AU BY 
Now(AU B)= {x| x is a vowel } U {oly is a consonant} 
AU B=Set of English alphabet =U 
(AUB) =U-(AUB)=U-U={} 1 
R.H.S= A’ 7 B’ 
Where 4°=U —-A=U - {x|x isa vowel} 
A= { y| pisa consonant} 
and B'=U—B=U { y| yisa consonant} 
B= {3 x is avowel } 
Then 4’ B= { y| visa consonant | a {x|x is a vowel \ 
A O\B={} 2 
From 1 and 2 


L.H.S = R.H:S 
With the help of Venn diagram, verify the two distributive properties in the 


following cases w.r.t union and intersection. 


i. (a) © AC B,AMC =Mand Band Care overlapping. 


Sol. AU(BOC)=(AUB)A(AUC) 


Venn diagram of AU (BAC) Venn diagram of (AU B) A(AUC) 





BOC 
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AUB= 
AYUC= 


(AUB)A(AUC)= 
AU(BOC)= 





From Venn diagram, It is clear that AU(BO A) =(AUB) (AUC) 


(b) AM(BUC)=(ANBJU(LANC). 
Sol. Venn diagramof AN(BUC) Venn diagram of (AM B)U(ANC) 





a 

BUC oe An B= = 
—_—>>>>=== 

AMC = no thing is common. 


(ANB)YU(ANC)= = 


From Venn diagram. It is clear that AM(BUC)=(ANB)U(ANC) 





ii. (a) A and B and are the overlapping, B and C are overlapping but A and C are 
disjoint. 
Sol. AU(BOC)=(AUB)A(AUC) 
Venn diagram of AU(BOAC) Venn diagram of (AU B) AN(AUC) 
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AUB= 
AUC= 
L (AUB)MAUC)= 
From Venn diagram obviously ALS{BO C) =(AUB)A(A UC) 
(b) = AN(BUC)=(ANB)U(ANC) 
Sol. Venndiagramof AN(BUC) Venn diagram of (AN B)ULANC) 





AMC = no common elements 





AM(BUC)= F 
From Venn Diagram it is clear that AM (BU Cy=(ANB)ULANC) 


6. Taking any set, say 4 = {1,2,3,4,5} verify the following: 


i. AVUQG=A 
Sol LHS =AUG 
= {1,2,3,4,5} UP 


= {1,2,3,4,5} = A=RHS 
ii. AVA=A 
Sol. LHS =AUA=A 
= {1,2,3,4,5} U {1,2,3,4,5} 
= {1,2,3,4,5} = 4=R.HS 
iii, ANA=A 
So. LHS=AMA 
= {1,2,3,4,5} - {1,2,3,4, 5} 


= {1,2,3,4,5} = A =R.HS 


7. 
i. 


Sol. 


Soi. 


Sol. 





HU ={1,2,3,4,5,sovneeny20} and A= {1,3,5, sorcery 9} verify the following: 


AUA'=U Mulatan2008 ti 
LHS = AU A! = {1,2,3,4, 5, .eccccenrers 20} ~ {1,3, 5, cr eeeccrenl OF 
Where A’ =U — A ={2,4,6,...-.000000 ,20} - 
bg AOA = Eade Saennn ns S19} 42,4, crrcsssoe 420} 
- © £1,2,3,4,5, cecssseree ,20} =U 
ANU=A_ 
LHS =AAU © <8 
a 11,9; Se sicessetayes cl POR S Aiccrat ,20} 

& {1,3,5,.0nl 9 = A= RAS 
ANA =@ Faisalabad 2007 
ANA =; 
LH.S= 47 A’ 

= {1,3,5,erccsessg EO} (2,4, 6, srecrrssen ,20} 

={ }=D=RHS- 


8. From suitable wroetties of union and intersection deduce the following results: 


Sol, 


+s 
i 


Sol. 


AN(AU B)=AU(ANB) 
LH.S = AM (AU B) 
=(A A)U(AN B) (using Distributive law) 
=AU(ANB)+ ANA=A 
=AU(ANB) 
=RHS 


AU(ANB)= AN(AUB) 
LHS =AU(ANB) © 
=(AU A)M(AU B)( Distributive law) 
/ SANA SB) AUA= A 


= RAS 
Using Venn diagrams, verify the following results: 
ANB =Aif ANB=@ 8 


New if Ary B’ = A then we have to show that 4 B= @in Venn diagram 
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Ary) B' = Ais shaded in Venn diagram. This is possible only if A and 8 are disjoint 
=ANB=8 tliat suppese that AN B=2 ieA and B are disjoint we have’ 
to show that AM B’ = 





ANB=A 
Since ANB=G 
=> AN B = Aas shaded in Venn Diagram. 


ii, (A-B)\UB=AUB 
Sol. Given sets are (A- B)U Band AU B. 


Their Venn diagrams show. 
(A ~BYUVB=AUB 





iii. (A-B)OB 
Sol. Givensets are A+ Band B. Their Venn sears show (A— B) ao B 





(A-B)AB 
(A-BNB=B- 
{.. no elements is common is shaded region of A- B & B) 


iv. AUB=AU(A'OB) 
Sol. LHS= AUB 
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R.H.S= AU(A'A B) . 
= 


AU(A'O B)= Yj or E 















eyes Tom 
Logic is the discipline that deals with the methods of reasoning. OR logic provides 
rules and techniques for finding that given argument is valid. 


Uses of logic: 
1. Logical reasoning is used in Mathematic to proves theorems. 
2. In Computer Science to verify the correctness of programs. 
3. _in Physical science to draw conclusion from experiments. 


Wie iCall & 
itis a declarative sentence that is either true (T) or false (F) but not both. 


Examples: 
i. Earth is round 
it. 2+3=5 
are statements 
ili, Do you speak English? It is question. So it is not statement. 
Proportional Variables 


The letters (p,q. Pr... ) that can be replaced by statements are called 
proportional variables. 
e.g P = It is raining q = Itis cold. 


To draw general conclusions from limited number of observations. Or experiences is 
called Induction. 


A person gets penicillin injection once or twice and experiences reaction soon 
afterwards. He generalizes that he is allergic to penicillin. 
Deduction: 

To draw general conclusion from well knows facts is called deduction. 


All men are mortal. We are men. Therefore, we are all mortal. 


vw 
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Logical Connectives: 


Symbols that are used to combine statements or proportional variables. 


LIST OF SYMBOLS 


How to be read Symbolic How to be 
expression read. 


not p (Negation of 
P) 
PAW pandq 
PY q 


<a implies If p theng 
p implies q 

p if and only if q 

p is equivalent to q 

























Is equivalent to If 
and only it. 


Compound Statement: 


Two or more sentences are connected to form a compound statement. e. g “It is 
raining and it is cold” is a compound statement in which p = it is raining; q = It is cold. 

Then r= It is raining and it is called compound statement. 

A table to drives truth values of a given compound statement in terms of its 
component parts is called Truth Table. 
Negation: 

It is denoted so ~ p means “not p” 

Truth Table 


Conjunction of two statements p and q is true only if both p and q are true other 
wise false. It is denoted by pag 


Truth Table 
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Disjunction of two statements p and q is denoted by p Vv q (p or q). 
Disjunction i.e p v q is false only when both p and q are false, other wise true. 


Truth Table 








Conditional statement: 
The statement “ p — q” is called a conditional statement OR implication of p and q 
In a conditional statement. P is called Hypothesis or anticident and “q” is called Conclusion 
or consequent. 
p — q is false only when p is true and q is false.(_ p —> q ) otherwise true 


Truth Table 








Biconditional:™ 


The statement p <> q is called bi-conditional. It is written p <> g and g < plitis 
also called equivalent " p <> q” read as p if and only if q. If p and q both are same, then 
p < q is true otherwise false. 


Truth Table 





Let p — q be a given conditional statement, then. 


i, q — piscalled Converse of pq 
ii, ~ p—>-— qis called inverse of p + q 
iii, ~ q —>~ piscalled.contra positive of p —> q 
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Truth table: of converse, inverse and contra positive of given conditional 


Contra 
positive 





Truth table shows that conditional and contra positive are equivalent. So any 
Theorem may be proved by proving its contra positive. 
Converse and inverse are equivalent to each other. 


Example: 
Prove that in any universal the empty set ¢ is subset of any set A. 


Let U is universal set. Then VxeU,xeD—>xeA 

Here p (Hypothesis) = x € ©, is false and q (conclusion) = x € A. 

‘ Conditional ( — q)is false only when p is true and q is false and p — q is true 
in all other cases. Implies that Conditional x € Ais true > © c A (any set) 


Faisalabad 2009, Sargodha 2011 
A statement which is true for all possible values of variable involved in it is called a 
Tautology. 


‘Golaiae-lelladielamel@-lelielesiia'm Faisalabad 2009 
A statement which is always false is called contradiction. Or absurdity. 


A statement which can be true or false depending upon the truth values of variable 
in it is called contingency. 


The word or symbol, which convey the idea of quantity or numbers called 
quantifier. 

in Mathematics two types of quantifier are generally used. 

i. Symbol “ V “mean for all is called UNIVERSAL QUANTIFIRE. 

ii. Symbol “4 "mean there exist is called EXISTENTIAL QUANTIFIRE. 
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1. Truth table: of converse, inverse and contra positive of given conditional 


Concitional [Converse [Inverse 
=P 










Contra | positive 





2. Construct truth table for the following statement: 
i. (p>~ p)v(P>q) 
Sol. 





ii. (pPA~pP)>q | Multan 2009 
Sol. Truth table of (pA ~ g) > q 





iil. ~(p>q)<(Pa-~q) 
Sol. Truth table of ~ (p > gq) <>(Pa~q) 
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3. Show that each of the following statements is a tautology:. 


i. (pPAq)> P Multan 2008, Faisalabad 2008, 
Sol. Truth table 





iii. 
Sol. 





iv. 
Sol. 





Since all the values of ~ g A(p > q) >~ pare true. So ~g A(p > Yq) >>~ pisa 
tautology. 
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4. Determine whether each of the following is a tautology, a contingency or an 
absurdity: 

- ee Multan 2008, 

Sol. 





“. all value of pA ~ p are false. So it is absurdity. 


il. p>(q—> Pp) 








iii. 
Sol. 











5. Prove that pv (~ pA~q)V(pAq)= pv (~ pA~q) Sargodha 2008 


Sol. Truth table 
PV (~ PA~Q)| PY (~ PA~Q)V(PAQ) 
Bes ag 


ae 
F 
T preg 


Since last two columns are same. 
“PV (~ PA~ P)V(PAQ)= Py (~ PA~ g) proved. 












Examples: Give ae proofs.of folowing theorems: 
i. (AU BY =A NB ; 
Sol. _ its logical formis ~(pv g)=~ pa~q 

‘: no. of variable = 2 

" no. of rows of truth table = 2° = 








** last two columns are same 
v= (pv qs pa~q 
= (AUB) = A’ OB’ proved. 


fi, AN(BUC)=(ANB)Y(ANC) 
Sok =AN(BUC)=(ANB)UCANC) 


PA(QVr)=(pAg)v (par) 
"no. of variable = 3 
no. of rows = 27=8 


PPP LS wv 
pacqvr) (pag (par) 


sc a 
a 


Faisalabad 2007, 





* last two columns are same 


=> AN(BUC)=(ANB)VL(ANC) proved. 
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Convert the following theorems to logical form and prove them by constructing 
truth tables: 


1. (ANB) =A UB Faisalabad 2008 
Sol. Its logical form is ~(p Aq) =~ pv ~g 
‘ ‘2’ variable, so rows = 27=4 





.. last two columns are same 
“ ~(PAQ) =~ pv~q 
=> (ANB) = A' UB' proved. 


2. (AU B)UC=AU(BUC) 

Sol. Its logical form is (pyvq)vr=pv(qvr) 
* no. of variables = 3 
‘no. of rows of truth tables 2° = 8 





* last two columns are same 
> (PYQvr=pv(qvr) 
=> (AV B)YVUC=AU(BUC) proved. 
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3. (ANB)AC=AN(BNC) | Pederal 
Sol. Its logical form is (DAG) Ar=DPA(GAPr) 

* no. of variables = 3 

- no. of rows of truth tables 2° = 8 





* last two columns are same 


=> (PAQAr=PAQGAL) 
=> (AN B)AC = AN(BOC) proved. 


4. AU(BOC)=(AUB)A(AVUC) Faisalabad 2007 
Sol. Its logical formis pv (qar)=(pv q)A(pyvr) 
| no. of variables = 3 
* no. of rows = 2°=8 





* last two columns are same 


=> pv (qar)=(PAQA(PY?r) 
se Dee see ea 


Sargodha 2009 


Let A and e be two non empty sets. Then any subset of Cartesian product A x B is 
called Binary relation or simply Relation from A to B. 
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Examples: 5 


Let A= {1,2} and B={a,b}; Then 
Ax B= {(1,a),(1,5),(2,a),(2,5)}, Then. 
R = {(1,@),(2,0)}, is called Relation from A to B. 


Set of 1* element of ordered pairs in R is called Domain R. 
Set of 2" elements of ordered pairs in R is called Range R. 
a iadeliee =€=©Rawalpindi 2009 
Let A and B be two non empty sets. 
if 
i. F is relation from A to Bi.e F is a subset of Ax B 
il. Domain F=A 
iii. No two ordered pairs of F have same 1* elements. 
Then F is called a function from A to B and is written as F: A + Bdenoted y = f(x); 


Let A= {a,b,c}; B= {1,2,3} 
then let F is a relation A to B, such that 


Ax B= {(a,1),(a,2),(a,3), (6,1), (6,2), (6,3), (C.D, (€,2),(¢,3)} 
Now since f = {(a,1);(b,2),(c,2)}; 


A 7 ts 
i. J is subset of Ax B ee, 
Dom J =A ee 
ii. No two ordered pairs of / have same 1* element. Sree ae 


= 'f'is a function from A to B. 


Onto function: Lahore 2009 


(Subjective function) a function f : A — B is said to be onto function if Range f =B. 


i.e Every element of Set B is the image of some elements of set A, as shown in fig.2 


f 


A B 
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Into function: Multan 2008, 2009 


A function f : A — Bis said to be into function if Rang + B or Range f C Bas 
shown in fig.1 


Multan 2008 


Afunction f : A > B is called ( 1-1) function if different elements of A has 
different images in B as shown in fig.3. 





Bijective function: Multan 2009 


(Range f = Band 1-1) A function / which is both one-one and onto is called 
Bijective function. 

(Range f # Band 1-1) A function f which is both one-one and into is called 
Injective function. 


Linear function: 


The function Fly =mx+ c} is called linear function. Where y = mx + c is 





straight line. 
Quadratic function: 
The function f 1c yy = ax’ +bx+ c} is called quadratic function. 
If faction is given in tabular form. Then its inverse function is obtained by 
5 a the components of each ordered pairs. e.g. of f = {(1,2),(3,4)}, then 


f ={2,0,(4,3)} 


The function f = {(x, y)| y= x} is called identity function. 


Square root function: 


The function defined by the y= Vx:x = Ois square root function. 


erticalline test: 


if a vertical line cut the graph of a relation at a single point. Then such relation is 
called function. 
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EXERCISE 2.6 


1, For A= {l, ime 4} , find the following relation in A. State the domain and range of 
each relation. Also draw the graph of each. 

i. ° = 
{ yy x} Multan 2009 

Sol. = R={(x,y)|y =x} 
A={1,2,3,4} 


=> Ax A={(1,1),(1,2), (1,3). (1,4), (2,1), (2,2), (2,3), (2,4), 
(3,1),(3, 2), (3,3), (3,4), (4,1), (4,2)(4,3), (4.4)} 


According to the condition 


R={(1,1),(2,2),(3,3),(4,4)} 
Dom. R = {1,2,3,4} =A 
Range R={1,2,3,4} =A 





ii. R={(x,y)|y+x=5} 
sol. -. A={1,2,3,4} 
Ax A={(11),(1,2),(1,3), (1,4),(2.1), (2,2), (2,3), (2,4), 
(3,1), (3, 2), (3, 3), (3, 4). (4, D, (4, 24, 3), (4, 4)} 


According to the condition 


R={(1,4),(2,3),G,2),(4,D} 
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pom. R= {12,34} 7 
Range R= {1, 2,3,4} 





iii. {(x, x+y < 5} 
sol... A={1,2,3,4} 
ads (1,1), (1,2), (1,3), (54), (2,1), (2,2), (2,3), (2,4) 
(3,1),(3,2),(3,3), (3, 4), (4, 1),(4,2)(4, 3),(4, 4) 
According to the condition 


R= 1, 1), (1, 2), (1, 3), (2, 1), 2 2), (3, 1)} Y 





iv. {(x, y)|x+y> 5} 
sol. .-A={1,2,3,4} 
eda (" 1), (1,2), (1,3), (1,4), (2,1), (2,2), (2,3), (2; at 
(3,1), (3,2), (3,3). (3.4), (4, 1) (4, 24,3), (4,4) 
According to the condition ; 
R={(2,4),(3,3), (4,4), (3,4) (4, 2). (4, 3)} 
Range R= {2,3,4} 
Domain R= {2, 3,4} 
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2. 


Sol. 


Sol. 


Repeat Q.1 When A= R, the set of real numbers. Which of the real lines are 


functions. 


{(x,y)]y =x} 

Ax A=RxR={(x,y)|y,x€ R} 
r={(x,y)|¥=y} 

Or =f essses(—1—1), (0,0), (1), (-eseeeseeg 


Here Domain = R & Range =R 
This relation is function, because any vertical line cut only at one point. 


Yy 


{(x, y)]x+ yp = 5} 


Ax A=RxR={(x,y)|x,y € R} 
r={(x,y)|x+y=5} 





=> Domain Range = R 
This relation is function, because any vertical y 
line will cut it only at one point as shown in fig. 





re {@y)| wy > Sx, ye R} 





{ix w]xty > 5} 
So Ax A= Rx R={(x,y) 
= {(x,y)x+y < 5} | & a 


x, ye R} 









=i ts the plane fying below the line x+y» = 5 
— {€,D,0,2),0,3), (2,0, (2,2), (2,3), 3, Dereon] 


It is not a function Since any vertical line meets its 
Graph more than one point. 


{(x, y+ <5} 


rit is the plane lying below the line x + y =5 


{.-2+-(1, 5}, (2, 5)--2--2--€3, 3), (3,4), seeneed} 


It is not a function Since any vertical line meets its 
Graph more than one point. 


= R={(, a), (1, (ch (3, dy} net a function. Since there are two ordered pairs 


that have same 1* eleis. act. 
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=> R ={(a,1),(b,3),(¢,5)} 


Sol. *.” both condition are satisfied. So is a function. 
*.” Ris one — one and onto so R is bijective function also. 


A B 
iii. 
Gem 
Base 
=>R . {(1.a),(2,0),3,¢)} 


Sol. .. (i) different element has different images so is one-one. 
(ii) Range R= Bso is onto = function (1-1) & on toie. bijective function. 


A B 
iv. e 
‘ =< 


=> R ={(i,x),(m,x),(4,2)} 


Sol. "." (i) No two ordered pairs of R have same 1” element. 
(ii) DomainR=A 
—'R'is a function from A to B. 


4. Find the inverse of each of the following relations. Tell whether each relation and its 
inverse is a function or not: 
i, {(2,1),(3,2).(4.3),(5,4).(6,5)} Multan 2008, 2010, Sargodha 2011 


sol. R= {(2.1),(3.2),(4.3),(5.4),(6.5)} 
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=> R" ={(1,2),(2,3),(3,4),(4,5).65, 6)} 


Since no first element is repeated in any pair of R and R™. So both R and R™ are 
functions. 


ii. {(1,3),(2,5).(3,7),(4,9), (5,1 D} Sargodha 2010 
sol. R={(1,3),(2,5),(3,7),(4,9),(5,1)} 
=> R* ={(3,1),(5,2).(7.3),(9,4).(11.5)} 


Since no first element is repeated in any pair of Rand R ‘So both Rand R “are 
functions. 


ill. {(x,y)|y=2x+3;xeR} Multan 2008, Faisalabad 2009 





Sol. Kee {(x, y)y =2x+3:xe R} It is a function. 
; -3 
ze “{enply=35 xe Ry It is also a function. 
iv. (x9) 97 = 4ax;x 2 0} Faisalabad 2008, Sargodha 2009 
Sol. R= {on y))? = 4ax;x > o} It is not a function because for each x > 0 there 


are two different rules of y. 
. 1 
mS ) “= t= 'y? 
R’= {tos x? =4ay => y= 49" x20} It is a function. 


v. {Cx y)]x? +y?= 9, |x| < 3,|y < 3} 
Sol. R= (x, y)| x+y’ = 9, |x| < 3,|y| < 3} 
R= {y? +x? = 9, |x| < 3, || s 3} 
both R and R” represent same circular disc. As any vertical line will cut it more than 
one point. So R and R” are not function. 
Unary operation: 
A mathematical procedure that changes one number into an other. OR It is an 
operation.which when applied on a single number to give an other number. 


e.g. V4 =2, Here Se Unary operation. 


Binary operation: 


It is an operation which when applied on two numbers give 3° number. Generally 
we use symbol  “ *” (Star) fora binary operation. 


ig. '+','x', '~', and '+'are used as Binary operation in different sets of numbers. 
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EXERCISE 2.7 


1. Complete the table indicating by a tick mark those properties which are satisfied by 
the specified set of numbers. 
Sol: 






































Set of Natural Integers Rational | Real R 
number “Ny” Ww" ay” “O’ 
ee = 
Closure v 
v of 
| v Y | 
| 2 ¥ } 
Pt | 
In ee a OS 
| | 
| x > — x | 
v = ee ey 
¥ is yet a) | 
ees lensed Se S| Oe ee ee a 
2. What are the field axioms? In what respect does the field of real numbers differ 
from that of complex numbers? 
Sol Anon empty set F is called field if 


i. It is abelian group under ‘+’ 
ii. Non zero elements of F from abelian group under ‘x’ 


iii, Distributive Laws held i.e. 


alb+c)=ab+ ac 
& (b+ ¢).c = a.c+ bec 
Also set of real no’s is subfield of Set of complex numbers. 
3. Show that the adjoining table is that of ‘ X’ of elements of the set of residue 
classes of modulo 5. — 





Sol The zero’s in C; and R, are obtained by multiplication of 1,2,3,4 with ‘0’ 
=> itis a multiplication table. 
- every element is less than 5. So the table is a multiplication table of the set of 
elements residue classes modulo 5. 
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4. Prepare a table of addition of the elements of the set of residue <lasses modulo 4. 





Sot _Clearly {0.1.2.3} is the set of residues classes modulo. 
We add the pair of elements as in ordinary ‘ +‘ if answer is equal or greater 
then 4 then we subtract 4. 
5. Which of the following binary operations shown in tables (I) and (I!) is commutative: 
(i) (ii) 





Sol In table —| atb=c 
b*ea=b 
=atheb*a 
=> B.O. '*' is not commutative 
in Table —1! 
a*b=b*a=c 
a*c=ct*a=b 
a*d=d*a=d 
b*c=c*b=b 
b*d=d*b=a 
c#d=d%*c=c 
6. Supply the missing elements of 3” row of the give tables, so that the B.O'*' may be associative. 
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Sol, We want to find ¢*a,c*b,c*c,c*d from table 

c=d*b 

cta=(d*b)*a c*c=(d*b)*c 
=d*(b*a) ° Associative =d*(b*c) 
=d*b=c =d*c=c 

Again 

c=d+*b Again c=d*b 

c*b=(d*b)*b c*d=(d*bh)*d 
=d*(b*b) -: Associative =d*(b*d) 
=dta=d =d*d=b 


So third row will be ve leted as 3" row. 


7. What operation is represented by adjoining table? Name the identity elements of the 
relevant set, if it exits. Is the operation associative? Find the inverse of 0,1,2,3, if they 
exit. 





Sol. (i) The operation used the set of residue class mod 4 is ‘ +‘ 
(ii) The identity element is zero. 
°0+0=0,0+1=1,0+2=2,0+3 =3 
(iii) The operation is associative 
e.g. (1 + 2) +3=1 +(2 + 3) 
3+3=1+1 => 2=2 
Similarly it can be verified for any other choice of elements. 
(iv) °1+3=3+1=0 1 and 3 are inverse of each other. 
2+2=0 also 0+0=0 
A non empty set which is closed under given Binary Operation '*'is called groupoid 
it is denoted as (S*') 
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The | E.Ohis closed under addition, since 

E+E=E weids O+F=0 

E+0=0 : O+O=E£ 
\B, O} is groupoid 


SiS Ue geele = Multan 2008, Faisalabad 2008, Sargodha 2010 


Anon empty set is called Semi group if 
i. It is closed under given Binary Operation 
ii. The Binary Operation is associative. 
The set of Natural nos ‘N’ under Binary Operation ‘ + ‘is semi group. 
i. £e¢B8.0'+ ‘is defined in N. 
ii, for any three elements a,h.c.< N 
(a+b)+c=a+(bic) 
i.e. associative Law holds. 


Anon empty set is called Monoid. 

i, Itis closed w.r.t given Binary Operation '*' 

ii. Binary Operation '*' is associative - 

ili. The set has identity element w.r.t Binary Operation '*' 


2 {052,35 cs acnii } 


i. Z'is closed wrt'+' 

ii. Binary Operation ‘ + ‘ is associative. 

ili. ‘O’ is identity element w.r.t to Binary Operation ‘+ “ 
. Given set is Monoid. 


Ci A non empty set G is called a group w.r.t Binary Operation '*' 

i. It is closed under Binary Operation '*' if ; 
i.e. ¥ a,b,eG; a*beG 

ii. Binary Operation is associative 
Va,b,ceG ;(a*h)*c=a*(b*c) 

iii. G has Identity elements w.r.t 
Binary Operation 
"ieVaeG JeeG state=eta=athen‘e’ is identity 
element w.r.t Binary Operation. hoe 

iv. Every element of G has an inverse in G .W.r.t Binary Operation. i.e. 
a*a’=a’ *5-6 
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where a’ <G is called inverse of a € G w.r.t Binary Ope 
Ableian group: 
A group G under Binary Operation ‘* is called Abelian group if Binary Operation is 





commutative i.e. Ya, beG: a*b=bh*a 

A group G is said to be finite if it contains finite no. of elements. Otherwise G is an 
infinite group. 
Reversal Law of Inverse: 

Theorem. If a,b, are elements of G then show that (ab)'=6'a" 
Sol. = abb"'a ' = a(bb~')a™' Associative Law Faisalabad 2007, 08 Sargodha 2008,11 

=aea '(Inverse Law) 
=ga7 (identity Law) 
=e 

ba" .ab=b'\(a'a)b 

Also =b 'eb 
=b'b 
=e 

= ab and bh-'a-'‘are inverse of each other. 

Thus inverse of ah is b-'q7! 

ie (ab)'=b'a! 
Federal 

If (G,*)is a group. Then there is a unique inverse fo- each element of G. 
Sol. Let (G,*)be a group and. V ae G Let a and a’ are the inverse of q. 

Then a’*a=e ! if a’ is inverse of a. 

Alsoa"*a=e I if a" isinverseofa 


By Association Law in G. 
(a'* a) *a" =a'*(a*q") 


=> (e)*a" = a'*(e) use (1,1) 

a" =a’ (‘ e is identity) 

Hence a‘,q” are same inverse of each element of ain G. 
Theorem: If (G,*)is a group with e its identity then e is unique. 
Proof. Suppose e and e’ are two identities. 

Then e’*e=e%*e'=e'-> | (eis identity) 


e*e=ere’=¢5 ll (e' is identity) 
Compare (I) & (II) ate e = e’ 
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1, Operation © performed on the two member set G = {0, 1} is shown in the adjoining 





> 


table. Answer the questions. 





i. Name the identity element if it exists? 


Sol. ‘O’ is identity element. 
ii. What is the inverse of 1? 
Sol. ‘*1+1=O(i.e identity element) 


> lnverse of 1 is 1. 
iii. is the set G, under the given operation a group? 


Sol. 
i. Since all the elements of table € G so B.O “ + “ is closed. 
ii. Clearly B.O is associative. 
iii. Identity element w.r.t‘+‘is‘O‘EG. 
iv. Additive inverse of each element of G belongs to G. 
—(G, +) is a group. 
iv. Ablelian or non-Abelian 
Sol. 
V10EeG 
— 1+0=0+1 => l=] 
= G is commutative w.r,t ‘+’ 
=> Group G is abelian (i.e commutative) w.r.t. ‘+’ 


2. The Operation © as performed on the set {0, 1,2, 3} is shown in the adjoining table 
show that set is an Abelian group? (Multan 2010, Faisalabad 2008, Sargodha 2009) 





Sol. 
i. Since all the element of table belongs to the set {0, 1,2, 3} . $0 Ss closed w.r.t ‘+’ 


li. “It is clear the set is associative w.r.t ‘+’ 
iii. ‘O’ is the additive identity. 
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iv. Each element has inverse because 1+ 3 = 3+1=0 and0+0=Oand2+2-=0 
v. V1L0eG={0,1,2,3},1+0=0+1=1 
—_ G is abelian. 


3. For each of the following sets, determine, whether or not the set forms a group with 
respect to the indicated operation. 






Set Operation 
i. The set of rational numbers x 
ii. The set of rational numbers + 
iii. The set of positive rational numbers x 
iv. The set of integers. + 
v. The set of integers x 
Sol. i. 
Q = Set of rational no’s. 
is not a group w.r.t “x” 
Since inverse of 0 w.r.t ‘x’ does not exit 
ii. 
Sol ~ (Q,+)is a group. 
iii, Setof+ve rationalnos. © x 
Sol. itisa group w.r.t. ‘x’ 
iv. The set of integers + 
Sol, » itis a group w.r.t, ‘+’ 
Vv. The set of integers x 
Sol. If is not a group. Since multiplicative inverse of zero does not exist. 
4. Show that the adjoining table represent the sum of the elements of the set { E, O} 
O 
slosh A eden 
[eee See aos A ergy 
What is the identity element of this set? Show that this set is an abelian group. 
Sol. 
Answer | E +E=E (even) 
E + O=0 (odd); 
O+0=E (even) 
Here ‘E’ is the identity element. 
Answer I] i. Table shows that set satisfies the closure law w.r.t. ‘+’. Because all 


elements of table e { E,0} 


ii. The set is associative under ‘+’ ‘E’ (O+E)+O=0+(O+E) 
=> 0+0=0+0 = E=E 
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iii.  Eisidentity €{E,O} 


iv. Each element has inverse (O+E=E+O=0 and E+E=0 and 0+0=0) 
Vv. Commutative Law holds. (O+E=E+0) 


So set {E, O} is abelian group. 
5. Show that the set S= {1 , a’ when @ = lis an Abelian group w.r.t. ordinary 


multiplication. Multan 2009, Faisalabad 2008, Lahore 2009, Sargodha 2007,08 
Sol. From multiplication table. 





Sol. i. Table shows that set shows closure law w.r.t “x” 
ii. low’ €S 
(1.@).w* =1.(@.0") 
ow =1.0' 
o =o 
1=1 
associative law of ‘x’ is satisfied. 
iii. ‘1’ is identity element w.r.t. ‘x’ 
iv. Multiplicative inverse of 1 is 1 
0.0 =w w=1 
= wand w’ are inverse of each other. 
Vv. Commutative law holds in the given set. (1x@=@x 1) 


S is an abelian group w.r.t “x” 


6. IfGisagroupunder *and a,b e G, find the solution of the equations: 
(i) a*tx=b (ii) x*a=b Faisalabad 2009 

Sol. (i) a*x=b -——+(i) 
-:aeG,soa'eG premultiply (i) by a' 
a'*(a*x)=a'*b 


(a'*a)*x=a'*b ( Associative) 
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exx=q'*b 
x=a'*b 
ii. x¥a=b ~—+(i) Multan 2009, 10 


Sol. Post Multiplying by a’ 
(x*a)*a'=bxq'! 
x¥(a*a')=b*¥a"! (Associative) 
x*e=h*q' 

x=beq' 

7. Show that the set consisting of elements of the form a+ V3b (a,b, being 
rational) Is an abelian group w.r.t addition. 

Sol, Let S in a set which contains the elements of the form q + 3. b where a, b are 
rational. 


i. For a+ V3 b,c+V3 de€S a,b,c.d are rational 
(a tV3b)+(e+V3 d)=(a+b)+(b+dN3 €S so closed 


ii. Association Law of ‘+’ for 
a+ 3b c+ 3d, e+V3fes s.ta,b,c,d,e, f €Q 
then: 


Sol. LHS =| (a+V3b)+(c+V3d) |+(e+V3/) 
=|a ret V3 (b+d)]+(e+V3f ) 
=(a+ce+e)+V3(b+d+f) (1) 
R.H.S 
=(a+3b)4 | (c+ V3d-+e+V3/) |= (a+ V30)4[ (c+e)+ V3 (a f)| 
=(a+c+e)+V3(b+d+f) —(/7) 
/ =I Hence Addition is Associative 
iii, Vat J3b eS 3 (0+ V3(0)) as identity element w.r.t “+” 


bay bach (a+V3b) €SA(-a V3b)eS 

Si (at V3). t(—a — /3b) = a+(-a)+ V3(b —b)=0+ 3 Q 

So inverse of each element of S is in S: 
i iber ees 

V. Foreach a+V3d,c+v3d eS 
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a+ J/3b+0e+3d = (a+c)+V3(d +b) > (J) 
=(c+a)+V3(d+b)=(c+V3d)+(a+v30) 
=> (a+ 3b)+(c+V3d) = (c+ V3d)+(a+3) 

Sol. Hence S is Abelian group under addition. 

8. Determine whether (?(S),*), where *stands for intersection is a semi group, a 
monoid or neither. If it is a monoid, specify its identity. 

Sol. Let P(S) power set of Si.e. consisting of all subsets of s and *=(then for 
A, Be P(s) 

i. Since 4*B = An Be P(s) => P(s)is close under 

ii. Since > is always associative. 

iii. AeS AAS = Aso every set is identity element it self in P(s) UNDER * P(S) is 
monoid. 

9. Complete the following table to obtain a semi-group under * 






(ate Boe 
Ae 
Re Me a] 
ie er weet 
Sol. We want to find c*a, and c*b. 
a*a=c —>(i) 
Now 
c*a=(a*a)*a 
=a*(a*a) *’ Associative 
=a*c 
c*a=b 
c*b=(a*a)*b 
=a*(a*b) *: Associative 
=a*a 
c*b=c 


10. Prove that all 2x2non singular matrices over the real field form a non abelian 
group under multiplication. 


Sol. Let S be the set of all 2x2Non singular matrices over R. so let 
i. AB is also matrices of same order so € S 

Multiplication is closed in S. 
il. Since Matrix multiplication is Association. 

‘: (A.B).C = A(B.C)V A,B,C ES 
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eo 10 
iii. The unit Matrix / = i ES Jis the identity element is S. 


iv. The inverse of each element of § exists in S. 
ab 
Sol. oY A= 
a] 
d 3] 
A BBA A ts ie 
Al. ad-be 


All four condition are satisfied. Hence S is a group under the multiplication 
since AB + BA 
S is not abelian group under multiplication. 
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TEST YOUR SKILLS Ea etal 


Q#1. Select the Correct Option (10) 
i. The statement written as p iff gis denoted by 
a) b) peg 
c) q>P qd) PA 
ii. The Tabular form of the set {x|xe PAXx< 12} is: 
a) {3,5,7,11} b) {1,2,3,5,7,11} 
c) {2 de os Fok 1} d) {3,5,7,9,1 It 
iii, Let p —> q be given conditional then ~ q ~ pis called 
a) Converse b) Inverse 
c) Reverse d) None of these 
iv. A and B disjoint set then 4 B is equal to 
a) A b) B 
c) Q d) U 
Vv. if a,b are elements of a group G then (ab y is equal to 
| 
-1p-1 
ab b) -— 
a) ab 
c) ab d) b'a"' 
vi. if A’ is the complement of the set A then (4 A’) equala 
a) A b) A 
c) U d) Q 
vii. The Set {(a,b)} is called: 
a) Infinite Set b) Singleton Set 
c) Set with two elements d) - Empty Set 
viii. The numbers of all subsets of a set having three elements is : 
a) 4 b) 6 
c) 8 d) 10 
ix. lf Ac Bthen A- Bis: 
a) A . b) B 
¢) ? d) A 
X. if A and Bare twosets then AM(AU B)= 
a) A b) B 


c) 9 d) AUB 
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Q#2. 
i. 

ii. 

iii. 

iv. 

V. 

vi. 

vii. 


viii. 


Q#3. 


Q#4., 


Short Questions: ’ (2 X 20 = 40) 
Convert De Morgan’s Laws to logical form: 

For S={1,-1,i, —i} write its multiplication table: 

Define Semi Group: 

Show AM B by Venn Diagram where A and B are over lapping: 

What is Proposition : 

If (G,*) is a group with e its identity then show that e is unique: 

Construct truth table of (pa ~ p) > q: 

What is Tautology? 

Find the inverse of relation v = {(1,3),(2,5),(3-7),(4,9),(5,11 )} 


Write power set of {+, —, x, +} 

(a) Convert (4 B)' = A'U B’ into logical and prove by constructing the truth 
table: 

(b) lf a,b are elements of a group G then show that (ab)! =b"'q"' 

(a) Prove that py(~ pa ~ q)v (pq) = pv(~ pa ~ q) 

(b) Prove logically AU(BOAC)= (AUB)A(AUC) 
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Matrices and Determinants 


An arrangement of different elements in the form of rows and columns, within 
square brackets is called Matrix. It is always denoted by capital Alphabets. 


ty? Sa oT 
eg A=|.-_|,. B= 
nae 16 8 


Order of Matrix tells us about no of rows and no of columns. 
Order of Matrix = no of rows x no of columns. 


vel 


A matrix having single row is called row matrix. 
eg A=[1 3 7], B=[1 6 3] 


Column Matrix: 


A matrix having single column is called Column Matrix. 


1 3 
ihe order of A=2x3 


S 
eg A=|1 


4 
tree a Ee 


A matrix in which no of rows equal to the no of columns is called square matrix. 


Lhe 


Rectangular Matrix: 


The matrix in which no of rows is not equal to the no of columns is called 
Rectangular Matrix. 


At 
Se eee 
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Meeuelmiuelapes Multan 2008 


A Square matrix having each of its elements equal to zero except at least one 
element in its diagonal is called diagonal matrix. 


Lc 8.9 

3 0 0 0 = 
e.g A= _|, B= ; C=} 10) 5-0 
a5 09 re 


Sele eel e 


A diagonal matrix having same elements in its diagonal is called a Scalar matrix. 
3 0 0 


5 0 
ca A=| A B=| 0 3 0 
U3 


00 3 
identity Matrix: 


A scalar matrix having 1 as its elements in the diagonal is called an identity matrix. 


1 0 0 
1.0 
e.g A= » B=} 0.1 0 
0 1 
oD > 1 


A matrix in which all elements are equal to zero is called Null matrix or zero matrix. 
0 0 0 : 


0 0 
eg A= , B=| 0 0 0 
0 0 


L 00 0 
er mE leah ow 
Two matrixes are said to be equal if they are of same order with the same 
correspondence elements. 
ab 3 
eg A= eS If A=B then a=3, b=1,c=4,d=7 
cd 47 ; 
We meen ~4Multan 2008, 2009 
if all elements below the main diagonal of a square matrix are zero then it is called 
upper triangular matrix. 


263 16 1 0 79 
e.g 0 4 3i, 0 2 3 
00 | 00 4 
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Roe reriraitiariqes Multan 2009 


if ali elements above the main diagonal of a square matrix are zero then it is called 
Lower triangular matrix. 


1 0 0 
e.g 2%: @ 
ae 
A matrix which is either upper triangular or lower triangular is called a triangular matrix. 
ines Matrix: 
Let “A” be a square matrix if A’ = A then “A” is called symmetric matrix. 
Skew Symmetric Matrix: 
Let “A” be a square matrix if A’ =—A then “A” is called skew symmetric matrix or 
Anti symmetric matrix. 
Sargodha 2008, 2009, Multan 2010 
Let “A” be a square matrix if (4)' = Athen “A” is called Hermitian Matrix, 


WaaC@ulheymiriare Multan 2009 


Let “A” be a square matrix if (A)! =—A then “A” is called Skew Hermitian Matrix or 
Anti Hermitian Matrix. 
The first non.zero entry in any non zero row of an matrix is called leading entry. 


Echelon Form: Multan 2008 


(i) First non zero element of each row should be 1. 
(ii) All elements under this 1 should be zero 
Pahl a }....-§ 3.6 "2 10 0 
e.g 0. O°} 64, Oe Ak Qtr Git O543.0-1 
00 0 1 0 QO I 0°O “0” 1 0:0). 1 
First two conditions are same of echelon form 
All elements above leading entry (1) should be zero. 
bhS@: 0 O01 0 6 F- O'On +2 
O-OeT>..0i, OD HAS 01 0 Olete 
0-0-0 1 00 0 0 00 1 3 


Federal, Faisalabad 2008. 
Number of non zero rows (not all elements zero) in the echelon form of a matrix is 
called Rank of the matrix, 
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Example: 


Sol. 


Now 


adjA 


Sol. 


Solve the following system of linear equations. 
3x,-% =1  paisalabad 2008 
X, +X =3 


The matrix form of system is 
3 =I x, l 
LE 
=B 
= x =A"B 


3. -1 
4] |-3-cb=3e1=4 


ghee: 


1 
staciige es & 
|| 4{-1 3 


X=A"B 
ype PET pa - 
“— Al-1 . 34/3] 4[-149] . 4/8 
| Pe | : x =I 
> = = => 
y2 8/4 y2 - y, =2 
EXERCISE: 3.1 


2.8 oe 
lf A= and B= , then show that 
| 5 6 4 


4A-3A=A 


2.2 34s 
LHS=44-34=4 ayeiz 
es Se ee 
[8 12] [6 9]_[8-6 12-9 
“(4 20} [3 15] [4-3 .20-s 


Zu3 
= = A=R.HS, 
] 5 


3B-3A=3(B-A) 


COLL 


Sol. 


Sol. 
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LH.S=3B-—3A =, ib 
6 
of BS 2h) {6 
He 2 413-15 
t ea 
R.H.S. = 3(B- A) =3 ss 
644 4a 4 


3-6 §=621+9 
“ly —3 


1=~2 7=3 =f og ~4 KZ 
=3 =3 = => LHS = R.H.S 
6-1 4-5 > =I 15 -3 


12-15 


| 


=3 
15 


12 
=3 


| 


TRIX 


i #8 
if A -|) | show that A* = J, Note i read asiotai=J-1 => 7? =-1 
=e 


Multan 2008, 2009, Sargodha 2009, Faisalabad 2008, Lahore 2009 


: : olf o] f?+0 0-0 
A°=AxA= lis bg , 
1 —ifll —i = O+7° 


Find x and y» if. 


x+3 1 2 
a a 
=> x+3=2 =>x=2-3 => 
and 3y-4=2 => 3y=2+4=6 


x+3 1 y 1 
= Sargodha 2008 
es 3y-4 —3 | 2x 


1 
Sargodha 2011 


=> x+3=y ———ep 
3y-4=2x 

=> 2x-3y+4= 0— 

Put | in tl 


2x 3(x+3)+4=0 = 2x-3x-9+4=0 >-x-5=0 > [x=-5| 


Il 


x=—l 


-i 
0 


y=2 


1 


=} 
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Sol. 


5 
a 
4 





Put value of x in |. 


x+3=y=-5+3=y) = -2=y=[y=-2| 


-1 2228 0 Die 
lf A= and B= » find the following matrixes. 
1 Ors Fi. ee oe | 


4A-3B Multan 2007 


Ee hehe 3 
4A4-3B=4 uate : 
: Ree Ce 


_[-4 8 12] fo 9 6] [-4-0 8-9 12-6 
ie AE ee ee 3.5 = 31. 6) $>4-3? 1043 8-6 
[4  -1 6 
= het oo 
A+3(B-A) 
= Eras Bee Aes ee 
A+3(B-A)= +3 = 
ae eabeny ck aldee 58 al 


37° Shed 359 “Bes 
+3 
2 i ioe oo 
feb 23 ‘ 3 3-3] f-1+3 2+3 3-3 
“4b 6: See —s3 OTP 4140 623) 2+0 
2 


y 4-2 3 
Find x and y if =! , 
1 y 2-1 1 S.2 
2 s 
x 5 ay 3 4-2 3 
1 0 2-1 bE 6.1 
2 a ‘ a vase 2 Neat ee 2 
1 a) (Oe eZ poy 6-4 


2+2 0+2x x+2y|_/4 -2 3 
iO": pedo $22) be Se 


So 
nN 
= 

ww * 
fetta 
+ 
nN 
eye 
or- 
* 


woe © 
lo 


- k 2x < | -|; —2. A 
x yt+4 3-2] [1 .6 1 
=> 2x=-2=9[x=-I]& y+4=6=> y= 6-41 
6. A= (a, |, Show that: - | 
I A(AY= (Ap )A 


4. a 


2| 





Sol —s Let A=|4, @, 4; |. 
Lr Gs J 


may. By 
LHS =ACuA)HRAl Ml ay yyy 


Hay, ahs} | apa, Apa, Apa, 
Hi ily, |=| Ana, Auta, Apa, | 
HQ, Bay, | Apa, Apuay Apia, 





=(Ap)| a, Gy Gy |=(AW)A= RAS 
= as, By : ay ; J 
ii. (A+ MA=AA+HA . 


Gy Ay Hy 
Sl LAS=(A+MA=At+Ala, ay ay 


-[43, Fyp By 


a + f)a,, e + 4, A + 14,5 


=| (A+ H)a, | Atma, (A+Wa, 
(A+ Has; _ (A+ Way (A+ Hay, 
Ag, + Ha, Aa, + Ha, Aa,+ Ma, 


Ady + May Ady + Hy Attys + [ays 
Ady + {ay Ady t+ Hay Ady t Hay. 
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Aa, Ag, Ags} | Ha, HA, Hay 
=|4a,  Ad,, Ady |+} Ha, Hay Hay 
Aa, Ady Ady | | May — Hay Mey 
4 a as] A A ay . 
=Aldy Gn Ay |tH) Ay Ay Ay j/=AAt+ HA= RAS 
. Gs) Ap y . Gy Ay 3 
iti. AA-A=(A-1)A © 
Sol LHSs2A~A 
: Gi Ge | Si Oy 
=Alay, Gy By t—1 G7 Ap Ay 
a, ay, O53, Gy Ax, yy 
| Aa Aa, ‘Aa, | fa, ay ayy | 
=| Aa, Atty Aa |—| ay, By Ay 
| Aa, 2 Aa, Aas, G,, Gays 
Aaya, "Aaya, Ady ay, . 
> Ady, 4, Aady-dy Ady —a,, 
Ady a, Ady -Ay Ady ay | 
(A-Na, (-Na, (A-Na, 
(A-la,- (A-Ya,; 
GB, ay Ok, 
Gy, @,|=(A-NA=RAS © 
sy a : 





7 +A =[4, | and B= [4]. show that A(A+B) = 2A +AB. 


Gz 


_ As [4, Ls & 


2 Ay 
; 
A  &;]. 


B=[%,],., ; aS 
a[h & 


b, by, 


, 


. 


L.H.S = MA+B)=A ie - a2 ach b, ) 
My In Sx by by by 


Sol. 


9% 


Sol. 


10. 


<4 4,+h, a+b, +4; 
, 2 +h, ay +by Gy, + by, | , 
be +b, Aa, +Ab, Aa, +Ab, He Any, ia a Ab, a 
Aa, +Ab, Ady tAby Ady, + Aba, day Aa Ady | | Aby Ady Ab; 
7 fe a 2° lal > by: pela aaeas =RHS 


ay, a, Gy b, by 23 


+ 


{1 2 So. 0] . 
if A= and 4° = find the values.of a and b. 
ab 0 06 


“fi 2 , fo 07 ee es | 
A= & A= of — I Faisalabad 2007, Lahore 2005 


ab 0 


, P27 2) ft+2a 2426 | 
Now 4° = Ax A= |= ,( aH 
a blla b| |at+ab 2a+h? 


' |[1+2@ 24+26 7] [0 0 
(Compare I and I) = 
atab 2a+b’| |0 0 


=>}4+2a=0 & 2+2b=0 | 


=[a=-1/2] > 26=-2=[be=l| 


if 4= and A° = find the values of a and b. 
a 6 0 1 . 


a=) a & alt | —»] Multan 2008 


b jo 1 
f= Axd=[! a, ileal 3H 
a b6| la bf |a+ab -a+b : 
(Compare I and Ii} be rl i 
at+ab -a+h 0 1 
=>1-g=I=la=Q) & -1-b=0=>[5=-1] 


if A= 1-1, 2 and B= aes then show that (4+ B)' = A‘ + B' 
: 03 1 12-1). > 


COLLEGE MATHEMATICS-| 





MATRIX 


1-1 2 2 309+0 . 
Sol. A=} B= Multan 2010, Sargodha 2008 
Oi. 2235 12 -1 


uns (ay [| = Ht a ) 
bye a ad B72. 


3 1 


_fl+2  -143 2407 [3 2 27 i : 
1041 S62: “Rete te oe 
2 0 


a EE ee 8 he 2 
R.H.S= A+B = + 
3 Ts es 


1-6) [2-4 142- OF1]-f3. 1 
=|-1 3]+/3  2]=/-1+3 34+2|/=/2 Slouns=RHS 


2 1/10 -1 2+0°)1=1) 12 0 
Pores 
11, Find UH A=| 5 2 6 
2 -1 -3 
1-4 3 
Sol, A=\ § 2 6 
—2 -1l -3 


—2 -1 -3}}-2 -1 -3 
1+5-6 1+2-3 3+6-9 
=| 5+10-12 5+4-6 15+12-18 |= 
—2=-54+6 . -2-2+3 =6-6+9 -1-1 -3 
o. 0 -Cr-et 3 
AeA Ae! 3 3 91'S. 2-6 
—1-1 -3 ||-2-1 -3 


Lae brie, apo eee a = 
A =AxAz=| 5 2 6|| 5 2 6 
0 

3 


COLLEGE MATHEMATICS-| 100 


a2. 


Sol. 


Sol. 


0+0+0 0+0+0 0+0+0 0 0 0 
=| 3+15-18 3+6-9 9418-27 /}=| 0 0 0O/=0, 
-1+5+6 -1-2+3 -3-6+9 00 0 
Find the matrix X if; 


S- 2 -1 5 
iz = Multan 2008 
A 12 : : 


xX A=F 
=X =BA' — 5] 


55:2 
Now 4-5 J=5-C)=5¢4=90 


_ fl -2 1 -2 
adj A= nt 
2 2088 [Ap OFS 5 


(J become ) =X = BA" “|, L a 


12 319/2 5 
a ~1+10 24 25) 4/9. 27) fi .3 
~ 9] 1246 ~24+15| 9118 -9| |2 -1 
5 2 oo4 
x= 
Be on 
A X=9 


>X= A'B— >! 


sey 
=| s[-5-=5+4=940 


1 -2 
adj 4-| | 
ae: 


4 = G4 i: 7 


“al 9/2 5 
1}1 -2}2 1 

(/ become) => X =— 
P12: \. SS 30 


yeal{2-10 1-20 ]_if-8 -19]_[-8/9 -19/9 
9|/4+25 2+50| 9|29 52] |29/9 52/9 


COLLEGE MATHEMATICS-I 104 


13. 


Sol. 


Sol. 


Find the matrix A if; 
5 -l 3-7 
0 O]/A=|0 O 


3a+e 3b+d 7 
=>S5a-c=3 & Sb-d=- 
=>3at+c=7 & 3b+d=2 


Soive above equations 


3 1 7 2 
a 
Suppose Atm then 
e=2 
5 ae Fs 3 eT 
0 0 He a =|0 0 
c | 
ae 2 
Sa- c 5Sb-—d 3 -7 
=|0 
7 


Sgn ee SOEs Sof =7 Sit 
3q4+f a9 > Il 3b+ d =2 + IV 
—|[b=—-5/8 
1 becomes{ > |-e=3=9¢= 23-3 aes 
4 4 4 
Ii Seinen (= >) d=] 3S foes => gn 
8 8 8 
5/4 —5/8 
Hence A= 
13/4 31/8 


a alls 3 =] 


Bo ASO SS AR=B OC Sy 


MATRIX 


COLLEGE MATHEMATICS =—_— p82 | : MATRIX 


al=| fe exa-Cocn=41-340 


201 j 4 
eg B=|- | S28! 
ae |B] 31 2 


et if2 «fo -3 °8 
Ibe A=B'C=- 
vee sl 31; “g 2 


—  -f/O+3> -64+3 - 16-7] 1/3 -3 9) JI -1 3 
: “ioe ~3+6 mal "aL6 3 alls 3 
reos@ 0 —sing||cos¢ 0 sing 
14, Showthat) 0 r 0 0 1 OQ j=l, Faisalabad 2008 - 
rsing 0 cos¢ -rsing 0 rcas¢ 
reosé 0 —sing[fcos¢ 0 sing | 


Sol. LHS=| 0 - Fr 0 o 1 0 
rsing 0 cos¢ || -rsingO rcos¢ 
rcos’ $+0+rsin’ ¢ 0+0+0 rcos¢sing+0—rcosdsing 
=| 040+0- | O+r+0 04040 
rsingcos¢+0-rsingcosd. 04+0+0 rsin? 6+0+rcos? ¢ 
r(cos’ ¢+rsin’ ¢) . o 0 
=| 0 ) 0 
0 _ w(sin? 6+ rcos? ¢): : 


r 
0 
r 0 @Q 1 0. 0 
0 »® Oj=r 0 0 
0 ¢ 1 


COLLEGE MATHEMATICS-| 5 LoS MATRIX 


1. if A=[a, |. ,thenshowthat (i) 1,4=A (ii) AI,=A 








Ay? ae |, a6 | 10 0 
Sol. then A=/a,, a, @, a, 1&1, |01 0 
Gy Bg By aA 00 1 
i. I,A=A 
1:8 Ola, Ba: Rey | ei, 
‘Sol = LAS=1A=|0 1 Olla, a, a, A, 
00 Way ay ay, ay 


4,+0+0 4,+0+0 a,+0+0 a@,+0+0 
=|0+a,+0 O+4,+0 0+4,+0 0+a,,+0 
[0+0+a, 0+0+4,, 0+0+a,; 0+0+a,, 
G2 43 Ay 
432 


a, 

‘3 Gy, Gy, ay, |= A Hence Proved 
a, 

AI,=A 


€ a3; ss 


1166-6 

a), a, a3 “4 0 1 0 0 

Sol. Al, =| a,, a,, Gy, ay 00-10 
Qs, G3» a3; Gy, lo 01 


4,+0+0+0 O+a,+0+0 0+0+a,+0+0 0+0+0+a,, 


=|4,+0+0+0 0+a,,+0+0 0+0+4,,+0 0+0+0+a,, 
a,,+0+0+0 0+a,,+0+0 0+0+4a,,+0 0+0+0+a,, 
ay A i 
=! d,, ay, G2; @,|=A Hence |Al,=A 
As a3, W; = yy 
2. Find the inverse of the following matrices: 


; 
Multan 2010 
2 1 


COLLEGE MATHEMATICS-| eatr} MATRIX 


Sol. 


Sol. 


Sol. 





=4 3-1 ; 
A= - then | A| = =3-(-2)=3+2=50 
> 1 ee 


bf}. Perper s. WS 
adj A= Sata 
—2 3 [4) 5{-2 3] Fag § 0975 





—2 3 3 
Let A= then|A\=| =-10—(-12)=10+12=2+0 
= = Si] 5 


§ 2-3 5.533 5/2. -3/2 
adj A= So A"! god as | = 

4 -2 [Ay 3 2|4%) <2 2 -1 
a4 


E | Multan 2009 
a 


ny 3 ae 
Let =|) ten 4 |--P P= =-3(-1) =3 

ES G8 

Boies : ee Ee Sp GES 
sil Hae | eT han PE EO a 

-i 2i |4| 3[-i 27] [-i/3 21/3 


Solve the following system of linear equations. 
—5 2||4 


a asa 
Pe HL 


ld-| “| =x) & X= 





2x, -3x, =5 
5x, +x, =4 


1 
=2-(-15)=2+15=1740 


i 3 
ad a-| 4 


t's adja _ ts73 
A. “5 i 


4x, +3x, =5 
3x,-x, =7 
Sol. In matrix form 


43 41>] | ili 
3 -1}lx,| 17 | : 
A X=B=>X=A"B Sol. 
a 4 
ld-f |--4-9=-130 
neg: a 
1-3 
+ A= 
aed 
Ai SGA _ Ne p-t -3 7 
—|Al -134-3 4) on. 
Now X = A'RB 
yo “1-3 115 
~~ -13}-3 4ff7 
yort{-3-21 
—-13[+15+28 
yet ~26 
U3} 13 


a 


1 
3 4 
z 1 


A~Bu/ 3 2 S|-l1 3 4 
“1 0 4) [=r 204 
1-2 -l-1 241] [+1 -2 
«| 3-] 2~3 §-4/=| 2 =|] ° 
“l+1 0-2 4-1] | 0 -2 


MATRIX 
%, ; 2 
= io =2, 4 =-] 
| i nese 
3x-Sy=1 
-2x+y =-3 . 
in matrix form 


3 -Siix] [ol 

2 -Ifly] [-34 

A X=B=>X=A"B 

ld-p = [-3-10=-740 
‘P21 


~ MATRIX 


COLLEGE MATHEMATICS-| 


Sag 


| 
| 


1-1-2 
32 
1 04 


21-1 

ns i 
+)2-14 |- 

| 2-1 141 -1-2 


(A-B)-C 


B-A= 


Sol. 


1 
—2. 1 -i 
f)- 2 5 


3 
2+1 


0 


1-3 3-2 455 


—1+1 


(A-B)-C 


Sol. 


= 
0 
4 -1| 


3 
2 


1 
—| 
3 


5-4 
4-1 


2=3 
0-2 


-1-1 


1-2 


3-1 
—l+1 


i 


2 


3+2 


-2-4 341 


0-3 


iv. 


| 


=h 


<2 


Z 


: 


A-(B-C)=| 3 - 


Sol. 


—1+2 


1-3 





COLLEGE MATHEMATICS MATRIX: 
yep 1422-1] fo 
=| 3-2 2-1 S5-4i=|1 f a! 
[ales 042 422) 130 2 2] 
(lé  2é -i 1] zi Cl : 
5. | Waal *he-[3 Jona c =| Ae 
I. (AB)C = A( BC) _ Multan 2007 


= oscar EE 
[Pa i+2i * 7 : 
-~i-27° 1-7 —j i 


f-C+4-l 142-2 -1]_[-3 #-27[28 ci 
“[-4-) 1-C -iad Lit? 2 fe 


_|-6i- P+ 2i 3+i° ~2 _[-6i-(-1) +2 eee | 
2 44i-2) 12427 ~ | -2(-1)+4i-2/ 3i~2 


1-4i = 2-2 
a 4 
smn saood A BE 
pene: 1 -iiiar ijl af 
fe 2f[-at-i ee] fe 2f-aecn-i 
“| ~i Fe peal i aa ere 


i ae 2i _| 2i-# ~6i | 2° 4? -2i 
[Bal -2i-1] | 2-143 25427 +i 


—4i-(-1). 27-27 1-4) = -.2(-1)-2i 
st 2+2i 37 + 2(- i es 31-2 | 
1-43 ; 

oe 3i- 

i. = (A+ B)C=AC+BC 


coco Se 
SE 2i ft —i +f 


= “| Hence LHS=RHS 


— a aise = Ve ° —r ol 


COLLEGE MATHEMATICS. etc | MATRIX 


ini 421 O i42iifar -1 
a Sale ele ola. | 
0-7-2? = O4842P ] [-i-a- +2) 
oe ~1~21+0 Fees ay 


yt ey 

“loa | 
in eed I ae " S Ae | 

R.H.S = AC+ BC = vil, cae. lite. 

= 1 -fl|-i.i 2i oi||-i f 
[a2 = -i42P | [-2?-1 i+ | 
“eh -1-? blaes 247 
“|; Dee 2i 

1 shed 4(-1)-(-1)  -2+(-1) 


_[ 0-2) [2-1 2i _f04+2-i = -{-242% 
THOPAT x. &D a3 SRT) i. 0271 


2-i i-2 
= ai-4 1-2; Hence L.H.S = R.H.S 
6. if A and B are square matrices of the same order, then explain why in general; 
is (A+ BY #.47+2AB+B" — Falsatabad 2007 
LEDS =(A+ By =(A+ BY A + B) 
=A? +AB+ BA+B 
sol. 


_ Since AB + BAin general so AB-+ BA # 2AB 
Hence(A+ BY # A? -2AB+B? 
ii. (A- BY #A*-2AB+B’ 
L.H.S =(A-— BY =(A~ BYA- B)= 4’ — AB- BA+ B’ 
since AB# BA in general so~ AB - BA#—2AB 
Hence(A— BY # A? ~2AB+ B’ 
iii. (A+ B)(A— B)#.A’* — B’ Rawalpindi 2009 
LHS =(A+B)(A-B)=4 -AB-BA+B’ 
Since AB # BA in general so 
(A+B) A-B)# A -B 


DLLEGE MATHEMATICS aa - MATRIX 


f2 -13 


0 aw 
7. If A= Le A ae then find AA' and At A, 
[35 2-1f- 
— ; 2 4 3 
J 2-1-3 90 — ; 
St. A=| 1 0 4 -2 Alm Se = 
-3 > 2-1 ; : . & 
, 0: 320 4] 
ne ae: 
2 -1 3 6 : He é 
AA =|1 0 4 -2 ; ; : 
35 2-1 
es 


4+1+9+0  2-04+12-0 -6-5+6-0] [14 14 -5 
=|2-04+12-0 1404+16+4 -34+0+8+2 [=|14 21 #7 
‘[-6-5+6-0 -3+04+8+2 94254441] [-5 7 39 


2 1 3 
‘ ‘ 2 -1 3 O 
Now 4 4= 3 so 1 6 4 +2 
oF. §% Dt 
0 —-2 -1 


44149 -240-15 644-6 0-243 714 -17 4 1 
—f72t0-15 140425 -3+0+4+10 04+0-5 _|-l7. 26 7 -S 
| 644-6 -34+0410 941644 0-8-2] 1 4. 7 20 —10 


0-243 0-0-5 0-8-2 04441 1-5 -10 5 
&. Solve the following matrix equations for X: 
2 2 3- ~3 1 
3X-2A=B if A=|- Es 2 and B= : 
-1 1 §  [s 4-1 


sol. “3-242 BR => 3N=244B 


-2] [2 -3 1 
Ms Outlot eS alt 
3 63 [-r 1s] is 4 +1 


pci 4 6-4 gee 1 442 6-3 ~441 
AUS 240) 5. a oa)" gleoes. 08% 40-1), 


1[6 3-3] [3 1-1 | 
3[3 6 9] [1 23) |, - 


8 gl 1-1 2 3-1 0 
ik. “ = if A= B= 
| 2X-SASB IPA a 4 sen ls : 4 


2X-34=B => 2X =3A+ Bao X=>GA+8) 
if,f 1 -1 2) [3 -1 0 
«aif 4 shel 2 4} 
. Alb ~3 ‘lf -1 1) 
2\|-6 12 15] |4 2 1 
if 343 -3-1 6+0] 1/6 -4 6 
“il oes 12+2 teil 14 | 


fa-2 3 
X=} | 
toe a 


9. Solve the following matrix equations for A: 


Gar 
Ee 
elas See eb 








2 
B A=C 
‘ 43/ .. 
=> A=B'C Pixs %. Se! i=  |=8-6=240 
23 
2-3) '-f7] - 2-3) °° 
=> Hoe ie adj B= ‘ 
2|-2 4 ])2 4 - |-2 4 
yes 2-6 -2-12 : pt AGB 2 -3 
2[-248° .2+16 ial 2] 4 


py f-4 —14 . = fae aay 
A=- => A=|, 
ibe a ; ; A 


LLE HEMATICS-1 hk MATRIX 


«eats Ha 
disbanded 





AB=E 
Now aii 6-4=2+0 => A=CB' 
2 -) ; 2 ~-1 
adj B= —_ gp sat 
-4 3 ja) 2|-4 3 
A=CB" 


_ft 2]1f2 -1]_1[2-8 -1+6 
“12 61/2|-4 3] 2)4-24 -2+18 


gulls oe at tee oe 
2|-20 16 -10 8 





Example: Find the cofactors A,,,A,,, & A,, if 
Pet 3 
A=|-2 — 3 1 Jalso find |4 
4 -3 2 
12/21 3 ' 
Sol. Ay =(-1)"| =e [-4-4] =-1(-8) =[8] Ans 





A, =(-1)"" ; 4 =(-1)*[2-12] =1(-10) =[-10] Ans 


5 TCD +6] = 007) = ns 


and |4| = dA. + dy Ay, + Ay Ary 
= (—2)(8) + (3)(-10) + (-3)(-7) 
=-—16-—30421 =-25 Ans 


A; = (-1)* 








COLLEGE MATHEMATICS-| he 4 MATRIX 


important Question: Write any two properties of determinants. 



































Sol. Property 1. If a square matrix A has two identical rows or two identical columns 
then | A| =0 
Property 2: If all the entries of a row (or a column) of a square matrix. A are zero, then 
|4|=0 
Proof 2: Prove that If all entries of any row (column) of a square matrix are zero; 
then value of determinants is zero. 
0 0 0 
Sol. Let A=|a,, as, ay; 
a, a3, a3; 
0 0 0 
Ay, Ar; G5, As; G5, Ay, 
|4| = 14>) ay, a3) = = 
Uy, Cs; a3, 33 G3, 42 
a3, As) a3; 
=0-0+0=0 
Proof 1: Prove that If any two rows (column) of a determinant are identical then 
value of determinant is zero. Multan 2009, Lahore 2009 
OE 
Sol. Let A=|a b ¢ 
ay-z 
7:0 € 
p-€ ac ab 
|.A| =|a b cl=a —b +c 
iy 2 az ay 
a Viz 


a(bz — yc) —b(az — ac) + c(ay —ab) 
= abz — acy —abz + abe + acy — abe 


- (o] proved. 


COLLEGE MATHEMATICS-| 113 MATRIX 


Sol, 


Sol. 


Sol. 


Sol. 


EXERCISE: 3.3 


Evaluate the following determinants. 















































5 -2 -4 

3 -1 -3 
—2 1 2 

3\7! —3 3 3 4 3. -1 
Ply gts gl FOr ehy 
= 5(—2 +3) +2(6-6)-4(3—2) 
= 5(1) + 2(0) —4(1) = 5-0-4 =1 

5 2 -3 

3 -!l 1 Faisalabad 2009 
—2 1 -2 

_I-l ] ] 3 ] 
='5 -2 +(-—3) 

1 -2 —2 -2 ~2 ] 

= 5(2-1)-—2(-6+2) —3(3-2) 
= 5(1) —2(-4) -3(1) = 5+8-—-3=10 

1 2 -3 
—-1 3 4 Multan 2008 
—2 § 6 

3 4 —| Maik 3 
=] —2 +(—3) y 
5 6 —2 6 +2 5 
= 1(18— 20) —2(-6 +8) —-3(-5 +6) 
=-2-—4-3=-9 
ath a<t. @ 
a+l a-l a a-l a atl 
a atl a-l\=(a+l) —(a-/) +a 
i +1 a-l atl a-l a 

















a-f @ Na+ 

= (a+1)| (a+lp -a(a-) ]-(a—- | a(a+l) -(a-1)? |+ af a’ —(a—l\(a4 1)| 
=(a+)[ a +1? +2al—q’ +al |~(a—1] a +al-a° -f +2al | f ala’ aa" +2 | 
=(a+l)(l +3al)-(a—D Gal -P?)+al’ 

=al’ +3a°l+P +3al® —3a7l + al? +3al? -P +al? 

=9al” 


COLLEGE MATHEMATICS-1 he MATRIX 





= 


Sol. 


Sol. 


t 42 2e3 
-| £.=3 
2° 4-1 
1 .=3} J-} -3 -] ] 
=| =2 +(-2) 
4 -] 2 =) 2 4 











= ](—1+12)-—2(1+6)—2(-4-2) 
= 1(11)-2(7) —2(-6) =11-144+12 =9 


2a a a 
6b 2b 6b 
C8 -de 
2b «6b 6 b b 2b 
=2a ~ +a 
€ Zen -ie 2¢ Cc ¢ 

















= 2a(4be — be) — a(2be — bc) + a(be — 2c) 
= 2a(3bc) —a(be) + a(—be) 
= 6abe — abe - abe = 4abe 
Without expansion show that. 
6 7 8 
L.H.S =|3 4 5)/=0 Sargodha 2011, Faisalabad 2007 
234 
C,-C, and C,-C, 
& 2°34 
=|3 1 1]=0=RHS (Because C,and C, are identical) 
211 


2 -1 
1 0} =0 Sargodha 2009, 2010 Faisalabad 2008, Multan 2009 
2 5 


toe met 


a a 
LHS =|l 1 |Add C, inC, 
253 5 


ie Sah, aed 
=|} | E/=O=RHS (Because C,and-C, are identical} 
2-3 2 . 


I. 225° 3h 
iii, LHS = 45 6=0 Sargodha 2006, Multan 2010 
. ae 9 . 
Sol. C,-C, and C,-C, . 
111 4 4, - 
=|4 1 I]=0 {Because C, and C;, are identical) 
e td 


3. Show that | oT 44 


4, @, @,+@,; be Gz 3) 8, Fy As 
i. Ay Ags Ayy FA HHO, Ay Fyy| FIG, Gy Ay) 
4s, Ay Ay ty! Wn 2 Sa) fn Fy Ay 

a, a,, a, +a, 

Sol.  LH.S=|a,, , @,, +@,,/opening frorn C, 


[4% Gx yy +53 | 


* 





















































a @ tt a a a 
(aay a), iN 12 I 12 
= (a, +2) | Thay; + 235) + (ay3 +5)] 
3 32 mu sy] 2 = Aan 
‘ a Uy a, a a, a a, & a, 4 
2l 22 21 2 tH 12 tI 12 4] 2 I$ 12 
Say | 1 ~ Ay, = +a; +, 
hh, dy &, Ay ]43) Bp Gs, dy G,, Gy Ay, yy 
Gy, the a, Ap A, Az yy Ay Hh, Aa) Ay yp 
Fay TO br +a, a sy 
th, hy | a, Ay 4,; Ay a, ay a, Gy @, Ay 






































COLLEGE MATHEMATICS.4 MATRIX 


- 


23 OO (21.0 . 
ii. 3 9, 6=91 1 2 Multan 2007, Lahore 2009, Faisalabad 2008 
215 1 2&4 
Sol LHS=/3- 9 4 
2 15 
23 90 
=3/1 3 2) Take 3common from R, 
2151 : 
- 42 I ° 2109 
=3,3/1 1 2 (Take 3Common from) = 911 1 2=RHS 
25 We 2 5 : 
atiiaé a 
ili, a ati a|=l'(3a+l) _ ~ Multan 2010, Faisalabad 2008 
a a atl : 


a+l aoa 
Sol LHS=| a atl a |Add R,, R, in RB, 
a a ati 


3at+!, 3a+!l © 3Batll. 


=| a a+l a} . 
a a ati) 
. ! 1 1 
—=GBa+)la atl ay (Take Common from (3a+/)) 
a a a+l 
C, m C, ’ C, - C 


i 0 oO | 
fio 
=Gat+Dla 1 Q| = eae] f i-o* | =P Ga+)=RHS 
a 0 ! 


COLLEGE MATHEMATICS-| 117 
Fs 1.2.4 
iv. x y zj=|x y zl. Faisalabad 2009 
yz wx xy| |x? y? 2? 
rd 34 
Sol. CHS eS Ye 
ye 2X xy 
x aos 
— Co ye CC, 2G, 
xyz 
ye Xye xyz 
EP e 
= x y Py Take common xyz from R, 
eS ek 
x Fz 
=-|1 1 1 Interchange R, and R, 
rv yp 2 
=e nt 
=(-\(-)|x y z Again Interchange RX, and R, 
ry 2 
P44) 
=|X Y Z |=R.HS 
xy 2 
b+c asa 
v. b cta_ b |=4abe 
c ¢ a+b 
b+e- ava 


Sol LHS=| 9 ct+a 5! Expand by R, 
c ¢ atb 


MATRIX 


COLLEGE MATHEMATICS-| EZ i MATRIX 


vi. 


Sal. 


vii. 


Sol. 


viti, 


— =(b+c) 


c+a bl |b . b | 
-a +al- 
a+b |c ath |e c 
=(b+c)[(¢+a)a+b)-be]—alb(a+b)-be}+a[be—c(c+a)] 
=(b+cXact+be+a +ab)—a(ab+b’ —bc)+ a(be—c? -ae) 
= abe Hosa Oar tae he SELON a’b—ab’ +abc+abe-ac’ —a’e 














. = 4abe =R.HS 
6 -l a 
a b ol=a+h 
1 a 
bb 
LHS =i Expand by R, 








b a Oo |a a 
=b —(- +a 

a b 1 b Ul 
= b(b* —0)+1(ab-0) + a(a* —5) 
= +ab+a —ab=a' +b =R.HS 
reosg@ 1 —sin 


1/0 1 .0 |=sr: 


rsing © cos¢ 
rcos@ 1 -~sin 

LHS=| 0. 1 0 |=-0+1 
rsing w cas¢ . 


rcos¢ 





~sin gl . 
0 
rsing 4. Expand by R, 


=rcos’ ¢+rsin’ ¢ 
= r(cos’ ¢+sin’ 6) =r(l)=rR.HS 
a bt+e at 


\b cta b+cl=a°+6° +e —3abe Faisalabad 2008 


c ath cta 


* 
. 





ab+c atd 
Sol. | LHS= b e+a b+e| Add é in €, 
. c ath c+al a 
a+b+c bte ath 
slatbte cra b+e} 
a+b+e atb cta 
| 1 bte atb a 
7 =(a+b+e)l ct+a b+te Take(a+b+c) common from C, 
lath ¢+a 
il bte atb 
BVA axbisakee oe 
10 a-e e-b os 
a-b c-a 
a-c c-b 
=(a+h+ce)[((a—b)(e~b)-(a—eYe-a))], 
=(a+b+¢e\uc—ab—be+b’ —ac+a’ +0? —ac) - 
=(a+b+ea’ +b? +6? —ab—be—ca) | 
s@+h+c'-3abe =RHS 


=(a+b+o)[l 








—0+0] 


ata b. ¢ 
xi. a b+A c |=Aa+b+e+A) 
a b ers ‘ 
ata b C 
So LHS=| 4 B+ ce 
a b eta 


atb+c+A BD ¢ 1? 
slatbtet+A -b+a ec | AddC,, Cin 
ath+c+aA. b cta 


] b -¢ 
=(a+b+c+A)l b+A ¢ Take Common (a+6+c+A)from Cy. 
° ] b et+A- 
. ft b qd 
=(a+b+c+A)l0 A 0] R-R,R-R 


00 A 
| THA 
-(a+breea|p 1 “040 Expand byC, 


=(a+b+e+A)| A?-0-0+0] 
=A (a+b+c+A)=RHS 
1 1 {. — 
x. a b ¢|=(a-b\b-cKce—a) 
a’ Bb 4. 
pola) 
Sol LHS=la b c¢ 
a Bo? 
I 0 0 
(sia b-a e~a] C,-€,C,-€, 
a b-ad -@ 


- - {Take common —afrom C,, ¢~dfrom C,) 








1 0 0 t oO 986 
=la b-a ¢-a |=(b-aYe—a)la 1 4 
a (h~-aXb+a) (c—a\ceta) |@ bta eta 
ie 1 . 
=b-axe-a)ft sont -0+0] 
=(b-aXc-aXicta-b-a) 
. =(b-a\e-aYe—d) 


=[-(@- 6) {(c-a) [-( —¢)] 
=(a—b\b+ce-ay = RAS 


xl. 


Sol. 


=(atb +c)]1 
c-a 


\ 


b+c a a@ 


cta b B|=(at+b+cKa- SOM eye a -  Sargodha 2009 


| jatb ce 


b+c a a? 
LHS =(Ct+a 6 b° 
ath ee? 
atb+e a a’| 
=la+b+e b 6] add C, nC, 
atbtc é¢? 
laa 
=(at+b+c)l b Bb? “Take Commion(a+b+)from C;; 
le ¢ 
ae ao@ 
=(at+b+c))0 b-a b?-a? R,-R, R,-R 
0 c-a ce’ -d@ 
b-a B-a| 
»| 0+0] 


2 








Expand by C, 
b-a_ {(b-aXb+a) 
c-a (c~ sae 


b+al 
ar Take Common (4 ~ a), (¢ — @) from R,, R, 


=(atbti c) 








= Gl wien al 








=(a+b+eb—alc—ale+a—b—a) 
={a+b+cKb—aYc—aXc—b) 7 
=(a+b+e)[-(a-6)](c-a)[-(b=e)] 


=(at+b+eMa-b\b-chc-a)=RHS ' 
































COLLEGE MATHEMATICS4 } zr 
1 2 +3) . 5 -2 § 
4 WA=| 0 -2 Oland B=| 3. -1 4), then find; 
2-2-1 |-2 4-2 : 
i. Ajz14y,»4,,304 [A] Faisalabad 2007.08, 09 Sargodha 207,08, Multan 2007 
} -3 
. 2 o 0 0 -2 
Sol. = jAl=} 0 -2 = O=) as [to : : 
2 -2 Fl | a 
= K{-2+0)-2(0-0)-3(0-4) 
: =-2-04+12=10 
‘ 0 , 
A, =(-1"| S p-oro=9 
» =(- weer | - (1-6) =-5 
=(-1)? ; me = (-1\(0-0) = 0 
ii. By» By Bt, and |B Lahore 2005, Gujranwala.2009 
§ -2 § | 
So. B=) 3 -1 4 
2 1-2 
ae 3 4 [3-1 
[Bj=; 3-1 4|=5 : Tor CYL gc a. | 
bo G2 ~ 


= 5(2-4) + 2(-6 + 8) +53 2) 
=-10+44+5=-] 
B,, =(-17" Soe =-(4~5)=1 
33 1 ua 


+ 


B,, =(-1 oe =(—10410)=0. 
neh Ls (-10+10) 


443 5 —2 , 
B,, =(-1"" L I -(5-4)=-1 


COLLEGE MATHEMATICS-I Bea MATRIX 


Si; Without Expansion verify that: 
a Bry 1 
i. B yt+a V=0 Sargodha 2009, Multan 2010, Fsd 2008, Gujranwala 2009 
y a+B l 
a Bry 1 
Sol. LHS=|B yt+a l 
y at+B l 
at+Bty Bry 1 
=la+Bt+y yt+a 1|Add C, inC, 
arpry atp i. 
se - ed 


=(a+Pt+y)|l yt+a 1 Take (a+ B+ y7)Common from C’ 
at+fp ] 
=(a+f+y)(0)=0 (Because Cand C, are identical) 
1 2 3% 
ii. 2 3 6x|=0 Multan 200% 2008, 2009 
+ 3S Ber 
. a oe 
Sol. tHS: =? 2 Gx : F 
3 5 9x > 


21 
=3x|2 3 2] Take Common 3x from C, 


"=p S22 
= 3x(0) = 0 (Because C’', and C’, are identical) 


1 @ albe 
iii. 1 6’ b/bc|=0 
1 ¢? clab 
1 a albe 


Sol. LHS =(|1 b b/hc 
1 ¢ clab 


“Multiplying C, by abc and + outside 
fi a (abe)a/ be 
sb BF (abeyb the 

c {abc)ec/ ab 


==, 0 O (tecauise Cc, and ACs are identical) 


a-b b-¢ ¢-al. 
iv. b-c ¢c-a@ a- ~b}=0 Federal 
c-@ a~h b-¢ 
a~b b-¢ cma 
Sol. LHS=|b-c¢ c-a ab 
c-a a-~b b-¢ 
AddC,, C, in C, 3 
a~b+b-e+c-a  —b-¢ ~c-al 0 b-c c-al 
. =|b-c+c-—ata-—b e-a a-bl=|(0 c-a a-b 
° c-ata-b+b-c  a—-b b-cl 10 @-b b-c 
= 0 (Because C, is zero} : 
lic ca ab | 
1 I 1 
¥ i ; aie 
a b c 
be ca ab 
Sol Lus=|4 ZL z 
a é c 
la “Bb c 


Multiplying R; by abc-and divide outside 


COLLEGE MATHEMATICS! |. — Ke 7 Si SATROC 


COLLEGE MATHEMATICS-| 





be ca ab 


bc ca ab 
1 labe abc abe 
= el oe! ee ae 
abe| a b c abe 
ab € 
a b c 


= — «) = 0 Because R,and X, are identical. 
abe 


vi. In om wml=1 of om 


Sol. LHS=|/n om mm 


mn PF 
/ , 
=——|Imn mm’ | 1x Rmx Ry, nx R, 
imn 3 : 
Imm noon 
bad 
lm ny es j 4 
= 1 ar av|= Taking common from C, 
inn ; : 
1 wr Ue 
tee 
=|1 mm  m'|=R.HS 
Dio nv 
2a 6 26. oe 


vii. a+b 2b b+c\=0 
+c B+e  2e 
2a 2h 2¢ 
Sol. LHS=|la+h 26 b+e 


ate b+e 2c 


MATRIX 


a be oe 
s2lath 26 bt+o | Take 2 common from R, 
at+e b+e 2c , 
ab <_< 
=21 bbl Ry Ry Ry HR, 
a ee 
a 6 oe a 
=2bel} 1 1 Take common b from R,,cfrom R, 
1. a = 


= 2be(0)=0 Because R,, and R,are identical - 
7 27°60 17. 22 9 17 2 1 
viii. 6 3 W=\6 3 S+/6 3 ~3 
-3 5 1} |+3 5-3] +3 5 4 
ame eae Ne ae | 
Sol RHS=|6 3 51416 3 +3 
3 5 -3| [-3 5 
AddC, of Both, — 
7 2 7-1] |7°>2 @ | 
=(6 3 5-3=|6 3 2/=LHS 
}+3°5 -344) 13 5 1] - 


-a 0 ¢ ; . 
ix. 0 «a-b Rawalpindi 2009_—- 
b-c 0} ; 
-ab 90 bc 
Sol. as 0 ae —bcl,R,xb,R, xc, R,xa a 3. 
| ab -ac Q 3 


-ab+ab ae-ac  be-b 
ie 0 ae —be Add R,,R, in, 
ab —ac 0 


COLLEGE MATHEMATIC: a es MANTRE 


o oO 9 
= ac ~bel- 
abe ; 
"lab ~ac 0 


m5 (0) 20 (Uetaise R,is zero) ‘ 
abe | 


é. Find -values of x if 
3 1 
i [A 3 4/=-30 Sargodha 2008, Multan 2009 
x 1 0 . : 
Sol. 





j ‘ ees fet | 

3 —] +X =—30 
t- 0 x 0 x | 
30—4)—K0~ 4x) + x{-1-3x) = -30 
-12+4x—x—3x" =-30 

3x? +3x~12+30=0 

~3x" +3x4+18=0 : 
+by-3 

x’ -x-6=0= 2" -3x+2x-6=0 
x(x-3)+2(x-3)=0 
x(x-3)+2(x-3)=0 

x-3=0 of x+2=0 
x=3 or x= 

1 x-1 3 


-1. x+1 2. =6 “Federal 
2 -2 x 


e+ je | ce Na 
—2 x aa 24 2 -2 
M(x? +x+4)—(x—-IX—-x— 4) +3(2-2x—-2) =0 
x 4+x+44+x" 44x-x-4-6x=0 : 
2x°-2x=0 => 2x(x-1)=0 

2x=0 or .x~l=0 

x=0 ao x=! 








Sol. 











2. 1 fe 
iii. 2x 2!=0 Faisalabad 2009 
ce. * 


i 4gt- AAP =0. 
6 3 x] [3 6 


sol | 

(x? -12)-2(2x-6)+1012-3x) =0 
x -12- —4x+12+12-37=0. 
x- —7z+I2= Oo | 

x -3x-4x412=0 
x(x—3)—A(x-3)=0 
(x-3Xx~-4)=0 a 
x-3=0 or = x-4=0 
x=3 oF x=4 








7. Evaluate the following determinants: 


34 2 7). 
: 25 03 

12-3 §5 

41-2 6 

34 2 

25 0 3) 
ee | ee ae 

41-2 6 

ial 2 a 

250 3. | 

12-35)" % 

4 1 -26 

i iyo a | 

“| : 3 : — *R,-2R, R,-R,, R,-4R, 


0 5 -10 -10 





eo ae | 
=|(3 -§ 1 |-0+0-0 Expand by C, . 
5 -10 ~10 i 
The 5 ad M5 “i 
10 - 
"= 7(50+10) + 4(-30~5)~ S30 +25) 
= 420—140+25 
= 305 
23 £ —Y 
‘ 40 2 1 
| 52-1 6| 
3-7 2 -2 
Sol. 
2 3 1 71 
eo eB 
Bla: ay we +R, R+6R, R, re 
~1-13 0 0 
6 3 3 
=-(-)DH7 20 Sf+0- 0+ O Expand from C, 
“1-13 of os 
6.83". 5 rat | 
=j17 20. 3-3 i Bic b ) Expand by C, 
“1. 213° 0 _ | 


= 3[(~221-¢-20)]- 5[(-78- (-3f]+0 
= {~201)-5(-75) 
= 603 +375 =-228 


Sol. 





‘MATRIX 





S644 
ee 

1-9 0-2 

-3. 12 3 a 4 
=I] 6 16 2-040-0 - —. ExpandframC, 

1 +9 -3] oo 


_ =| J -12) eat | a 
=9 -2) “jl -2) ft -9 
= —3(-32 + 18) - 12(-12 - 2) + 3(-54—16) 
= —3(-14)— 2¢~-14) + 3¢-70) 
= 42+168-210=0 
x 





1.11 | 
x iy - oS be toe, ms 

i a 417 + SK*—D _ Sgd' 2008, Fsd 2067, Lahore 2009 
x Ix 


* 


Sol 


|Add C,,C,.C, in C, 


aye 
Take (x+3)Common from C, - 
: 





COLLEGE MATHEMATICS-1 MATRIX 


Da Nat 
Ox-1 0 O 
=(x+3) 
0 0 x-10 
0.0 0 x-l 
x-1 0 0 
=(x+3)/1}0 x-1 0 |—0+0-—0 | Expand from C, 
0 Q x-l 
x~1 0 9 
=(x+3)}0 x-1 0 
Re | 
8 
=(x+3)(x-1)]0 1 0| Take (x-1)Common from R,,R,,R, - 
oO. 


ital 0) 
-o+940-0) f 1 0%0 


=(x+3)\(x -1)'(1-0) 
=(x+3)(x-1)' 
9, Find |4.4'| and |4‘4| if: 


a2 =] 
i. A= 
at al 


3.2 -1 
Sol A= 
eee ge 


a2 
a =f- 254 
-1 3 
#2 
3 2 -1 
a4’ =| | 23 
2k 3 
—| <3 


= 9+4+1 642-3 _|14 5 
“1642-3 44149] | 5 14 


Sol 


al 


14 § 
5 14 
epee | 
fae 2 > 2 “3 
es |e 
-] 3 
(944 642346] [13 8 37 
=] 642 441 -243!—=/8 5 1} 
“3+6 -2+3 149] [3 1 10 
138 3 


|-196-25=17 


[4'A] = 8 51 -1f ws 3h 1 : 
eel 1B 1g 
= 13(50-- )-8(80—~3) +3(8-15) 
= 637-616-21=0 : 
| [3 4 
—i1ot 
2 3 
3 °4 , | 
q2\" en a =| ae | : 
1] 4 1-13 ‘ 
23 a: 
3 4 
Stace ee th 24 4 ‘a 
AA =} ; 
1174 1 1 3] 
a 
9+16 6+4 344 6412] [25 10 7 18 
_|6+4 441 241 443] [10.5 3 7 
“| 344 241 tet 243) [7 3 2 5 
[6412 443 243 449] [18 -7 95 13 


Cc 


10. 


Sol. 


L ATHEMATICS- 
23 16-7 48 
10 Sw 
441 er 
18 5 
2510.7. 
RRR) 2 SS 
i. {+1 08s. 7 
C235. Foy 
R= 258, 0K, KOR ee 
0 10 2 -2 
1 | 0 ] 
33 7 =F 
=0-0+0-1]15 3 -3) Expand from C, 
10 2 -2 
Bowe 
=(-1(-D]1IS 3 3 Take —1Common fromC, 
i 2-2 


= (—1)(—1)(0) = 0 Because C, and C, are same. 


If Ais a square matrix of roder 3, then show that |k4|= k*| A]. 


My M2 a 
Let A=|a@,, @, ay, |then 


a,, Gy ay; 


4, AN Ay Ka, Ka, Ka, 
KA=k|a,, a, a,,|=|Ka,, Ka, Ka,, 
Gy An Hy Ka,, Ka, Kay, 


Ka, Ka, Ka, 
|KA|=|Ka,, Ka,, Kay, 
Ka,, Ka, Ka,, 


MATRIX 


c 


11, 


MATHEMATICS = 


a, A, 


Take & Common from R,,R,,R, = K.K.K Gy, Gy Ay 


G, As - G33] + 


=K*|A)=RHS 
Find the value of / if A. and 8 are singular. 
7 s : 
4 A 3 
A=|7 3 6},. B= 
23 1 


oOo“! Nh 
Np eet 


i 
2 
2 
hal 
Given matrix is singular so . 
4 4 3 
[4l=|7 3 G=0 
2 3 4 
al cab 6 
3 ie j2 1 
-60+51+45=0-~ 
SA-15=0=> 54 =15 A=3 
§ 12 90 
18.2 5 1 
“132021 
2A-1 3 
Given matrix is singular so. |B] = 0 
5 1 2 . 


+3 











0 


mw 


i} 
| 
3 


~— 


m WN th ™~“ Kw o 
Nw & tA N ty 
oe te oes 

nae ses 


ay 


L j[-0=940-18)-2¢7-12)+3@1-6)=0 


=0 ‘interchanged C, and C, 


COLLEGE MATHEMATICS-| MATRIX 


12. 


Sol. 


] 0 0 0 
Me ass 
eee 20 C,-5C,C,-2¢ 
2 Fie f 
A 2-5A-1-2A 3 
—2 ] 1 
a -4 1;=0 Expand from R, 
2-5A -1-24 3. 
i Ta te9 -4 
=> -2 +] =0 
wen a 5 - SA 3} |2-5A -1-2Aa 








—2(-12 +1+2A)-1(-21-24+5A)4+1(7+142+8- 204) = 0 
—2(-11+2A)-1(-23+54)+1(15—6A) =0 
22—44+23-5A+15-6A4 =0=>-151+60=0 

15A = 60 


A=4 


Which of the following matrices are singular and which of them are non Singular? 
i Bees 
Pua 
@. 2 4 
0 3 
Let A=|3 1-1 "= 
02 4 
it Org 
1 -l 
|4/=|3 1-1 =I) fos 
02 4 
= 1(4+2)+3(6-0) =64+18=2440 
Non Singular 
2 3-1 
B=|1 1 O 
2.+3— 3 


ad 
ae 








COLLEGE MATHEMATICS:1 MATRIX 


2. -3-=1 2 3-1 
sol.  B8=/1 1 O|=|B=|1 1. 0 
2 +3 § 2-3. § 


.4 ] 1 
~ -3 re n} | 
=e 35 2 +2 -3 


= 2(5-0)-3(5—-0) - # -3-2)=10-15+5=0 





Singular 
j. be gex5 
+ 1 2-1-3 
i. 2 3 1 2 
3-1 3 4 
rh} 2 =i tk 2 =] 
1 2 -1 -3 1.2 -1 -3 
Sol. ts a ee =ICl=|, 3 r= 
“Tasha. A Bt 3.4 
bow be St 
Q 1-3 -2 
=|, cos 4) — 8% — 2K. R, - 3k 
fgg 9 
jay 3 
=I} 1 -3 4/-0+0-0 Expand by C, 
t= 
(aaah 
=110 0 6/R,-R.R,+4R 
0 -15S -l 
-| : -0+0 Expand by C, 
=15 -1 
=(0+90 =90 


No Singular 


COLLEGE MATHEMATICS-1 MATRIX 











4-9 
A= 1 1 0 | Find inverse and show that 4714 =/ . 
2-3 5 ; 
boot oe 1 O} ff Of Tl l 
|4=|1 1 Of=2 =f +0 
3S G2 Ae 
2. =3. § 


= 2(5-0)—1(5-0)+0=10-5=5 


0" "| =(5-0)=5 
A=") J=(-0)= 








4-0" {=45-0)=-5 
9 2 5 
ales Wis ait I fie ay! 
A, =(-1) 3 at I= Z)-8 
A, =(-1y" Pe =~(5-—0) =-5 
waco sf 
gape Ob ad 
A,, =(-1) ; J=a0 0)=10 
ane? ta 
A,, =f jecs-28 
Leo 
A, =(=1)" -0-0=0 
4-0) |--0-0-0 
A, =(-1)” ust =(2-1)=1 
hae 


di dy A G73 
Cofactor of A= Ay A,, A,, = —5 10 8 
A,, A,, Ay, 0 0 ] 


5 -5 0 
Adj § 10 9 
5 8 1 
| rs: -§ 
piv 5 10 
5 -5 0 $0 
AAs 5 10 0 1 0 
Aa oR af 5 
 f10-5+0 = 5-5+0 = 0-040 
ol, —-10+10+0 -54+10-0 04+0+0/= 
}-104+84+2 -54+8-3  0+045 
10 0]. 
-|0 1 Ol=J, 
001 
14. ‘Verify that (AB 


Sol. 





Sobel e 
AB= = | 
-1 of| 4-1} | 3+0 -1-0 
: 1 adj( AB) 
We know that (AB)' = 
. | {4B 
— 
or 





LHS = (ABy" = 


y 


4 a} 


I 


5 


3 


bid 
3/2 


~| 
=I 


- 
5 


| 


3 0 0 
65 0 
0 0 5 


|. | 
=-5-(-3)=-53=-240 


1/2 
—3/2 


¢ 


Sol. 


AT THeS-4 | a ' MATRIX 
Now for BT 
re +h | 3-4=-120 
4 
[ aly: 
_p_|-! agp |-4 <3 11 
ola ead el a 
For 47 
- a 0- ~-12)- 240 


aa of fe oh ad 


Now: : . 
RHS=B'A' = 
y 


“i 


Ti 
32 


0+1 — 


) iL ah) 


241 1 [1/2 -1/2 
O+3 -8+3] 2/3 2 {3/2 -5/2 


. Hence proved that (AB)! =B" 4 'or LHS '= RHS 


AB= a4 = a pee 
2 242 1) | 844 





1541] 


| f22 16 
6+2/ }12 8 


& -16 


_ adj AB) 
By" 
wp asd 3s) 
JA-| “. (228)— (16)(12) = 176- 192=~1640 
ps -16] [a . 
(ABy' = i: A EO ae 16 =16 |_|-2 
tee] 3 a 
-16 -16] L4 8 


: ATHEMATICS-1 


15. 


Sol. 


1 
A= . 
| eo 


: LHS= (ABY [ 








ie 4 stile ie 

rp ae i 
-l _adj B 13. 43 

5 A ie 


laj={ i 


2 

os 
idj A= : ,At= 
se Le | | 





qT: 


adj A 
ld 





_if 2-1 
~$[-2 5, 


J 


gigs i eal eal al 3 
mame "aya afel-2 s]o—6e[-2 4 
ate 
ws 2+6 -1-15 leas 8 -16]_|-16— 
~ ~16|-4-8 2420|" —-16|-12 22]> 2 
| | -16 
~ al 
= ; 7 Hence proved that (4B),'= B14" 
4. 8 


Verify that (AB) = BA’ if; 


1 1 

-1 2 

it. 3 2 Faisalabad 2009 
1 1 
i 2 
Pp —1 

1- 3+0 1-2-2 iF 4 
AB = 

04+9+0 0+6-1] - | 


2 9. 
ae oS 


1 
ls 
0 


—2 


-16 
22 


-16 


2 -1 


=16 


‘MATRIX - 


i 


] 


1 0| ; 
Now t : 7 A=/-1 3 


12 -] 


2 
fi 3 0 oe 
+ tims } 2 1 


[1-340 04940] -f-2 9] 
[1-2-2 0+6-1] [3 5 


Hence Prove that (ABY =BA 


LHS = RHS 


2-1) 
if a|s j verify that (4) =(4')" 


ae 


Dal * 8 
4p |-20-cne=243-8 . 
| al 
| Brees ASS) ca 2 
, = ft ay 
: | ae : 1 -3/ |§ 5. ; 
ih ty oF} t FL 
wenigase]S Speer eh a 
5 § 


2 +! SE eg 
(Ay = Ad (A). 


4] 


So|4'| “Li =2)-H-1)=243=5 


—w~ 


COLL 


ef 37 
nado 4 


17. 


—xii 


afm Gabe 
win “| ds 


taxes 1 , ifl =3 
A Nap e as |= 


From Equations (i) and fi => LHS = RHS 

if A and B are non-singular matrices, then show that _ 
(AB)' =(B'A") — Federal, Multan 2008 

We kriow that _ 

(AB)(ABY! =I 

Pre-multiplying by A” 

A" AB(ABY' = A" 


| IB( AB)" = = A" => B(AB)" = £ 


. Pre-multiplying by. Bg as 


Sol 


BB nen =B's" => I(ABY" = B' A (aby = x ‘a 
(4')'=A 

We know that 4”'(47 yr: =f 

Pre-muttiplying by A - 

AA\(A*y' = Al 


7 L{4'y'=A 


Hence Proved. ~ 


COLLEGE MATHEMATICS-| er} MATRIX 





f-=2). § -3, 1-~ -2 
4, if A=| —2 3-1 jand B=| 1 O —-1 |, then show that A+Bis 
S$ -l1 0 —2 -1 2 
symmetric: Multan 2008 
bs=2 5] [-F 1. -2)] 
Sol, APBaiH2- 23 aT tak wD -1 
5 -l 0 2-1 2] 
tad. - 248552) [-2 tS 
=| -2+1 3 +0 -l-l/=|-1 3. -2 
5-2 -l-1 0+2 Se ee 
(-2 -1 a 
Now(A+ By -| —] 3 -2 | 
cate 
—2 =-1 3 
=|-l1 3-2 /=(A+B) 
3 -2 2 
Hence (A+ 8) is symmetric 
1 2-6 
2. if A=} 3 2 1 |, then show that: Multan 2009, Faisalabad 2008 
-l 3 2 
i. A+ A’ is symmetric 
] 3-1 
Sol. then A el’ 2. -2° 33 
0 -1 2 
l 2 0 l 3 +] 
A+ A =|°3 2 —Plel 2 2 3 
Scie) Pepe. 2 


COLLEGE MATHEMATICS-1 ey MATRIX 
hea 24+3 0-1 a ed 
=| 3+2° 242 —I+3/=| 5 4 2 
-1+0 3-1 2+2 -l 2 
rs" 1] 
(AdAF Sh S24. 
-] 2 4 
2 So] 
(A+A)Y =| 5 4 2]=(A4+4') 
=P uke 
Hence (4+ 4’)' is symmetric 
ii. A-A’is skew symmetric Sargodha 2010 
| Se ot: i |: ety ge 
Sol. then A-A =| 3 2 -1 i 2 3 
- 3 2 lo —1 2 
1-1 2-3 O+1 0 -l ] 
=| 3-2 2-2 -1-3 /=| 1 0 -4 
-1-0 341 2-2} |-1 4 0 
0-1 17 fo 1-1] 0°-1 1 
(A-A)Y =| 1 O -4]/=!-1 O 4]=-} 1 0 -4 
-l1 4 90 1 -4 0 a 4 0 
(A+4') =-(A+/’') 
Hence skew symmetric. 
3, If Ais any square matrix of order 3, show that: 
i. A+ A’is symmetric 
a, A A; 
Sol. A=|@, Gy 4, 
Gy ty ay, 
Gi Ha, Ais Gi 03 “ay | 
A+A =|4, ay ay |+)@, a, a, 
Oy Gy G3; a, 4, Ay 


COLLEGE MATHEMATICS-| ei MATRIX 


Sol. 


Sol. 


Sol. 


a, 4 a; 4, a, Gy A, +a, Arta, A+, 
=), Ay |F) A, Gy Ay |=14, +4, Gy +, 4,44, 
43, G3, 3; 4; 4; G,; G+; y+; a,,+4,; 


A, +4, A, +A, GQ; 
(A+ AY =| 4,44. GytAy a +a,,|A+A' 
z+, A344 G33 +4); 
(A+ A')' =(A+ A’) Hence Symmetric. 
A-A’' is skew symmetric Rawalpindi 2009 
4, A, As J Bi a, a, 
A-A=|Qy G Ay |-|4, Ay Ay 
a, Ay as, A, a, ay 
By — A, %2—- Ay Ay — Ay 


=14y-G. 2-4 Ay; 


22 


— G35 


Gy) — A352 Gy, yy — Ay, 


0 4,—a,, &;—a;, 0 G3, — A> a3, — a; 
f 
A-A =| a, -ay, 0 4, Gy |= | Fn ~ Fy, 0 G2 —&; 
G3,-A3 43, — Gy; 0 a); —@3, Ay; — As 0 


=-(A-A') > (A-A') =-(A-A’') 


Hence A — A’ is skew symmetric 
If the matrices A and B are symmetric and AB = BA, show that AB is symmetric. 


Now (AB) =BA Given A = A,B’ = B, AB= BA 
= BA by using B’ = B, A’ = A (given A,B are symmetric) 
= AB by using AB = BA (given) 

=>(ABY =AB_ 


Hence AB is symmetric 
Show that AA’ and A’ A are symmetric for any matrix of order 2 x 3. 
AA 

a, ay 
4, A. 3 | 


@, Gy a 


Let 4-| 


Then 


a, aj 
Be 
Ga. Bs; 
fy yy, 
La; hy 


ay tay ta 1s * ay 


as Ar, oe Fs 


ai tai, +a", 


Ay, + AG, +4)3,0,, 
2 3 2 
Fata ytay 


4 Ay, + Ay Gy +,,2,, 


(4a'y =] ee 
1% 14g, FAG FA, 36h; My tF +a, 
(AA'Y = AA AA’ is symmetric. | 
ii. AA , ‘ 
i ON ge oe 
Sol. AA=/4, ay eh a 
: {LS Fx ay 
3 ays . 
2 2 Oa 7 
a, +a, Gy. +4, Ay, A G3 +A, A, - 
F] 2%, +42, a’, +a 2 yy Ay Fay yy 
3%) +433 Ay, Hy A. Fy Ay D3 +@ x 
a 2 : % os 
G+, QA, + 5 ,G,. 4,,%; +a, a); 
Deyn te? 
(A'Ay =) BF, +A Q,, Aytiy » O21 Fis F Ay Ay. 
By. Oy: Ay, G3 Ay t Ay; yy a3 +a a 
= (A'AY = A’ Attence A’ Ais symmetric. Sigg 
|; 1+ 
6. if A= . Show that 
_—f. 
i. ate is hermitian (Federal } 
i 1t+i . 
Sok let d=} 
I -i 
at Ty pia 
A= Uh 
1 ot: 
=. eto 
(4y=| 0 0, 
l-j of 


COLLEGE MATHEMATICS-I C34 : MATRIX 


Sol. 


Sol, 


A+(A) = 


fo Sei oS | 
+ ' 
fmt ee i 
i-i -1+é+1) [0 24: 
—[Lel-i si4i ae 0 





(a+) Zz 0 2+i 
Bag Th 
(4+(4y) =4+(ay 
So 4+(A)' is Hermitian 
A~-(A)‘is skew-hermitain Multan 2007 


i isi) = Toh tame = fa l 
Let A= _|=A= . |= (A= a rs, 
f a F i is 4 
By i Y+i} [a 1) iti 1+i-1 
Now Abd Blanei ade at opie espe pepe oct 
= 21 7 Be A-()) = —2j -i =((4-@) - -2i -i ij we 
“eee oa ae Shas ae Nah = 5p 


(4 —(A)’ ) = -(A —(A)’ ) Hence A—(A)' is skew hermitaian. 


If A is symmetric or skew-symmetric, show that A? is symmetric. Lahore 2009 f 
Given 4 = A ——>{/) or A =-A —— (II) 
=(A’) =(A.AY' Now Also (4”)! =(A.A)’ 
=A'A' | = = A'A' 
=AA use 1 * =(—A)(-A)(use IT) = 4 
=A’ or So A’ is symmetric 
= A’ is symmetric Hence In both cases A’ is symmetric 
1 


if A=|1+/ |, find ACA)! 
i 


MATRIX 





COLLEGE MATHEMATICS-1 
1 1 
Sol. A=|1+i|,then 4 
i -j 

(A) =[1 1-1 -i] 

1 
A(A) =|1+i][1 1-1 -i] 

1 


I 
— 
| 
~ 


l l-i —i 1. 1-i <j 

AA) =|1+i = 1-? -i-? J=]147 1-E1R) =i-(-) 
i 7 -7? faim 2G) 
1 l-i . 

A(A) =| 1+i 2 1-i 
i 1+i 1 

‘9. Find the inverse of the following matrices. Also find their inverse by using row and 
column operations. 





17 3 
i 0-2 0 
2-2 2 
tw 
sol. |Al=| 0 -2 o}=tf J-213 Jal | 
: ad mie 2 -2 
2 =2 (2 
= I(-4--0)-(0-0)-3(0-4) = -4+12=8+0 
wif72 9 
A=" |-4-0-4 
4=cor| , -0-0)0 
“22 
A, =(-1)’” , eo) = 
“p23 





= — ee 0: 


) al 2 3 
ay =D] 5 J--4-0=2 





A, =(-1P" - =(2-6)=-4 ' 


1 





A, =I" ; j--c2+9=-2 


Ay = (-1)*" 


| | 
5 (0-6) 





—3|_ 


Ay =(- a 1 = (0-0) =0 | 





(Ag = (ly? 


Dma- oem & 





2 eae 
J-@2-0- 2 


4, A, A, {-4. 0 -4) 
Co-factorof A=| A, A,, A, =| 2-4 +2 
A, Ay Ay, ~6 0 -2 

-4 2 -6 

Adj A=(co-factor of Ay'=|, 0-4 0 

4-2 ~—2 


4, 2-6] [4/8 2/8 .~6/8), [-1/2 1/4 -3/4 
4 0-4 Of=/ 0/8 -4/8 0-1/2 0 
~4-2 -2] {4/8 -2/8- [-W2-1/4 -1/4 





0 @ 
1 0 
1 | 
Add2R,in R, 
ro2 -3 : 1 
RiO-2 0 : 0 
Q 2 +4 2 





Add R, in R&R, 


1 9-3: 110 
R}0-2 0: O10 
0°O 445911 
1 O-3:1 t OF | 
A 1 0: 0-1/2 0 SR 
00-4:2 1 41 
jee as A Oe 
Roo t 0:0 2 6 clp. 
a as Zs 
0 0 so z= = 
2. .4 4] - te. A 
fl 0 O: -1/2 1/4-3/4] °° 
; 10: 0 -12- O}3R42 . 
0 0 1: -1/2-1/4-1/4 | 
-| 1 - 
| 2 4 S 
‘Hence A' =| 0 | = 0. |. 
: i fe 
2 Pa bE FP 
A’ Method of Column Operation. 
P2353 roo 0 
0°-2. of 0-2 0 
4-2-2 2 —2 2 -4[ ee 
Ae tenet 3) shitnsnaiin (C00 ae 0430. 
1° 6 0 foo Sh 7 
0 0 0 ] 0 
0 0 1 0 0 +} 
Ale Ae . 


MATRIX 


Sol. 





Lt 6576 Ble G 
0 1 0 0 1 0 
ae eer rein Ss 
CSc, Aenea wedeelie SEL. tagurenanetenus 
zeta. bok =3/4 
0.-1/2 0 0-1/2 0 
608A 0 0-1/4 
1 0 
0 1 0 
0 0 l 
C al aha cc sinceleaes CFO EC 420, 


-1/2 1/4 -3/4 
0 -1/2 0 | 
—1/2 -1/4 -1/4 | 
-1/2 .1/4  -3/4] 


Hence A'=| Q -1/2 0 
: -1/2 -1/4 -1/4 
1 2-1 
A=|0 -1 3 Multan 2009 
1 0 2 | 
1 2-1 1 2 -1 
Let A=|0 -1 3\|then|4j=|0 -1 3 
Pe 2 0! £2 
-1 3| ,j0 3 0 -1 
4 Tor Toh 
0 2 fl 2 1 
= I(-2-0)-2(0-3)-1(0 +1) =-2+6-1=3 40 
A, Ay, A, 


adj A=|A, Ay Ay 


A, 3 Ay, A, 


MATRIX 























MATRIX 
1 2 4 5 ‘ 
=~-| 3 3 -3 
1 2-1} 
1:1 0 0 
ae Oo At by R,- R, 
3:~1 61 


Now A= ~yr ise -—0)=-2 
A, =(= "P J- (0-3) =3 
saat {ee (0+1)=1 
A -y"l I< ~(4-0)= 
| AL =f-I 2-2! wees 2+1)=3 
A,, ( ) 1 _ (2+1)=: 
an 5 1 : 
4-1") J ={0-—2)=2. 
oI" 
A, =(-1)" -6-p=s 
: -1 3 
all --I) . |. 
A; =CI : j-er0=3 
Ay =I) ae (-I- 0)=-1 
z ~2 -4 § 
Adj 4=| 3 3 —-3)|then on 
i 2 ey 
-2/3 -4/3  §/3 
=> A'=|_ 1. 2 —] 
1/3 2/3. -1/3 
For Row Operation . 
t 2 -l:1! 00 I o> = 
0-1 3:0 1 O/=>RIo -1 
1 0 2:0 01 |o -2 





R-2R,,R, +2R, 
(i Sas ee | 10 $:1 2 0 
RIO VY -3: 0 -1 Oly(-DRORO 1-3: 0 -1 0 
0-2 3:-1 0 1] Oe Cet eal a2 
E26: 30° 2. 0 . 
1-3: 0 -1 0 |ay(-1/3)R, 
0 0 4:1/3 2/3 -1/3 
‘TL O 0: -2/3 -4/3 5/3) : 
“=>R/0 1 - : - 7. + [by R,-5R,, R,43R, 
0° 0 2/3 ~173 
2 a * 
Hence 4'=| 1 : 
{i 2/3 ue 
1 2-1 1 0 0] 
0-1 <3] . 0-1 3 
1 @ .2 1-2 3] - 
roe — ses sssssanrees |=? Cl ecleeiveeee [BY Cy -2C,, C, +C, 
jl 0 6 } -2 1 
o I 8 o I QO 
; 0 0 4 o DO |! 
10 0 — 
01 3 
12 3 
SS Ch enna by(-1) C, 


hte sot SAT RX 





=C ie ahaha inns i by C.-C, €,-2G, 
1-2/3 -4/3 8/3), 2 











1° 1 tt, 
{ 3 273-173] © 
2/3 ~4/3 5/3] 
Hence A =| I +1 
“| 3 2/3+1/3] 
1-3 2]... : 
iw, = A=|2 OT ‘Sargodha 2007 
[o -1 4} , : 
fl -3 gf. neat 
sol. |4=1/2 1 O|= I i va ° a it | 
0-1-1 ie ok 


=I(1= oe —0)+2(-2- 0)= 1G 4= 340 
A= ("| 4. d-0)=1 


| wecvf Ie “2-0}=-2 





COLLEGE MATHEMATICS-1 MATRIX 


A, se (-1)" 





? Va(-2 0) =-2 
Oc=])." 4 


A, = (-1)" 





3 2 
Z [342-1 


a za (-1)” 





big 2 
. |-0-0-1 


Ay a (-n’? 





tO ey el 
O45 = 


3 
A,, = (- ye 5 





2 
J-0-a=2 


A,, =(-1)” 





| A gages 
eG. * 


Ag a (-1)" 





I -3 
=(1+6)=7 
, a+ 


A, A, Ay; Eo des ee 
Co-factorof A=| 4, A, A; |=] 1 l 1 
A, Ay As, -2 4 7 


] 1 -2 
adj A= (Co-factor of A)'=|-2 1 4 
—2 1 7 ¢ 
] 1 =-2 1/3 1/3 -2/3 
42S —2 ] 4 }=|-2/3 1/3 4/3 
|4 | _ ] 7 2/3 1/3 7/3 
Method of Row Operation 
1. -3 2 }- GD Lo -sle 2 4 6. @ 
2 ] OO 1 O}= R19 + SEyese F OTR =2R, 
0 -1 1 OD -:'iiverd O- <2 Te ~ Od 


R, +6R, R,+3R, & R,+R, 





[3 Pe ee mel. 
RO 1 2:-2 1 6la/o 1 a G 
ie Geta de, 
R,/3 R, +2R,.R, -8R, ? 
1 0 8: -5 3 WY) Tt 0 Os V3 3 -2/3 
RO 1 2: =2 2. 6 l=s10 E Of:-2/3 1/3 4/3 
0. 0 1: -2/3 V3 7/3}. [0 O 1 2-2/3 1/3 7/3), 
3 i tho | 
ea: ds a7 
"33° «3 


Method.of Column Operation 

1 +3.2)-[l 0 oO 

2 DOL (oe eat 

0-1 1) fo-1 1 | 

S| sneicnscanssos Co¥3C), C,—26, 


lo3 27 
0-1 0] jo 1 of 7 
0 0 If {Oo oO ff 
=G. fs z - : €,~2€,,C, +4C, 
ro 0} [1 0 0 
2 1-4; ° ##| O i 0 
0-1/7 1 2/7 -1/7 coe 
Cliche dati GL a tiicelwr etl 


1 3/7 -2/ > {as7 3/7 _ai7| 
OWT Ol. 1-277 1/7 4/71 
0 0 4 j 0 29 1 


COLLEGE MATHEMATICS-1 Lyd MATRIX 


10. 


Sol. 


3 a3 al 2 
ae Ct-C 0? 
7 = de 
0 0 COO fied 0 0 . 
| 0 1 0 0 1 0 
LET ST ] 0 0 ] 
Co | cee ctacpottavsesay vache’ BS OTS aiiGeistl ach wermncses 
1/7 Sip O73 1/4 “As3 “273 
-2/7 1/7 473 -2/3) 1/3 4/3 
0 0 7/3 | | -213 If 3a T/3 
Se 
a 3 
Hence 4°! = =>: I 4 
ee 3 
et ee 
3 a 
"Find the rank of the following matrices: 
1 “bee: 
2. =823: 23 _ (Federal ) 
+ S43 
] SE S33 1* -1 2 I 
by R,-2: 
RO -4 JF -! R 3 =>R\0 1-1/4 1/4 |dby (-1/4) 
Oy 8452-6; * * 0 8 -2 -6] 
] O— Fie SGT: Lie: | TAO Se 
by R, +R, - =] 
RO 1 -1/4 1/4 - =>. RIO 1 —-I/4 1/4 jby—R, 
7: R, -8R, 4 8 
0 0 0 —8 5 % oe ates, 
] 0 7/4 0 
R\0 1 -1/4 0 |by R-S/AR, R-2R, 
0 0 oO 1 


Hence Rank = 3 


Cs4 


Cc 


-4 -7 

5 

-2 
3-7 


I 


i 


| 


2 
1 


Faisalabad 2007 
-7 

15 

10 

25 


3 
4 


4 29 


nL) 


by R,-2R, 
ROR 
R,-3R, 


-4 
3 
2 
3 


] 

0 
: 
0 


=) 
“2 3 
7 4 


l 
2 -§ 
] 
3 - 


ey 


Sol. 


by R,+4R, 
ee, 
R,-5R, 


a= Oo GS 


_— OC SD & 


bse 


~4 -7 
1 § 
2 10 
>. 2 


1 
0 
0 
0 


oer 


Rank = 2 


3 0 -~-i1 
~2 


~1 


2-1 


-3 


_ 
a 
a oe 
| 
{| | ; 
— om OTN Re ar 
te TA = 
- Se RS Re gt al 
ib ak Oe q wn 
1 : i m™ 4 , 
Ne ~~ 
[hee | ie ae 
: | 
o 2 
J 
Ya NS 1 ee NES eS 4 
[ . | — 
. : Reta ee 
Se ee eee 


COLLEGE MATHEMATICS-| 459 


I 
po 


—2 (3-0 16/3 


1 0 
b +4 
poi 0 1/6 2/3 = oe 

“10-0 6 47/6 29/3 r a 
00 0 19/6 19/3} “~~ % 
1 0-1. ~8/3 -1079 
oF 8 > we 2a 21 

bk 

Boo 61 47/36 29/81 6 
00 0 19/6 19/3 
1 0 0 ~-49/36 -31/18 
01 0 -1/6 2/3 

R 

So 0 61 4716 29/3/74 
00 0. 19/6 19/3 
10 0 -49/36 -31/18 
6 Be Ss 2/3| 6 

R by — 

0 00 «1 47/6 ~—-29/8 |" 19** 
00 0 1 2 
10001 
01 00 1), 49 1 47 

R Oo pelk Ro” 

Boo 1 0-1 | 136 he tk B36 
00012 


; 


COLLEGE MATHEMATICS-! 160 MATRIX 


EXERCISE: 3:5 


1. Solve the following systems of linear equations by Cramer’s rule. 


2x+2y+z =3 


3x-2y—2z=1 


Sargodha 2009,2010, Multan 2009, Lahore 2009 























5x+y—-3z =2 
22°34 
Sol. fone —2 
[5 BS] 
22 4 
2 -2|.)33 -2| [3-2] 
>|A|=|3 +2 -2| =2 —2 +] 
ie t* Sates +3t alse. 4] 
5 hia 


= 2?(6+2)-2 











(-9+10)+1(3 +10) 











=16—2+13=2740 

P 2°] 

feo 

| 
{2 1-3}. 3(6+2)-2(-3 +4) +1044) 
y= 7 = 37 : 

py ae 
xX = ——— =— =]> x=] 

27 27 

ae i 

3 | 2 
(2 =3)_ 2(-3+4)-3(-9+10)+1(6-5) 
efea rae 27 

934. -H 
a =—=0=> y=0 

27 27 

2 Bam 

[3 2 | 
ait I 2} _ 2(-4-1)-2(6-5)+3(3 +10) 
; 27 27 


7 10-2439 _ 27 


27 





—=|l|>Z=] 


COLLEGE MATHEMATICS-| 


Sol. 





2X, — sy 4tX% = 5 





4x, +2x,+3x,=8 Multan 2007 
3x, 4x, — 4, 3 
Here 
a S458 
Axzta a2 3 
oe 
2 -1 | 
=> [Als [4 2 3 
5 I 
é 3 ; 3} (4 i 
=2 -({-)) +1 
4 -!l 3 -l| (3 -4 








= 2(—2 +12) +1(-4 -—-9) + 1(-16—6) 
= 2(10) + (—13) + 1(—22) = 20-13-22 =-15 40 


ee a) 
ge 
wee 3-4 -1| _ 5(-2+12)+1(-8-9)+ (32-6) 
: tS —15 
_ 5(10)+1(-17) +1(-38) _ $0-17-38  -5. 
zh 45 SER eg 
xe 
3 
> 659 
3 
oe 33 =I} _ 2(-8=9)- 5(-4- 9) + 11012 — 24) 
: -15 -15 
xe, = AN) =5(-13) +112) _ 34+ 65-12 _ -19 
a ffs -15 15 
2 AESS 
2% 
s _B-4 3} _ 2¢6+32)+102—24) + 5(-16-6) 
3 


=15 —15 


MATRIX 


__2(38)+1(-12)+5(-22) 76-12-10 


-15 -  wl5 
x= 46. _ 46 ; 
-15 15 
2x, -X, +x, =8 : 
iti, X,+2x,+2x, =6 Sargodha 2006, Multan 2010 
X,-2x,-x, =1 
Sol. Here 
2-1 | 
A=jl 2 2 
1-2 -1 
2-1 1 
=>lA=1 2 2 
fl =-2 -1 
2 2 
“13 -coh 5 ~1 ay 








ae ~2)+1(-2-2) 
oa) 4-3- 4a =-3#0 


x 6 - 2)-8(- 1-2) 410 ~ 6) 
| 3 

_ 2-8) 8-3) 41-5) _ -16+24-5 3. 

3 3 3 





=-] 








Sol, 


__2(2+12)+11-6) + &(-2—2) 


3 

9114) +-5)48(-4) 28-5-32 -9 
Pi ge a eage cae 
Use matrices to solve the following ee 
x-2y+z2 =-1 
3x+y-2z7=4 Multan 2009 

yr-z =} i : ‘ 
In matrix form: 
1-2 1][x] f-1 
3 1 -2iyl=l 4 
0 1 -lilz al 
Where 

1-2 1 x] [1] 
A=|3 1 -2|,X=/y|,B=| 4 

{@ 1 -l Zz 1 

1-2 1 


|4J=|3_ 1-2) =1(-1+2)-(-2K-3 +0) +103-0) 
0 1-1 

=1-6+3=-2#0 

Now. ‘ 


tai 
A mf pyri 
4,=(-", 





ects 
Ay = coh | | =-(-3+0)=3 


3 yf: | 
Ay =(-"F (6-9-3 





A, =(- 1" Ei 





fp-2-v=4 
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oath 
= ees 
4g= |, 





Ae 5 (- 1? 





] 
0 


A,, =(-1)"" 





1 
] 
3 
] 
3 


Ay es - hy 





A; on (= iy 





Co-factor of A= 


| MATRIX 


| (1-0) =-1 
i es 
09-1 


Via 1)=3 
oF: < 


1 
ofe--2-9=! 


=2 
jraro=7 


A, A, A, 
A,, A, Ay, 
Ay, Ay Ay; 
3-3 
-1-1 -1 
ee 
1-1 3 


adj A= (Co-factor of A)'=|3 -1 5 


-, __adjA _ 1 


lq -2 
X=A"'B 
fod 
yes <4 
~2 
8 
-2 
= =? = 


3-7 
1-1 3 
3-1 5 
a-b. 9 
3.)}-1 -1-44+3 
5 4 |=—} -3-44+5 
7 {| 1 —3-4+7 
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x 1 
=>l|yl=|l|>x=Ly=1,z=0 
Zz 0 


2x, + x, +3x,= 3 
ii, X¥, +X, —2x,= 0 
—3x,-x,+2x,=—4 
Sol. = In matrix form: 
2 as 3 
1 1 =2)}x,/=} 0 
“31> 2 ne —4 











Where 
2 oe 28 x, 3 
A=| 1 1 -2],X}x,|,B=| 0 
—3 -1 2 X; —-4 
aS 
|4l=| 1 1 -2}=2(2-2)-1(2-6)+3(-1+3) 
3-82 
= 2(0)-1(—4) + 3(2) 
=0+4+6=100 
Now 
A, =(-1)"" e -e-2=0 
A, =(-1)" ‘ “--0-0=4 
A; =(-1)'” Jeca=2 
3 +] 
4, =F" |--+9 = 
: —{ 2 





a 
A, =(-l) ic {+91 


A= voor . a (-243)=-1 


Ay Ps ch 





feea-9=-5 


Ay = (Dl 





4-9-7 





| ee-ps 


A, A, Ay | 
Co-factorof A=|4, A, Ay 
Ay 4y Ay 
04 2 
=|-5 13 ~1 
-—§ 7° 1]. 
fo -5 -5 
adj A = (Co-factor of A'=!4 13 7 
{2-1 14 
1 -§ -5] 
Ane oy 4137 
2-1 1 


Asc? 


X=A"B 
0-5 -5i/-3 r 
Vex 4 13 7f]| 0 , 
2-1 1-4 a 
. — 0~-0+20 20 2 
x=+}-1240-28 |=] ~a0}- 
~6-0-4 -10| |-1 
Tham 2 . 
xX, |=|-4] - So x,-22, x, =—-d, x, =]. 
x | [-1 ) 
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X+yp=2 
iii. 2x-z=1 


2y-3z=-1 
Sol. In matrix form: 


“heal: 
ee 


0 


|4|= -1 
=3 


=2+64+0=8+0 . 
Il 0 -] 
4, =(-l) 3 =(0+2)=2 


- 


—_— 
~ 


we 
N 


1 
0 
2 
1 
0 ~1/=1(0+2)-1(-6+0)+0(4-0) 
2 








4, =(-") “---6+0)=6 


7 =-0)=3 








Ay =D), 4- -(3-0)=3 
Ay = (1) ee (3-0) =-3 
a cy], \- ~(2-0)=-2 
ee : -c1-0)=41 
4.=c-[) {--cHo=1 





COLLEGE MATHEMATICS eo oe MATRE 


Sal. 


il 1]. 
As = (IY, ro=9=2 
™ . A, Ay Ai 2. 4 4 
Co-factorof A=|A,, A, A,|/=| 3 -3 -2 
Ay, A, A, ; =I 1 2, 





[23-17 
adj A= (Co-factorofA)'=|6 ~3 1 
4 +2 =2 
. Ses eal | 
pt eee Ee ok: 
4 Sl 4-2 -2 | 
2 3-17 2] [44341] [fs] 71] 
xas'aoe -3 1\|| 1 |a2}2-3-1lo4/8lal1 
8 a allal Ple-asa] Pel 11 


fi - 
=| 1 . Hence x=1, y=1,z=1 
1 ge ve «2, 4 


Now OM 


Solve the following systems by reducing their sugmented matrices to the:echelon 
form and the reduced echelon forms: 


-2x,-2x, =-l 
2x, +3x,+x, =1 
5x, —4x, -3x, =1 
The augmented matrix is: 
er eo aoe 


c 


EGE MATHEMATICS-I 





1-2 -2:-1 
BO 22-3128 
0 Tr 6 
1-2 -2:-1 
R\ 0 2 :-31R,-6R, 
0 0 19:24 
p=2 s3 
Ri0 1 -2 3| oR ! 
0 0 c= 
19 


is squired Echelon from where 
x, —2x,-2x,=-1 ——(i) 
x, -2x,=-3 ——xiit) 
x,= = —>(iii) 
Put (iii) in (ii) x, ~924) =—3 
< 19 

x, =-3+ =: 
; 19 

—-57+48 -9 ~9 
x, = —— = — > |x, = — 

t 19 19 im. 
Putin x, & x, in (i) 


9 24 
x, - 255) -2)=-1 


18-—48+19 ll 11 
2 =0>%x,-—=0> x4, =— 
19 19 19 


For Reduced Echelon form continue (I) 





MATRIX. 


Sol. 


gs 


vez 
qoo = ovovrosore 


| 
Na 
| 
nw 
t 
— 


2-3 | R+2R, « 
1: 24/19 

0: 11/19 aa 
0 :-9/19 mae 

- ang [ete 


so x, =11/19, x, =-9/19, x, = 24/19 

x+2y+z =2 

2x+ yt2z=-1?. Federal 

2x+3y-z=9 | 

The augriented matrix is: 

1. 2 4 22 
21 2 :-1 
23-1: 9 

For Echeton form 
0-3 0-328 

-3.:: gee 

> 

12 :—25.|R, -48, 

a, 

I: 2 

12-25 |R, +2, 

» :-20] 

2: -25 |teR, ~~ 
00 1 : 20/9)? 

Which is required echion form 


j 
ho 


im 
&. 
— 


ty thy it 

Orn GOoeoroseraes 

eNoern Lin id 
.D I 


ia 
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Sol. 


x+2p+z=2 ——»(i) 
yt+l2z=-25 ——»(ii) 
z=-20/9 


Put in (ii) y+ 1) =-25=> y= =—25 


ya2542 = =Ba0 =5/3 =>|y=5/3 





Put values of Z & y in (i) 
xian SZ 
3. 9 


10 20 
Vein ert ae a 
cas A 
x4 SOO -09 1-5-0 [k= 89 


For Reduced Echelon form continue (A) 
12 A Gree 


BOY Sah S35 
0 -0- fT .2-20/9 
10 -23: §2 
R}O 1 12:-25 |R-2R, 
0.0 ‘) 3=20/79 
| 6 0-8/9 
R, -12R, 
Ri0 1 O: 5/3 oan 
0 0 1 20/9!" i 


so x =8/9, y=5/3, z=-20/9 
Xx, +4x,+2x, =2 | 
2x, +X,-2x, =9 
3x, +2x, -2x, =12 
| RATS 
The augmented matrixis|2 1-2 : 9 
spo te 


MATRIX 


mamancs: 


LQ es 
R\O -7 -6: 5 ig 
0-10 -8 : 6 4-38 
#2 eee le 
| x “1 6/7 :-5/7 Sk : 
0-10 -8: 6 
bd Oe. 
"2 1 6/7: -5/7|R, +10R, 
0 0 4/7: -8/7 
b 4°22 2 ae 
1.6/7 3-3/7 rR (A) 
0 0 1: -—2 mea 


x, +4x, +2x, =2 ——o(/) 
x; +25; = Z — Hii) | 


7 
xin 
ee eee eee ee 
Put (ili) nfl) x +> ) gat Sa 


Put x,and x, in {i) +4,+4()+2(-2)=2 


9 e4=459 6 a2) 
For Reduced Echenal form continue (A) 
1 Q -10/7 : 34/2 


RIO 1 6/7 :-5/7 |R,—-4R, 
00 1 ;-2 
11 0 0:2). 
R, -6/7R, 
BO OFT le 41077, 
00 1:2 a | : 


SO x; = 2, ¥2 =i, x, =~—-2 


COLLEGE MATHEMATICS = eee 


4. 


Sol. 


Sol. 


Solve the following system of ‘iinaenne! linear equations. 
x+2y~2z=0 

2x+yt+5z=0 

5x+4y+8z=0] - 

x+2y-2z=0~-—— 1 

2x+y+5z=0—> Il 

5x+4y+8z=0 —> Il 


1 2 -2 
A=|2 1 5 
5 4 8 
12-2 
J4=|2 1 5} ; 
54 8 


= 1(8 — 20) —2(16 - 25} +(-2 8 ~ 5). 
=—12+18-6=18-18=0 
So system has non trivial solution 
2xl-Hl 
2x+4y—4z=0. 
2x+y+5z=0. 
3y—92 =O—>3y =92 
yee: * ’ 
WT-4xil . 
Sx+4y+8z=0 
8x+4y+202=0 
-3x-12z=0 
3x =-12z 
x=4z : 
Take z =f then solution i is x=-4t, y= =3, z= t 
x, +4x,+2x, =0 
2x, +x, -—3x, =0 
3x, + 2x, -4x, =0 
x, +4x, +2x, =0-—+T1 


¢€ 


Ni. 


MATICS iz «MATRIX 


2x, +x, —3x, =0—_> Hf 
14 2) 1 4 2. 
A=|2 1-3}=>|4=[2 1-3 
3 2-4 3 2-4 
=l(-4+6)—4(-8 +9) + 2(4—3) 
+2-44+27=4-4=0 
.50 system has non-trivial solution 
ii—2xI=> ; Hl-2ii=> 
_ 2x, +x, 32, =0 3x, + 2x, —4x, =0 
2x, +8x, , £4x, =0 4%, t2x, F6x, =0 
—7Tx, —Tx, =0 : —x,+2x, =0 => x, =2x, 


Take x, =z then x, = 2f, x, =~t, x, =fissolution. 
¥,~ 2x, ~ x, =0 . 
x, +x, +5x, =0 

2x, —¥, ~X; = 

X,— 2X, —%, =0—»+/ 


— X +¥, +5x, =0—> Il 


2x,—x, +4x, =O —> Il 


i 22 S71 
A=|1 1 5 
, 12-1 4 

1-2 ~-!] 


—|aafl 1 5| = 1((4 +5)—(-2(4-10) + (-IX-1-2) =9-12+3 =0 


2 -1 4 
So system has non trivail satiation 


HHL. HT +I 
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Sol. 


X, +X, +5x, =0 2x, —x, +4x, =0 
4 2x, — x, =0 X,+x,+5x,= 0 
-+ + 

=> x == 2x, 3x, = —-9x, 
Take x, =f then solution is => x, =-3x, 


X,=—-3, x, =-2l, x, =1 
Find the value of A for which the following systems have non-trivial solutions. 
Also solve the system for the value of A. 
xt+y+z=0 
2x+y-Az=0 
x+2y-2z=0 
1 ] ] 
Az=|2. 1 -A 
tree 
Given system has non-trivial solution so || =0 
] 1 l 
|4J=|2 1 -Al=0 
bd eZ 
=> l(-2+2A)-1(-4+A)+1(4-1) =0 
=> —-2+2A+4-A+3=0 
=>A+5=0>/A=-5 
System becomes 
x+y+z=0—>/ 
2x+y+5z=0— 1] 
x+2y-—22=0— Ill 


I-2xI IT -2x II 
=>2x+ yt5z= - x+2y-2z= 
2x+2y+2z=0 : 4x+2y+h0z= 


-y+3z=0 -3x-12z=0 
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y=3z é =>3x=-12z 
x=-42z 
Take z =/ then solution x =—4/, y=3/ 
Zl 
X,+4x,+Ax, =0 
ii, 2x, +x,-3x, =0 
3x, +Ax, -4x, =0 


lL -4 A 
Sol Az=i2,.1,\-3 
3 A —-4 
1 4 A 
System has non trivial solution so |A| = Oi.e. 2- 1 =-3}=0 
3 A -4 


= I{-4+3A)-4(-8 +9) +4(24 -3) =0 

=> -44+31-44+2/° -3A =0 

=> 24°-850>7? =4>A=12 

When A =2 then system 
X,+4x,+2x,=0—/ 
2x,+ x, -3x,=0—1/ 
3x, +2x, —4x, =0— II] 

I-2xI 


Ma + x, —3x, =0 


JA + 8x, +4x, =0 


2 





—7x, - 7x, =O0=> x, =—x, 
Hl -2xH When A =2 then solution is if x, =/,x, =—f,x, = 2¢ 


3x,+ Jay -4x, =0 
4x, + Jal -6x, =0 
Pe ae ile 


“x, +2x, © 0x, = 2x, 
When A = —2 then system is 


COLLEGE MATHEMATICS-1 ea MATRIX 


, Sol. 





x, +4x, -2x, =0—> IV 
2X) + ty = 3x, = 0—V 


3x; 2x; —4x, =0-—— V1 


V-2xIV V+t2xV 
wt Xe 3%, =0 3x, -2.x, —4x, =0 
DA, +8x, -4x, =0 4x, +2x, -6x, =0 
-- + 
—7x, +x, =0 7x, -10x, =0 
=> 7x, =x, 
poe Bs 
2= 5% = 7% 
When A=-2 & xs=I then =m =o 


Find the value of / for which the following systems does not possess a unique 
solution. Also solve the system for the value of 4. 

X,+4x,+Ax, =2 

2x,+%X,-2x, =11 Federal 

3x, +2x, -2x, =16 

Augmented Matrix is: 


ht ae ee re l 4 A ee 
2 cad se R10 HF = 2-242 FR, 2K, AR, 32, 
S GY Sar 6 0 -10 -2-3A : 10 
Lire 2 Be. 1 4 Re 2 
Rio 1 =a sa SRR 3 oS : -1}R, +10R, —3(A) 


0-10 —2-34 : 10 


a 


0 g EA 





- 
6-A 
System does not possess unique solution for is 0>6-A=0> 


Put value of Ain (A) 


“x, +4x, +6x, =2——9 1 
Here xX, +2x, =-1—— I] 
Ke 7 => x, =-2x,-1— II 
Put iitin | eae 
x, +4(—2x, -1) + 6x, =2 
% ~ 8x; 446x205 
- =>x,-2x,-4=2 - 
x= 2e +6 
Put x, =f 
x, = 2+6 
X,=-2t-1. 
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TEST YOUR SKILLS Fea eae 6) 


Q#1. Select the Correct Option (10) 
i. A square matrix A= [ a, with complex entries is skew hermetian if (A) = =? 
a) A b) -A c) |.A| d) | A| 
ii. The nate i j is: 
i 1 
a) Singular b) Non Singular c) Symmetric d) Skew symmetric 
iii. For trivial solution | A} is: 
a) 1 b) -1 c) Zero d) Not defined 
iv, (0,0,0) is solution of homogeneous system of linear equation is 
a) Trivial b) Non trivial c) unique d) Non 
liea2 °3 
Vv. if | —2 3 1| then A,, is equal to: 
4-3 2 ) 
a) 10 b) -—10 c) -18 d) -11 
| 1 0} 
vi. sl 
a) Diagonal matrix b) Zero matrix c) Scalar matrix d) Identity matrix 
=] +g 
vii, If u i = 0 then value of xis 
a)-3 ») ; c) -5 d) 3 
viii. If Ais a square matrix of order 2x2 then |K4| equals: 
a) K|Al b) zi4 c) 2K|A| d) K*|Al 
ix. lf A =|, jis a square matrix of order n if a, =Q Vi jand 
a,=1 ,V i=jthenA is matrix 
a) Unit —_b) Null c) Symmetric d) Skew Symmetric 
% lf A and Bare confirmable for multiplication if (AB) = 
a) AB b) BA cc) A'B d) BrA' 
Q#2. Short Questions: (2 X 20 = 40) 


’ | x+3 ] gi el 
i. Find x and y if = 
-3 3y-4 =—3. 2% 
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vi, 


vii. 


viii. 


Q#3. 


QH4, 


6 7 8) 
Without expansion showthat {3 4 =e 


If Ais square matrix of order 3 then show that 4 — 4’ is skew symmetric : 


Define Scalar Matrix J 
a Bra l 
Without expansion prove that |S. y+a@ 1/=0 


y a+p 1 
l 2 -3 
lf A=| 0 -2 0|Find A,, & A,, 
Go agers ga 


P § 
If A= S | show that 4‘ = J, 
-i 


. = e230 : 
If =| i}2=| show ta (A+B) =A'+B' 


o- 33 I 2 
3 b- & 
Find x if |-1 3 4;=0 
i l 0 


Define Hermetain matrix: 
2x+2y+z= 3 
(a) Solve by Cramer’srule 3x-2y-—27= 
5x+ y-3z= 2 


b+e a @? 
(b) Showti. jeta 5b b*|=(a+b+c)\(a-b\(b-c)\(c-a) 
‘lath ce? 
RAS ANS 
(a) showthat |P * toy ayn 
himh:) Sack 
PMh<-l- # 
hk oF: 


(b) Findtheinverseof|2 1 0 
0-1 1 
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tk 


Quadratic Equations 


QUADRATIC EQUATIONS 








Solve the following equations by factorization: 


i, 


Sol. 


Sol. 


3x7 +4x+1=0 

3x° +3x+x4+1=0 

3x (x+1)4+1(x+1)=0 
(x+1)(3x+1)=0 
x+l=0o0r 3x+1=0 


x=-l] or x=-=— 
5 


» 
bene 
SS ] i, i 


9x? -12x=5=0 

9x? -15x+3x-5=0 
3x(3x —5)+1(3x-5) =0 
(3x -5)(3x+) =0 
3x-5=Q0o0r 3x+1=0 
5 #5 
— OF i=— 
3 3 


Sse 
3 


—_— 





Sol. 


Sol. 


Sol. 


x’ +7x+12=0 
x’ +3x+4x+12=0 
x(x+3)+4(x+3)=0 
(x+3)(x+4)=0 
x+3=00r x+4=0 
x=-3 or x=-4° 


S.S {-3,-4} 


x’ —x =2 Multan 2008, Sargodha 2006 
x’ -x-2=0 
x’ -2x+x-2=0 
x(x-2)+1(x-2)=0 
(x-2)(x+1)=0 
x-2=0 or x+1=0 
x¥=2 or x=-] 
S.8 ={-1,2} 

x(X +7) =(2x-1)(*+4) Multan 2007 
x +7x = 2x +8x-—x-4 Faisalabad07,09 
or 2x? +7x-4-x*?-7x=0 
or x =-4=0=> (x-2)(x+2)=0 

x-2=O0r x+2=0 

*=2:0r x==—2 


S.§ ={2,-2} 


COLLEGE MATHEMATICS-| ity 


Sol. 


Sol. 


x’ +(x+1)’ 


W(x+2)+2(x+1) _ 7 


2 1 
Lp BS, = Six #10 








x+1 x 
eo 
x(e4l) = 2 
+x +2x+1 5 
+x 2 
2x7 +2x+1 5 
+e ey 
=> 2(2x°+2x4+1)=5(x? +x) 
4x? +4x+2=5x7? +5x 
5x? +5x-—4x?-4x-2=0 
x? +x-2=0 
=> x?+2x-x-2=0 
x(x+2)-1(x+2)=0 
=> (x+2)(x-1)=0 
x+2=0 or x-1=0 
x=-2 or x=1 
S05 {l, ~2} 
1 2 7 


Se #-I1,- — 
x+1 x*x«+2 480 ne 





(x+1)(x+2) x+5 

Rt LEE +e ST 

x°4+3x4+2 9 x45 

PPL Suse ol te 

x 4+3x4+2 x45 

=> (3x+4)(x+5)=7(x? +3x+2)) 





3x? +15x+4x+20= 7x7 +21x4+14 
7x? +21x+14-3x? -19x-20=0 


4x7+2x-6=0 

4x* +6x-4x-6=0 
2x(2x +3)-—2(2x +3) =0 
(2x+3)(2x-2)=0 
2x+3=0 or 2x-2=0 


UADRATIC 


Tl 


N 





Sol. 


Sol. 


-3 
2 
S8= {Ba 
SS=45 


a 6 
age 
ax—1 ' bx—1 . 
5. pga 
(ax—1) bx—1 
a—b(ax— =1)_- a(x —1) 





1 
HSa+bsx# ~~? 
a 


a) elm 


-—gq= 





or 


=0 
{ax—1) dx—T 
a-—abx+b b-abx+a _ 
(ax~1) bx—I 
(anaba+b)| ; alr 
-1 ee 1 
(a-ate+by| aI+at—1 |), 
(ax —1(bx—1) J 


(a—abx + b\(ax+dx-2)=0 
a~abx+b=0 or ax+bhx-2=0 


abx=at+b or x(a+h)=2 


atb 


=_—- x= 


or 
ab a+b 
a+b 2 
S.S = 
(at ab 2 


Solve the following equations by completing the square: . 





x? —-2x—-899= 0 
x’ —2x-899=0 = x” 2x = 899 
Adding (1)? both sides. 


x >_ 2x +(I)? =899+(1)? => (¢-1)? =900 => (x1 = +900 


x-1=230 + r=1tWox= Le eee 30 
x=31 op x=-29 
SS ={-29,31} 








10. 
Sol. 


12. 


Sol. 


12. 
Sol. 


x? +4x—1085=0 

x? +4x'= 1085 

Adding (2) both sides. 

x° +4x+ (2) = 1085+ (2) 8 : 

(x+2)? =1089 >x+2=+33 (By taking square root both side) ~ 
¥=-2433 
x =~2+33 or x =-2-33 
x=3lor x=-35 

S.S = {31,-35} 

x’ +6x — 567 =0 

x* +6x—567 =0 => x? +6x = 567 
Adding (3Y both sides 

x +6x+(3) = 567 + (3) 

(x+3)° =576=>x+3=+24 (By taking square root both side) 
x=-3+24 
x =—-3+24 or x=-3=24 

x=21 or x =-27 

SS = {2 1,-27} 

x? —3x—- 648 =0 

x -3x=648 


Adding oy both sides 


wm 


: 3 3 
x’ -3x+(—) =6484+(-Y7 
GP 648+(3) 


259249 ; 


$5.0 208 3 
iat Bae Ba Xr—y = - 
es) = (x > 4 
(x ->y= = = : —=> x3 7 +2 (By taking square root both side) 


2-2. oo 
3. ca4 a.) 


a 4 i ge a 


ir 
es ge DS 8 


= or r= So ye 27 or x=-24 > SS = {~24,27} 
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13. 


Sol. 


14. 


Sol. 


x’ — x -1806 = 0 
x? —x = 1806 


Add both sides 5] we get 


eaxe(2 =1806+ ;| 
2 2 
ta? 1 
(x5) = 1806+ 
2 
[x3] =1806+4 
2 ae 


(x-4) _ 7224+1 _ 7225 
2 4 4 
Taking square root both sides 





2 2 
1+85 1+85 1-85 
ee a SS OF 


~ ~ 


x=43 or x=-42 > SS ={-42, 43} 
2x? +12x-110=0 

2x° +12x—-110 = O(+hy2) 

x +6x-55=0 

Adding bath sides (3) we gel 

x” +2(3)x+(3) =55+(39 

(x+3) =554+9=64 


or [(x +3) = +/64 


x¥+3=+8 
x=-3+8 
x=—348 


x=-3+8 or x=-3-8 
x=5 orx=-l1 = SS ={5,-1]}} 


“QUADRATIC EQUATION 


COLLEGE MATHEMATICS) 3 aor 


Find roots of the following equations Y using quadratic formula: 


15. 


Sol, 


16. 


Sol. 


17, 


Sol. 


5x? —-13x+6=0 
a=5, b=-13, c=6 
_-btVb* -4ac 
‘2a 
+ 13) ¥(- 13° HK) AD 120 
2(5) 
_13+V49 _ 1347 
10 “10 — | 
(99° ay 
= or —— , 
10 10 








5S {2.3} 


4x? +7x-1=0 Multan 2008 
a=4,6=7, c=-1 
_ b+ Vb? - 4ac 
- 2a . 
_-74 4-44) 74499416. -74 V5 
SS | 
15x’ + 2ax—a? =0 Sargodha 2008 
a=15, b=2a, c=~a 
_ bb’ —4ac a 23] 
-_——= | 4 
_ -2aty(2ay’ - 405-4’) _ at V4a’ +600" 
; - 2(15) B80 


_—2atV64a? 2a +8a 


30 30 
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—2a+8a —2a-—8a 
x = ———_ or xX = ———— 





30 30 
6a -10a 
Y=— or x= 
30 30 
r=" or x= ass~\4 8) 
5 Hees 


18. 16x? +8x+1=0 
Sol. G=16,b=5 84 


a -ht+Vb° —4ac _ -8+/(8)? -4(16)(1) 
a, a pete = ae 





2 2(16) 
-§+/64-64 -8+0 -8 ] ] 
x = ——_—————_ = =—=-—— DSS =f-— 
32 2 32 4 4 
19. (« -a)(x- b)+(x- b)(x-—c)+(x-c)(x-a)=0 
Sol, x” —ax —bx+ab+x° —bx—ex+be+ x? —cex-ax+ac=0 


3x* —2ax —2bx-2cx+ab+he+ca=0 
3x° —2(a+b+c)x+(ab+bet+ca)=0 
A=3,B=-2(at+h+c),C =ab+ber+ca 
-B+VB-4AC _ ~(-2(a+b+0)) + ¥(-2(a+b +0) —4G)(ab + be + ca) 
2A 2(3) 

_ Aa +b+ cyt V4(a’ +h +0" +2ab+2be +2ca)—12(ab + be + ca) 

S = : | 
ath +e)tV4a" +46? + 4c" + 8ab + 8be + 8ca ~12ab -12be-12ca 
A= a met kan ieee ee 
__Aatb+o) [4a +66" +40 —dab—Abe—4ea) _Yatb+e)+/ Ha’ +b +c —ab—be— cx) 
pe 6 62 
Qath+c)+2Va’ +b’ +e -ab-be-ca ae 2|(a+b+e)aver +h +e ab —be~ca | 

6 re, 6, 

,—atbto)tva’ +b' +0" —ab—be~ca 
3 
SS= {2 te)tVa' +b’ +e? -ab-be-ca 


3 





COLLEGE MATHEMATICS-1 188 QUADRATIC EQUATIONS 


20. (a+b)x’ +(a+2b+c)x+b+ce=0 
Sol. A=a+b,B=a+2b+c,C=bh+e 
= -BtVB-4AC _~(at+2b+e))t V(at2b+c) -4(a+bNb +0) 
2A 2(a+b) 
ew lat tojtva +4h? 40° + 4b +402 + 20a -—44b —4ac-—4be -— 40° 
; ath) 
as et 2b+c)+Va" +c? —2ac _ -(a4+2b+c)tV(a-c)’ 
; 2(a +) 2(a +b) 
we -a-2b-c+(a-c) 
2(a+6) 
_~-a@-2b-—¢ +(a—c) ae ya 2b =e = (ac) _ —a-2h-c-ate 
2(a+b6) 2at+b). . 2(a+b) 





—-2(h+c) —2a-—2b -2a 
43 ores — = => x=-1 
2(a +6) 2(a+b) a+b) 


ss ={-1,-020)| 


at+b 


Exponential Equation: 


Equations in which variable occur in exponents. 


Reciprocal Equations: 


An equation which remains unchanged when x is replaced by I 


x 
Example3: 2? —3.2**7 +32=0 


Sol. 2** =3.2°? +32=0 
2** —3.27.2" +32=0 
2** —3.4.2° +32 =0 => 2° -12.2" +32=0 


Put 2 =y>2*=y? > y?-12y4+32=0 


2008 — Il Sargodha Just Covert to quadratic 
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Example5: Solve x*-3x’°+4x?-3x+1=0 Sargodha 2009, 11 
Sol. x" -~3x'°+4x° -3x+1=0 Faisalabad 2008 
tet hy x? 
; Fiaryh i” leteaietigt. 
=o x SF tA = F- = ei + |-3| x4 +4=() I 
x x x aoe 
l ] 
Put x+—-=y>>x +—+2=y 
x x 
2 l 2 5 
Oe St SP eae 
x 
(J become) | y’-2-3y+4=0> y?-3y+250 


y'-y-2y+2=0= wWy-1)-2y-1)=0 
(y-I)(y-2)=0=>(y-I=0 or (y-2)=0 
=] or y =2 


When y=1 Sxtoslax +l=x>x-x+1=0 
_-CDt V1? - 400) - ets _ity-3 
2(1) 


r ] ” 
When y=2 >x+-=2> x +1=2x> x°-2x41=0 
x 





sch {tS 
(x-1)° =0> (x-I)(x-lI) =0> x=115S.S =?) 


Recess 


Solve the following equations 
1. x'-6x° +8=0 
Sol. - Put xt = pox =y 
y -6y+8=0 
or (y= 2y —4y+8=0 
or Wy-2)—4(y)-2)=0 
or (y-2\y»-4)=0 
=0 or y-4=0 


i 
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when y=2 then x°=2=x=+V2 
when y=4 then x =4->x=+2 


S.S ={42,+2} 


2. x? -10=3x" Faisalabad 2008, Multan 2009 
; 1 3 
Sol. x? -10=3x" of —-10=— 
x = 


Multiplying both sides by x” 
1-10x? =3x or 10x7+3x-1=0 
-b+Vb* —4ac 


y= —_ ——_ a= 10, 6-3, c=-1 


2a 


_ 3 £ vy -400K-1) 











2(10) 
3 £N9+40 _-3449 _ -347 
i 20 20 20 
-3+7 =327 
x= orf x= 
20 20 
4 -10 
= a y= 
20 20 
8 oO} Veet = ss={-3.4| 
5 2s 
3. x°-9x°+8=0 
Sol. Put x= yox=y 
y' -9y+8=0 


or = y —y-8y+8=0 . 
or y(y-1)-8(y-1) = 0 > (y-1)(y-8) = 0 
=>(y-l)=0 or (y-8)=0 
y=1 or y=8 
when y=l then x’ =1>x°-1=0 
. (x-1)(x° +x+1)=0 


x-1=0 or x°+x41=0 


it & oe 


2(1) 


COLLEGE MATHEMATICS-1 ee QUADRATIC EQUATION 
-1+V-3 


zo 
when y=8then x =8=>x° =(2) 
x — (2) = 0=> (x-2)(x? +244) = 0 





Lat .or- K= 


x-2=0 or x? +2x+4=0 
oe . -2+,/(2)° — 4(1)(4) 
2 or += age 


-2+ 4-16 —2+/—I2 
= > x= 


ee 
2 2 


AWS =, MD pes 


x= 
2 
Sb oh 
ss =}, 14/53} 
4. 8x° -19x' -27=0 Multan 2008, 
Sol. Put yseyox' sy" 
8y° -19y-27=0 


or 8y'+8y-27y-27=0 
8y(y +1)-27(y +1) =90 
(y+1)(8y-27) =0 
y+1=0 or 8y-27=0 
y=-l1 or pon 

8 

when y=-l then x’ =-1 
x+1=0 or (x41)? -x+1)=0 


xt+l=0 or x? -x+1=0 


_-+-n+ JE 400 


x=-l- or x= 








2(1) 
itvi-4 14.3 ttf3i 
ee x= > > x= 3 


2 
when y= a then x= af 


8 


QUADRATIC EQUATION 





x= > er 4x? +6x+95 0 (x' by 4) 


c= BEM) — MAO) | 64 V=108 
2(4) 8 
ew DEW-27 _ F-34353) 
8 2 
et 3(-1¢-¥-3) | 3(-1+ V3i) 
4 4 | 
ee = {1d ote 
| a9 4 | 
& x 48a 6x% I . 
So Pur x =y > x75 ay? : 
(I become) y?+8=6y = py ~6yt+8=0 
or y’-2y-4y+8=0 
> My~2)-4y—2)=0 
(y-2)(y-4) =0 
y-2=0 or y-4=0 oH 
yo2 or y=4. 
when = -y=2 then x"5=2 . 
=>x=? => x=32. 
when y=4 then x'* =4 
=> x=4° = 1024 
S.S. = {32,1024} 
6. (x +D(x+2)(x + 3)(x + 4)=24 
Sol. or. (x+1)x+4)(x+2)(x+3)= 24 
(x7 45x44) 45x46) 
Pul x' +5x=y 


Multan 2009 





7. 


Sol. 


(y+4)(y +6) = 24 " 
y+l0y+24=24 

y +10y+24-24 > y’ +10y = 0. 

or Wy +10) =0 
_y=0 or y+i0=0 

y=0 or y=-l0 

when  y=0 then x? +5x=0 

x(x+5)=0 = x=0 or x4+5=052x=0 or x=-5 
when _y=—10 then x? are =10 

x +5x4+10= 0 


anes -5+ (5) - — 4116) 
2c) : 
_~$+V25= 40 _~Sty-15 | 


2 2 . . 
SS = . 3,Se | 2 {o-,=22v54) 


(x-1)(x +5)(x+8)(x+2)-880 =0 


-(x-I)(x + 8)(x + 5x +2)-880=0 - 


(x? +°7x-8)(x" + 7x +10)—880 = 0 
Put x°+7x=y 
On 8)(y.+10)-880 =0 
y’ -By+10y—-80- 880 = O> y’ ag 960 =0 
or y' +32y-30y-960=0 
or y(y+32)-30(y +32) =0 
or (y+32Xy—30)=0 | 
yt32=0 oF y-30=0 
y=-32 or y=30 
when y = -32. then x’ +7x=—32 





x 47x+32=0 
| FE 2 arlw39 
el: T+ (7)° -4(1\32) 
2(1) 


_-74V49-128 _ -74-J-79 
2 2 








Sol. 


when yy =30-> 0° + 7x =30 

or x +7x-30=0 

or x’ +10x—-3x-30=0 

x(x +10)—3(x +10) =0 

» (e+ 10){x-3)=0 
x+10=0 or x-3=0 
x=-l0 or x=3 


S.8.= fa-t0 2283} -{- 10, pera] 


— (x—5)(x— 7)(x + 6x + 4)- 504 =0° 


(xe -S\(xr +4\x—7)(x +6) ~504=0 
(8 =x 20) -x-42)=504= 
Put x —x= y 

(y= 20)(y— 42) -504.=0 

y’ —20y~42y +840-504=0 

y -624+336=0 

¥ ~6y ~36y +336= 6 


(y+ 6)y- 56) =0 © 


y-6=0 or y—56=0 . 
=6° or ye 56 ; * oe 

when y= 6 then x? ar sie 

xv=-x-6= 0 

x’ —3x+2x-6=0 

x(x -3)+2(x-3) =0 

(x=3\4+2)=0 =¥ x-3=0 oF x42=0 = x=3 oF x=-2 
when | y=56 then x x= 56 

x ~x—-56 =0 

x’ -8x+7x—56=0 

x(x—8)+7(x -8) = 0. 

(x—-8)(x +7) =0 

(x-8)=0 or (x+7)=0 


x=8 or x=-7 
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9. (x-1)(x-2)(x-8)(x #5) + 360 =0 
Sol. (x’ —3x+2)(x” —3x~40)+360=0 

Put x’ —3x=y then 

(vy +2)(y —40) +360 = 0 

y’ +2y-40y-80+360=0 

y' —38y4+280=0 

y —10y —28y+280=0 

y(y—10)—28(» —10) =0 

(y-10)(y—28) =0 

y-10=0 or y-28=0 

y=10 or y=28 

when y=10 then x° —3x=10 > x° -3x-10=0 


a (-3)’ - 4(1)(-10) 








2(1) 
_3+V9440 34+V49 347 
2 2 2 
,34T, 3-7 : 


yo es and eee 
= 


when y=28 then x? —3x =28 
x’ —3x-—28=0 
x’ -7x+4x-28=0 
x(x -7)+4(x-7)=0 
(x-—7)\(x+4)=0 
x-7=0 or x+4=0 
x=] Of. g=-4 
S.S = {5,-2,7,-4} 
10. (+ 1)(2x + 3)(2x + 5)(x + 3) = 945 
Sol. (x +1)(x +3)(2x+3)(2x +5) = 945 
(x? +x +3x4+3)(4x* +10x+6x +15) = 945 
(x° +4x+3)(4x° + 16x 415) = 945 
(x? +4x43)[ 4(x° +4x)+15) ]=945 





11. 
Sol, 


Puy x? +4x=y then . . a 
(y +3)(4y +15) = 945 
4y? +15y4+12y+45-945=0 

4y? +27y—900 =0 . 

4y’ +75y~48y—900 =0 

y{4y + 75) -12(4 + 75) = 0 

(4y + 75)(y~12) =0 

4y+75=0 or y-12=0 

y= or y=l12 | 

when yao then x* +4x=—9 

or 4x7 +16x=-75 

4x” +16x+75=0 . 

_ 16+ (16) - — (475) -- ee 1200. 
- 24) 

-o16t yo SEW _ aioe 


we 6245 Aesen), _ ca 
ee, 


‘8 
when oot then x? +4x=12 
x? +4x+12=0 


x? +6x-2x-12 =0 
x(x+6)—2(x+6)=0 
(x+6)(x- ¢ =0 
x+6=0 or x-2= 0 
x=-6 or x=2 


85 =/2-6 en} | oe 


 (2x-7)(x? - 9) 2x4 5)-91=0 


(2x —7)(x +3)(x -3)(2x +5)-91 =0. 
(2x? +6x-7x—21)(2x? +5x-6x-15)-91=0 
(2x° ~x-21)(2x’ = x-15)-91=0 
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12. 


Sol. 


Put 2x°-x=y : 
(y-21)(y-15)-91=0 

y’ -ISy—21y+315-91=0 
y? -36y4+224=0 

y’ -8y-28y +224 =0 
y(y — 8) - 28(y -8) =0 
(y—8)(y-28) =0 
y-8=0 or y-28=0 
y=8 or y=28 

when y=8 then2x?-x=8 
2x? -x-8=0 


_ (Dt yc’ = 42\(-8) 
OF x 





2(2) 
ett vi+64 _ 14 V65 
4 4 


when y=28 then 2x?-x=28 

2x7 -x-28=0 

2x -8x+7x- 28=0 

2x(x —4) + 7(x-4)=0 
(x-4)(2x+7)=0 

x-4=0 or 2x+7=0 
x= 4) OF ees 

52/45 eis} 

2 4 

(x? + 6x +8)(x? + 14x +48) = 105 
(x° +2x+4x4+8)(x° +6x+8x+48) =105 
[x(x +2) +4(x +2)] [x(x +6) +8(x +6)] = 105 
(x +2)(x+4)(x + 6)(x +8) =105 
(x +2)(x+8)(x +4)(x + 6) =105 
(x* + 10x +16)(x? +10x +24) =105 

Put x +10x = y 

(vy +16)(y + 24) =105 





QUADRATIC EQUATION 
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13, 


y’ +16y+24y +384-105=0 
y +40y+279=0 

y +9y4+31y+279=0 

Wy t9+31(y +9) =0 
(y+9)(¥ +31 =0 

y=-9 or y=-3) 


when ae then x +10x=-9 
or x? +10x+9=0 


> x? 4449%49=0 


x(X+1)+9(% +1) =0 => (x+1Kx¥+9)=0 
x+1=0 or x+9=0 

x=—l or x=-9 

when  y=-3) then x*+10x=-31 


. x7 4+10x4+31=0 


_ =o {007 -4(1)(31) - 


— 


eee ene = 


ren 7“ 51 JG) _ - , 
a oS =e 


5.8 ={-9,-1,-54 V-6} 
(x? +6x —27)(x? ~2x—35) = 385 
or (x° +9x—-3x—-27\ x? — 7x +5x—-35) = 385 


© [x(x +9)-3(x+9)] [x -7) + 5(x-7)} = 385 


or (x49) x-3)(x- 7 xt5) = 385 
or (x—3){x+5)(x +9 x —7) = 385 
(x? +2x—15)(x? + 2x —63) = 385 

Put x°+2x = y then 
(y-15)(y— 63) = 385 

y’ —l5y-63y +945 ~385 =0 

y? —TRy +560 =0 


_ y -8y-T0y+560=0 


QUADRATIC EQUATION 
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14. 
Sol. 


IC EQUATION 


tr 


y(y-8)—70(y—8) = 0 
(y-8)(y-70) =0 

y=8- or y=70 

when y=8 then x’ +2x=8 

x’ +2x-8=0 

x’ +4x-2x-8=0 
x(x+4)+2(x+4)=0 
(x+4)(x—2)=0 

x+4=0 -or x-2=0 
x=-4 oF” “52 

when y=70 then x’ +2x=70 
x’ +2x-70=0 


V2 -4a)(—70) 
a 2(1) 


_ 2444280 -2+/284_ -24,/4(71) 


x = ———— = 
2 2 


2 
ya ENT ie /T)=-12V = $5 ={2,-4,-14V71} 


4,.2°**! —9,2* +1=0 Gujranwala 2009, Multan 2007 (just convert to quadratic) 
4.2.2 —9.2° +1=0 
8.2°* =9.2*+1=0 
Put Ps ys 2" = y? 
8y -—9y+1=0 
8y? -8y-y+1=0 
8y(y-1I-I(y-I=0 
(y-DBy-)=0 
y-1=0 or 8y-1=0 
yo or 8y=1 
yol or y me 
8 

when = y=l then2°=|>2'=2°>x=0 
when y wt then 2° = ut sr 

8 ge 
or 2 =2? sm x=-J>SS = {0,-3} 








15. - 
Sal. 


16. 
Sol. 


2% 427 _29=0 Sargodha 2010, 11: 
2°+2%x2*~-20=0 | . | oo 
Zz +64x5-~20 =O 


Pur 2 = y then . 
yao =o0K0 
y 


%' by y we get 
—~y’ +64-207=0= y’?-20y+64=0 


y ~4y~-16y+64=0 — 
Wy~4)—16(y- 4) =0 
(y-4)(y-16) =0 


— y-4=0 or y-16=0. 


y=4 or pete 
when y=4 then 2 =4=7? 

=> x=2 

when = y=16 then 2" =16=2' => x=4 
SS= {2,4} | t 
4* —3.2° 4428 =8 

(2?) ~ 3.222" 4128 =0 

2** 3.8.2" +128=0 

25 94.2" 4128=0 


Put B=y=> Q? = y then 


y’ —24y+128=0 a 
y’ -8y—16y +128 =0 . 

yy ~8)—16(y—8) =0 

(y-8y—-16) =0 | 

y-8=0 ar y-l6=0 

y=8 or y=16 

when y=8 then2*=8=2? => x=3 
when — yal then 2°=16=2' => x=4 
SS = {3,4} 
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17. 37*-'~12.3*+81=0 
Sol. or 3°*03"'—12.3" +81=0 


3” 123" 481=0 
3 


Put 3 =y=>> 3" =y? 


2 lay +81=0 

Multiplying by 3 

y’ -36y +243 =0 

y —9y—27y + 243 =0 : 

yy -9)-27(y —9) =0 

(y-9y-27) = 0 

y-9=0° or. y-27=0 

y=9 or y=27 

when y=9 then =9>3' =3? >x=2 
when — y=27 then3° =27=3 >x=3 
SS = {2,3} 


2 
18. [x+ *) -3{x+4}-4=0 Federal 
x x 


1 
Sol. Put x+—=y then 
x 


y’-3y-4=0 

y +y-4y-4=0 

Vy +I)-4 y+) =0 
(y+ D(y-4)=0 
y=-l or y=4 


when y=-l then x pe =-] 





x 
or © +l=-x or x? +x41=0 
_-ItVi-4 -14V-3_ -14V3i 

2(1) 2 2 


when = y=4 thenx+ 4 =4 
x 


COLl THEMATICS-1 Er: QUADRATIC EQUATION 
or x°+1=4x 9 or’ x? ~4x+1=0 
_ (4) 4-40) 
_ 21) 
446-4 4412 
2 2 
: é 
~4208 209) 05 


SS= [ 2+ | 


: bsg: 


19. x +x-4+—+—= 
x tx 


Sol. or [x45 }(x+4)-4=0 . / 
x x 


Put xtoey then > Peete’ 





1 
then x°+—~=y"-2 
ei 


(y? -2)+y-4=0 U become) 

or y'+y-6=0 

yy +3y-2y-6=0 

My +3)-2(y +3) =0 

(y+3)(y-2)=0- 

y+3=0 or y-2=0 

y=-3 or. y=2 

when y=-3 then tind 
x 

w+l=-3x => x7 4+3x41=0 


: -3+/(3)?-4(1)(1) 
2(1) 


-3+ 9-4 -3 
2 


én 





x= 


tN 


when y=2 thenx ie =2, 
x 





COLLEGE MATHEMATICS-| 


or x +l=2x => x’? -2x+1=0 


QUADRATIC EQUATION 





(x-1)=0 > x-1l=0 > => ‘x=} =ss-f, 


345 
- 


2 
20. («-+) t3{a+t)=o Faisalabad 2008 
x x 
5 AAR ] 
Sol. or (x° +——2)+3] x+—/=0 l 
x: x 


Put yey = 4 eee gt 
x x 
then Passa <3 
7 


y? -2-24+3y=0 (1 become) 
=> y'+3yp-4=0 

y +4y-y-4=0 

Vy + 4)-1(y +4) =0 

(vy +4)(y-1)=0 

y+4=0 or y-1=0 
y=-4 or y= 


when y=-—4 thenx + =~—4 
or x'+l=-4x or x°+4x41=0 
At VGY 400) _ -4+ Vie=4 
2(1) 2 
ee — srs fe = aN) has la 


when yv=1 then te =1 
x 


x’+l=x or x’-x+1=0 
be Ven 4a) 
2(1) 

ItVi-4 1433 _ Sitoss-{21 625 


x=——- = 


ee 2 2 








21. 


2x‘ -3x°- x? -3x+2=0 | 
2 z z 3 2 2 2 3 
Divied by x*; 2x? -3x-1-—+— = 0 > 2x? +5 -3x-=-1=0 
x x eo oe 


or a{ar+J}-3{ 244) -1-0 I 
a; = 


Put piney then 
x 


eetyrey = g+tey-2 
x x’ 

24y? ~2)-3y-1=0 (1 become) 

or 2y’-4-3y-1=0 

or 2y’?-3y~-5=0 

2y°+2y-Sy-5=0 


| AWytH-Sy +h =0 


(y+1X2y—5)=0 
y+l=0 or 2y-S=0 | 
y=-] or = y=5/2 


when y=-1 then x+oe-l 


or x? +1=—x or xi4x41=0 
_ ~1+¥(1)’ +40) 

7 2(1) : 
-ltyi-4 _-itv-3 


2 Z 


2 
when y=$/2 hekii es — 
x 2 x 





el 
7) 


=> 2x742=5x or Ix’?-Sx+2=0 
2x" -4x-x+2=0 

2x(x —2)-1(x-2) =0 
(x-2)(2x-1) =0 

x-2=0 or = 2x~1l=0 


1 ae 


x=2 or xel/2 > ss-fat, 
2 2 


COLLEGE MATHEMATICS-| 


22. 


Sol. 


2x1+3x? -4x? -3x+2=0 


Divied by x’; 2x? +3x-4-34% 20 
¥ 8 
ie 1 
or 2| x° +— |+3) x--— |-4=0 I 
x = 


Put tee ay tonae 
x x 


then x? peey +2 
x 


2(y? +2)+3y-4=0 (J become) 
2y? +44+3y-4=0 
or 2y° +3y=0> y(2y+3)=0 
y=0 or 2y+3=0 
y=0 or y=-3/2 
when y=0 then I Ge 
x 
or x°-1=0 
(x-1)(x+1)=0 


x-1=0 or x+1=0 
x=] of x»x=-lS>2=2! 





when. y=-3/2 then cece os roe ne 
x 2 x y 


or 2x’ -2=-3x 

or 2x°+3x-2=O00r 2x? +4x-—x-2=0 
2x(x+2)—1(x+2)=0 or (x+2)(2x-l=0 
x+2=0 or 2x-1=0 

x=-2 or x=1/2 


ta = {#n3.-2] 
2 


COLL EGE MATH et ATICS| 2 =e | , 5 ATIC. EQ | 


23. 6x'-35x"+62x?-35x4+6=0 
-Sol. Divied by x’; 6x? -35x+62~ 2246 =0 
. x x 


or o{e +i} 35{x+1}+62=0 ose) 
x . 


. Put trey are tezey? 
x x 


nat x feey —2 then6(y’ —2)-35y+62=0 (fl become) 
x a 


or 6y’ -12~35y+62=0 

OF 6y" —357+50<0 : 
6y’ -15y-20y+50=0 

or 3y (2y~5)-10(2y—5) =0 
(2y~-5)3y—10) =0 ; 
2y-3=0 or 3y-10=0 
y=5/2 or y=10/3_ 





when. y=5/2 jhe oe Lega NS 
eS x 2 
or 2x°+2=5x 
2x” -§5x+2=0 or 2x’ —x-4x+2=90 . 
x(2x—1)—2(2x -1)=0 
(2x-1)(x—-2) => 2x~1=O00rx-2=0 
x=1/2 or x=2 : 
+1 10. 
when ye 10/3 then r+in 10/3 —- = — 


3 
3x? +3=10x 
or 3x° -10x+3=0 
3x? -x+9x+3=0 
x(3x~1)-3Gx-1)=0 | 
Gx-IXx~3)=0 
3x~-1=0 or .x-3=0 
x=1/3 or x=3 


2. 8) 


COLLEGE MATHEMATICS-1 | 207 QUADRATIC EQUATION 


24. 


Sol. 


xt 6x? 410-54 =0 ) 


(eed eco 


1 
Put x’ +— pay = x84 42= -y" 
x? 


x + Le —2 

x 
then y’-2-6y+10=0 (J become) 
y -2y—4y4+8=0 


y(y-2)-4(y-2) =0 


— (y-2)(y-4) =0 


y-2=0 or. y-4=0 
y=2 Ge 


when y=2 then x eas =2 
x 


or x'+1=2x? 9 or x*-2x°41=0 
(x?-17 =0 or x°-1=0 
(x-1)(x+1)=0 
x-1=0 or x+1=0 
ese] or x=-1 


when y=4 pectin? s Dake 
; 2 
or x'+1=4x? 9 or x*-4x741=0 
Put x° =t then? —4t+1=0 
oe —(-4) + (4 - 400) 7 4+,/(16)—4 
2(1) 2 


+ 
ed 2 GS) 18 
when 1=2+/3 then x 22+ 3 


x= +243 
ss ={-1,1,2¥2% V3 | 


COLLEG HE! 4 QUADRATIC EQUATION 


Solve the following equations: 
1. 3x? +2x-V3x?+2x-1=3 
Sol. . 3x°+2x+/3x? +2x-1 =3 —---+-—-— I 


put.j3x*+2x-1 =y ---I] => 3x?+2x-1l=y" or 3x7+2x=y' 41 
(1 become) y’ +1-y =3 => y +l1-y-3=0 . 

or y’-y-2=0 or y?=-2y+y-2=0 

Wy -2)+1(y-2)=0 

(y-2)(y +1) =0 = y-2=0 or y+1=0 





y=2 or y=-l 
when y =~ I\then,/3x° +2x-1 =-1 (Use I) 
=> 3x? +2x-l=lor 3x? +2x-1-1=0 
3x? +2x-2=0 
ou + (2)? - 43-2) _-24+V44+24 _-24V/28 
2(3) 6 6 
ea D2EN2x2x7 _ -242V7 
6 6 
ee ecltv7) _-1+V7 
2x3 3 
when y=2thenV3x? +2x-1=2 
=3x7+2x-l=4 => © 3x?+2x-1-4=0 
3x7 +2x-5=0 


3x’ +5x-3x-5=0 
x(3x+5)—-1(3x+5)=0 

(x -1)(3x+5)=0o0rx-1=0 or 3x+5=0 
x=] or x=-5/3 
CHECKING For x =1, J become 


COLLEGE MATHEMATICS QUADRATIC EQUATION 


3(1)’ + 2(1) — ¥3(1)? +21) -1 =3 
3+2-3+2-1=3 

5-J4 => 5-253 

3=3 7RUE 

For x=-5/3 , Ilbecome 


3(-5 /3)? +2(-5/3)- Vx(-5 /3) +2(-5/3)-1=3 


s{ 3 )-- (2 )-2-1 =3 
9 3 9 3 








— -— -,/—-— - i=3 
9: 259 9. 3 
75—30:_ [75=30~9 — 

9 9 
9 9 O35 
5-2=3 = 3=3 TRUE 
foresee 


4) le 


3{1+7-2V7 | -2+2V7_ /,(1+7-2V7) -2+2V7_|_, 
39 3 38 3 


1+7-2V7 , (-2)+2V7__ [,8=2N7 , -2+2V7-1 us 
ere 3 3 3 
8-247 -24. 247 ls-2d7 -2+ 247 -1_, 
3 3 


2-Vi =3=91#3 FALSE 


-1-v7 
3 








Similarly x= 


is FALSE > SS {1.3} and Extraneous roots are — ou 


COLLEGE MATHEMATICS-| Ea ADRAT. UATION 
2 *« 2 
2) x <5 tases -3x+2 


Sol. a -5-7=x-3 1-3 
Multiply b Vide 
2x? —x-14 = 2x-6V2x? —3x42 
2x? ~ y= fai 2x 6) 9x? ~ 304-9 oO 
2x? -3x-144 6V2x? 3x42 =0—__I] 





Put V2x? -3t+ 2s) 
ei 2x? ~3x4+2= 9? * oF 2x° -3x=y'-2 
(i become) y* -2-14+6y= 0 
y’ -2-144+6y=0 => y +6y-16=0 
y' +8y-2y-16=0 => y(y+8)-2(y+8)=0 
(v+8)(y-2)=0 
y+8=0 or y-2=0 


y= —8 or ee 2 
when y = -8thenv2x? —3x+2 2-8 , Use Il] => 2x? -3x+2=64 


2 
2x? ~ 3462 =0 =x = LOE VG) = 42N-02) 


2(2) 
3494496 3+ 505 
a 3 a 


Wheny = Bd De — 3x42 = 2529) < 3x 484 Ss Oe The 2 4 e0 
2x’ =3x-2=0>5 20 he pen ad 
2x(x—-2) = Wx-2)=0 
(x—2)(2x +1) =0 


x¥-2=0 or 2x+1=0 
x=2 or x= =! 
2 
Checking For x=2, Ibecome 


4 
(2)? +FAV a 2-3 2QF —H2)42 


COLLEGE MATHEMATICS-| Eg 
4-1-7=2-3V8-642 


~4=2-3V4 = ~4=2-302) 
—4=-4 TRUE 


For : =. I become 





Ls ee 2 Z $242 

4 4 2 4} 2 

‘ 

=—7=--- £4342 

4 2 2 2 

2 gee 1+2+4 

2 2 2 a 
Bai 3/8 

2 2 2 

= akg he 

2 

Sou —13 _ =13 TRUE 
2 2 2 2 
For ae I become 


(S35) -2( 2208), 
2 


+ 4 


9+505 +6V505 [PHB |, a) 7 2 Ns o[ 2 sosee/50s 


ios 


UADRATIC EQUATION 


1 34/505) (34/505 
=-373)2| =" | 3 ae | 


} [22505 
4 S 


514+ 6¥505 -6-2V505-112_ 1 : Psses xeiSts (A |. 
8 


16 2 


396+ 4/505 __1_, [514+6/505--18-6V505-+16 | 


ie: 2 8 
396+ 4505 _ _1_, 312 
16 2 8 
meres --! 36 ' 

as 505 =-5-38) | ‘FALSE 


¥505 


Similarly x= = —— is FALSE 


4. 


34/505 
4 


SS= (2 +} and Extraneous roots = 


03. V2x+8+Vx+5=7 
sol. J 2x4+84+Jx45=7 I 


Squaring both sides 


2x4+84x4+54+2V2x48 iea5 = 49 


3x+134+2.(2%+8)(x+5) = 


2/2x? +10x+8x +40) = 49- ne 3x 
2V2x? + 18x +40 = 36—3x 

Again Squaring. 

4(2x? + 18x +40) = 1296 49x? ~216x 
8x" +72x +160 = 9x? —216x +1296 
9x? —216x + 129% - 8x? — 72x -160 = 0 
x? —288x +1136 =0 

x? —4x~284x+1136=0 

x(x —4)—284(x-4) =0 

(x-4)(x -284) =0 

x-4=0 or x-284=0 

x=4 or x=284 ’ 

CHECKING for x = 4, | become 
J2(4)+8+V44+5=7 : | : 


Vi64+V9=7 => 443=7 = 7=7 TRUE 


COLLEGE MATICS-1 213 
For x=284 | become 


Sol. 


2(284)+8 + /284+5 =7 
256 +8 +289 =7 

V276 +/289 =7 

V276 +/289 =7 

24+17 =7 FALSE 

S.S = {4} and Extraneous Root = 284 


V3x+4=2+V2x-4 
V3x+4=2+J2x-4 


Squaring both sides 
3x+4=44+2x-44+2(2)V2x-4 
3x+4-2x=4/2x-4 
x+4=4/2x-4 

Again Squaring 

x’ +8x+16=16(2x—4) 
x’ +8x+16 =32x-64 
x’ +8x+16-32x+64=0 
x’ —-24x+80=0 

x” —4x-20x+80=0 
x(x - 4)—20(x-4)=0 
(x-4)(x- 20) =0 
x-4=0 or x-20=0 
x=4 or x=20 
Checking for x=4 | become 


J3(4)+4 =2+.,/2(20)-4 


Vi6 =2+J4 
4=2+2=4 > 4=4 True 
For x=20 | become 


/3(20)+4 =2+,/2(4)-4 
V60+4 =2+/40—4 
J64=2+V36 = 8=2+6 
8 = 8 TRUE 

S.S = {4,20}. - 


UAD IC EQUATION 


COLLEGE MATHEMATICS. aC QUADRATIC EQUATION 


05. Vx+7+¥x4+2=V6x4+13 Faisalabad 2007, Sargodha 2008 
Sol Vx+74+Vx+2=V6x4+13 I 2 


Squaring both sides 


+74 x42420x47 0x42 =6x413 
2x 49+ 2f(x+ x+2) = 6x413 
2Vx? + 7x+2x414 =6x413-22-9. 
EN? 449x414 =4x44= 22x42) 
Vx 49x414 =2x42 


peer Squaring 

x? +9x+14=4x? +448y 
4x? +8x4+4-x? -9x—-14= 9 
3x*-x-10=0 
3x? —6x+5x-10=0 

3x(x —2)+5(x —2)=0 
(x-2)(3x+5)=0 

x-2=9 or 3x+5=0 
x=2 or x=-5/3 
CHECKING forx = 2 | become 


V2+7+V24+2 =,/6(2)4+13 
V94V4 = /25 => 3+2=5 


5S = 5 TRUE 
For x “=e j — 


ae. 546 
i 1 = 
ce FALSE | 


S.S*= {2} and Extraneous Root -= 





COLLEGE MATHEMATICS-| 


06. 
Sol. 





Vx? +x41-Vx?+x-1=1 

Ve +xeloVe4x—l=i I 

Put x? +x=y then bt 

fyet— fyi 

Squaring 

ytlt+y-1-2/ytify-1=1 
2y-2Jy?-1=1 

-2/y’ -l=1-2y 

Squaring 

4(y? -1)=14+4y? -4y 

4y’-4=1+4y’? -4y 

43° —4y 41-457 4450 


-4y+5=0 => y=2 ’ 


When pee then x? bee Use ll 
4 4 E 
veel ee 
4 


x'by 4, 4x? +4x-5=0 


en AEG? =4 MCS) 


2(4) 
xa St N16+80 _ -4+-/96 


8 8 
_-4+Vi6x6 -444V6 
8 8 
walt Vo) _ -14- V6 
8 2 


~1+/6 





CHECKING for * = 


Te 


| become 





2 2 





T 


ATi 


fi+6-2V6 -1+Vv6 |) fi+6-2V6 -1+V6 |_| | 
4 2 yO 4 2. 
1=2J6-24+2V6+4 _ [7-2)6-2+2V6~4 3 
 & 4 
(o-feat 2 Tape 
4 V4 22 


“1-6 
2 





Similarly For x = 


sgalritv6 
ede ee ab 


07. Vx? +2x—-34-Vx? +7x-8 = (8x? +3x~4) 
Sol, Vx? +2x-34Vx? +7x-8 = /5(x? +3x~4) 
Vx? +3x—x-3 4x? +8x—x-8 = [5(x? +4x—x-4) 
VQ + 3x 1) + Ye +8) x—-1) —f5(x + 4-1) =0 
Vx-1[ x43 + vx+8- J5(x+4) ]=0 
Vx-1=0 or Vx434Vx4+8 —/5(x4+4) =0 . 
x-1=0 => x=1 or Vxt34Vx48 = 5x44) 
Squaring both sides a . 
X$¢34x48+2Vx4+3Vx48 = 5(x+4) 
2x4 3x +8) = 5x420-2x-11 
2Vx? +3x+8x+24 =3x4+9 
2Vx? +1lix+24 =3x+9 


Again Squaring both sides 

A(x? +1 1x +24) = 9x? +814+54x 
4x? +44x496 = 9x? +54x4+81 
9x? +54x4+81—4x? —44x-96=0 
5x? +10x-15=0 
.+by5 => x°+2x-3=0 

x 43x—-x-3=0 — 





COLLEGE MATHEMATICS-I QUADRATIC EQUATION 


x(x +3)-1(x+3)=0 

(x+3)(x-D=0 => x+3=0 or x-1=0 
x=-3 or x=1 

CHECKING for x=1, | become 


V0)? +20) -3 +./(1)? +7(1) =8 = /5((1 + 3(1) — 4) 
J0+V/0= V0 => 0=0 True 
For =-3 
J (-3)? +2(-3)-3 +4/(-3) + 7(-3)-8 = /5((-3)? + 3(-3) 4) 
0+V-20 =/-20 True 
S.S ={1,-3} 
08. 2x? —Sx-3+3V2ee1=V2x 428x412 
so. J2x?~5x25+3V2x01 = V2e' 425x412 
V2x? ~6x4+x—34+3V2x41 —V2x° 4+x424x412 £0 
[2x(x—3) + I(x —3) + 3V2x4+1 - Jx(2x +1) +12(2x+1) =0 
V@—3(2x +1) +3V2x41- (x +1(x4+12) =0 
Vix+i[ Ve-3+3-Vx412 ]=0 
J2x41 or. fx-343-Ve+12 =0 
2x+1=0 “x= - Sor Vx—343=Vx412 
Squaring both sides 
x-3494+6Vx-3=x412 
x+6+6Vx-3=x412 
6Vx-3 =x+12-x-6=6 
Vr=3 =2=1=x-3-1ox=4 
CHECKING forx=4 I become 
J2(4)? —5(4)-3 +3./2(4) +1 =./2(4)? + 25(4) 412 
¥32—20-3 +3V8+1 = 324100412 
V9+3V9 =Vi44 => = 343(3)=12 





09. 


Sol. 





12=12 TRUE 


For xm = I become 





ama 3 
145-6 $5554 
——— +0= pe es 
V 2 ) 2 


0=0 TRUE =ss-{3.4} 


Jia? 8542+ Vee 11x45 = V5 -9n44~————— ! 
V3x? -5x4+2+V6x? —l1x+5 =V5x?-9x44 
V3x? —3x—2x +24 V6x? —6x-5x45 =V5x? —~5x—4x44 

r ¥(x—DGx-2) + V@-16x—5) — fa Sx —4) =0 
or vx~1[V3x~2 +V6r—-5-v5x-4]=0 

vx-1=0 or ¥3x-2+V6x—5 -V5x—4 =0 

x-1=0 or V¥3x—2+4 V6x—5 =V5x—-4 

- Squaring both sides 

x=1 or 3x-24+6x-54+2V3x-2V6x—-5 =5x-4 
=> 29(3x-2\6x—5) =5x—4-3x4+2-6x45 2? 

2v/18x? —15x-12x4+10 = 4x43 = 4(18x" —27x +10) = 16x? —24x4+9 
72x? ~108x+140—16x? +24x—-9 =0 => 56x? —84x431=0 
—btvb'—4ac _ -(-84)}+/(-84) ~ 4(56)(31) 





(a = 56, b= —84, c= 31) x= 


2a 256) - 
_ 842.V7056—6944 B44 VIZ _ 84 V16xT 





112, 112 12. 


COLLEGE MATHEMATICS-1 219 QUADRATIC EQUATION 
+ + - 
x 8444/7 -4(221) en 2147 





112 Ls 28 


CHECKING forx=1 (A) become 


31 —5(1) +2 +, 61 - 111) +5 =) 5(1) -9(1) +4 => V3-5 +2 + V6-114+5 = V5-944 


0+0=0 =0=0 True 


= z oe (A) become 


ps [etl 2 al -uf252).5 
— hs 
28 28 


oougers of eT) TE a 


784 784 28 


sf Hite ) of 2a) 


784 28: 





For x= 

















[1323 +21+126V7 - 2940-1407 +1568 
Yer 784 


2646 + 42 + 252V7 — 6468 —308/7 +3920 
784 


RO ae 252./7 +3136 
aE ial [g4— 42/7 ait 
Not true 








ae 
21- 
x= v7 not satisfied 
28 
21+V7 
So Extraneous roots are x = oe 


& SS={I 


COLLEGE MAT NCS-i RATIC: TION. 





10.00 (x +4)(xtI=Vx° +2x-154+3x431 (A) 
Sol. (x +4)(x +1) = Vx? +2x—-15 +3x431 
xv +5x44 ax? 42x—-1543x431 | 
or x7 45x44~3x-31=V x? 42x-15 
x? 42x —27 =yx"+2x-15 (1) 
Put Vx? +2x-15=y (2) 
=> X42x-15=y = x? 42e=y' 415 
(1) become y* +15-27= y= y-y-12=0> y’ —4y t3y—- 12=0 
(y—4)(yt+3)=0 = y-4=0 or ae 0 
y=4 -or y=-3 
. When y=4 then J Popes a By(2) 
=> x'+2x-15=16 => x? 4+2x-31=0 
~2+ J(2)-40N-31) 2444124 -24V128 = -2+2V32 
= 2(1) BOs SRG eS ie es i 
~ FOE 5 5 12ND) => x=-14+4V2 
When y =~3 then Vj x? +2x-15 =-3 By(2) 
=> x742x-15=9 => x°4+2x-24=0 
x 46x-4x-24=0 => x(x+6)-4(x+ 6) =0 
(x+6)(x~4) =0 => -x+6=0 or x-4=0 
x=-6 or x=4 . 
CHECKING Forx= —6 (A} become . 
(-6 + 4)(-6 +1) =y(-6)" + 2(-6) -15 + 3(-6) +31 
or (~2)(-5) =/36-12-15 -18+31 
10=mJ9+13 =-10=16 False 
For xw4 (A) become 


(44+ 4)(4 +1) = (4)? +2(4)—15 +3(4) +31 
40=VJi6+8-15+12+31 = 405 /9+43 : => 40=46 Falue 
For x=-1+4/2 (A) become 


(1442 +4) —-144V2 += Visayan +2(-14+4V2)-15 +3(-14+4V2) +31 





COLLEGE MATHEMATICS -| 221° | QUADRATIC EQUATION 


(3+ 4V2)(4/2) = V14+32-8V 2-24 82 ~15-3+12V2 +31 
12V2 +32 = V16 +28 +12V2 

12V2+32=44+28+12V2 <-> 32+12V2=32412V2 True 
Similarly x =—1- 4/2 is True 

Say {-1 +4/2 and Extraneous roots 4, —6 





1. V3x?=2x4+94V3x?-2x-4=13 
Sol. V3x2 -2x494J3x? -2x—4 =13 (1) 
Put ¥3x2 -2x+9 =a@ and V3x° -2x-4=b 


(1)Become a+b=13 (2) 
Now a’ —b’ =(3x’ —2x+9)-(3x’ -2x-4) 
a’ —b? =3x’ -2x4+9-+3x' +2x4+4=13° (3) 





(3) + dy (2) 

a —b _\3 = (a-ba+%) _, => a-h=1 (4) 
a+b 13 (a+) : 

Add (2) and (4) a+b=13 put value of a in (2) 
Add ene tN alae aie oe 


2a=14 
Put value of a => V3x* —2x+9=7 
3x7 -2x+9=49 => 3x? -2x+9-49=0 
3x°-2x-40=0 = 3x°-12x+10x-40=0 
3x(x-—4)4+10(x-4)=0 => (x-4)(3x+10)=0 
-10 


x-4=0 or 3x+10=0 => x=4.0r x=— 
3 


CHECKING for x =4 (1) become 


3(4)? -2(4) +9 +4/3(4)? -2(4)-4 =13 
V48-8+9+/48-8-4=13 => V494/36=13 
7+6=13 => 13=13 True 

-10 


x=— 


For 
3 
eI =2{ =" | +9 + (=) -(=2)- = 13 
3 3 3 3 


co THEMATICS 4 Ea QUADRATIC EQUATION 


(2) +29 fa( 12]. 22 ans 
9 a 9 3 


300+60+81  [300+60—36 
ty, ———- 13 
at, eats = Uys 


an 13 => 13=13. True 


SS = -{4, + 
3 
12,00 V5x°+7x42—-Vax? 472x418 = x—-4 
Sol. V5x°+7x+2—V4x? +7x4+18 =x-4 (1) 
Take V5x?+7x+2 =a and V5x" +7x+18 as 








{1} Become ~b=x-4 (2} 
Now a’ — b? = ie + 7x+2—4x? —7x-18 
a’ —b? =x -16 (3) 
: 2_ 42 2 
(3) + by (2) we get ae we = = 


a-b x—4 
+b +4 
= eBrer) ) a ) => atbh=x+4 (4) 

(2)+(4) we ger atb= =x+4 put a in (4) 

a-b=x-4 x+b=x+4[b=4] 

2a = 2x 

= 
Put value of a => V5x°+7x+2=x => 5x24+7x4+2=x" 
or $x°4+7x4+2-x7°=0 => 4x +7x+2=0 (a=4, b=7, c=2). 

_—btVb' -4ac 4ac Srey -4(4}(2) _ -74+V49—-32 


= SOirege 2(4) 8. 


"CHECKING fe then (1) become 


COLLEGE MATHEMATICS-1 . 223 QUADRATIC EQUATION 


sf) oof el [AP (as 





8 8 
= ANG 
8 
49+17-14V17 ae) ent" | —49+7V17 
§| ———_—— | + 7] ———— } +2. — 4} ——__*— J 4] — "I 1g 
64 a8 4 ) | 64 
_-74+V17-32 
8 
330-70V17 -392+56V17 +128 264-5644 - 392+ 56-V4F +1152 
64 64 
— 
eee < eh Ns [66-1417 Bae _32_39+Vi7 
8 8 
oe ~4- = — 2.96 =-4,35 (Approximately) 


ss-j 7a 


8 
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Sa a ny 
CUBE Root of unity 


Proof: x=(1)'” = x 21> 2 =H) =6 
(x-NGe+x4+1)=0 


x-l=Oo0r x +x+1=0 





ed ir —bi Vb? -4ae —-1+J/(1P - 4(1)1) -1+/-3 
x= DO cre a 
a Peak 2a 2(1) 2 
~1+iv3 
x=— 
~ 


Hence Cube Root of unity are 








| —| +iv3 -1-iv3 
2 ¥ 2 
osetia , _-l-iv3 
Where w= z1+iv3 and @ = pee. 
5 2 
Sum =l+at+a Faisalabad 2008, Multan 2009, Sargodha 2009 
Sis t-WS 
= | + + 
2 2 
2 — 1+ iv3 -b-iv3 


Sea? 
2 2 


- 


Product =1.@.a° 


ae {aes 


9 | { 9 
2 } 2 


af cheng 


4 
pre a tg 
4 4 + 
4 Find the three Cube roots of: 8,— 8, 27, -27, 64 
(i) Find Cube root of 8. Multan 2008 
Sol, | X= (8) x =8. > x’-CY =0 


(x—2)(x7 +2x+4)=0 


. ‘ 
x-2=0 or x +2x+4=0 


COLLEGE MATHEMATICS-1 


ed 
ad 
oo 


£ 


=) 2 . 
(pacer eee eee (a 


G1 B= 2, exe) 





2a 
pe2tvey = 44) _ ~2+J4-16 
é- 2(1) 2 . 
_-24V-12 -o{=23)-{ 245) 
2 * 2 hi 2 





-o[=459), Pe (- aa 


x=2w & x=w 
Hence Root are {2,20,20°} 
(i) X=C8° > x =-8 > x°+8=0 
sol, 0X + (2) =O > (x42)? - 2x44) 20 
x+2=0 or x?-2x+4=0 
poclor xo CD tVEe2r a) 


2(1) 
SS eee 


2H -3)(4) 23 
115), Mae 

2 
et EB). = 


2 ‘ 2 
x=-2@ &x=-20’ 
So roots are {-2, 2a, -20°} 
(iil) Take x= QT)" = x =27 = -GBY =0 
Sol (x—3)(x? +3x+9)=0 
x-3=0 or x°4+3x+9=0 


——, - 3#VG-400) 


x) (a=1, 6 =3, c=9) 


QUADRATIC EQUATION 


COLLEGE MATHEMATICS.4 


Sol. 


Sol. 





349-36 _3tv-27 ~34 f9-3)  -343/-3 


et LS oS es 


alt) IED g oD 


x=3a . x=3e" 

Hence root are {3,3a, 30° } 

Take %=(-279° => x =-27 => x +(3P =0 Gujranwala 2009 
(x +1)(x? -3x+9)=0 

x+3=0 or x7-3x49=0 2 

pe NCD ae) ~~ ¢=9) 


as 36 3+ seed 
NS | oD exw itl-v¥3) 3) 
4a IVD) g 5 sein) 


x= 

x=-307 & x=-30 

Hence root are {-3, ~30,-320"} 

Take = x=(64)'? = x°=64 => x'-64= 0 
x? ~(4)) =0 => (x-4)( x" +4x+16) = 0 


x-4=0 or x74+4x+16=0 





or xe LOAN ot, 524, 0-16 
- tevié-64 64 _ 4 V—48 _ -424N3 
2 2 
ag clty=3) 1/5 3) 


ais, engl 
a 


x=4@ . x= 4a’ 
Hence Root are {4, 40,40" } 
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2. Evaluate 


2.28 
(i oe) Sargodha 2006 
sol,  (l+@+a@°)’ Note l+@+a’? =0 
= (-w* - 0’) — Use! =>1+aw=-a’ 5 


= (-207)' = (-2)°(@?)* = 2560" 
= 256.0.0' = 256.0.(@°) 
= 256.0.(1)' = 256@ 
(ii) a +o” +1 Sargodha 2010 
o* +0" +1=0.0" +0.” +1 
= w(w’) +a (@y) +1 
= w.(1)’ +@° (1) +1 
=a@+@' +1=0 (Usel+o+@ =0) 
(iii) (l1+@-@')\(1-@+@") Sargodha 2008 
Sol. = (l+@-@’)(1+@’ -@) 


Sol. 


=(-w* —w’)(-w -@) 
= (-20')(-2@) = 4@ = 4(1) = 4 


~ (sabes) 


2 
Sol. =(@)'+(@’)’ =o’ +0" 
= 0.0° +0.” 
=a.(a°)’ +0* (wy Note Il 
=.(1)’+@°(1)'=@+@?=-1 (Use 1) = 
_-I-y-3 
ao” =———— 
2 
(vy =(-1+-V-3)* + (-1- V3) 
Sol. = (2@)' +(2a*)? 
= 32° +320" 


= 32(@° + w'’) 





COLLEGE MATHEMATICS UADRATIC EQUATION 
Note 
= 32(a”.@° + @.3') a= ws 

= 32(w.1+ ww") 2o = -1+-3 

=32(w? + (I) =32(@+o?)  & 2w=-i-V-3 

= 32(-1) = -32 
3. Show that 
(i) x’ y’ =(x- yx-wyl(x — a" y) - Faisalabad 2008 
Sol: RHS. =(x-y)x—wy)x- wy) 


(ii) 
Sal: 


(iii) 


Sal. 


=(x—y)(x-@yx-o"y) 
= (x— yx? — oxy — oxy + oy") 
=(x— yx? —xy(w+ w") +a’ y’) 
= (x= yx? ~xy(-I + Ly’ )=(e~ ye? + 9y ty") 
+f PY 
=x? -y = LAS a , 
ety to —Sxyza (xt ytzxtoytoz(x+a'y+oz) Sargodha 2011 
R.HS. =(x+yt+2z)xt+oyt eo z)(x+ a y +z) | 
=(x+ p42)" +a’ xyt+oxz+oxytwy’ +a’2x+ wy +@'2’) 
=(x+ pt+2z\(x? + @' xy + oxz + oxy tly? +a’ yz +@wyz +1.2") 
=(x+ y+ 2)0? +29({0+ 0’) +2x2(@ +.) + y2(w+u")+y' +2’) 
=(x-+y+z)(x? + xy(—1)+ x2(-1) + y2(-D +" +2’) 
=(x+yt2\x°+y tz" —xy— yz-zx) 
=xity +7? -3x2z 


(1+ m@)(1+07)(1+ @)\1+ @*).. 20 factor =1 | snore 2009 


LAS =(1+@)(1+ wit w*)\(1+a%) ~---2n factor 
=(1+a\(1+ a) + @)(1+ @’) --—~—2n factor 
=(l+o+a'? +@°)(1l4+@+0' +@°) —~n factor 
=(6+1)04))ss-==== a —— =n factor 





al.i.j.------ n factor=1= R.HS 
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_ If wis aroot of x’ +x+1=0, show that its other root is @’ and prove that @° = 1 
Sol, 2X t+ xtl=0- I 

Given@ is root so putx = @ - 

ao +a+1=0 I 


To check w* put x=@? in| 
(oY +a? +1=0 => o'+a@'+1=0 Ill 
or @' +20’? +1-w =0 (‘+'&'-'@’) 


or (w +1)’ -w =0 









=> (w’ +1+a\(w +1-w)=0 => 0=0 Alternate 
(0)(@’ +1-w)=0 => 0=0 
Hence ww’ is other root. 

Now II -1 w' +a" +1=0 


wo +@+t1=0 





@ +a +1=0 


o+@ +1=0->0=0 








w'-w=0— 
=> w(@'-1)=0 buta#0>a@°-1=0 >|@° =1 


1+J3i 1-3; 
2 2 





5. Prove that complex Cube roots of —1 are and and hence: 


9 9 
Prove that [He | 5) =-2, 





2 
x 
so, t= CIP Setesine tia Oe 2 a 
x +(1)’ =0= (xt I)’ —x+1) =0 
x+l or x’ -x+1=0 
oe D)éyvCly’ -40) 
Be = Ee es 


: 2(2) 
1+Vi-4 1+J-3 
Eon ee 


x=-!] 


Hence Cube Roots are 


tess Po.bs 


3 > 


2 2 


=4 











A fae 


1 
Now we have to rove 











COLLEGE MATHEMATICS.1 RATIC EQ 
9 > 
: usin HFS f=) 
Z 2 
=(-o) +(-w YP” Note 
es = pertty3 
2 
=~(9°)° -(@*) = pas YS i 
= (1) -(° | eo = leva 

n-l-ls-2=RHS => -of oY 3 
6. If @ Is a cube root of unity, from an equation whose roots are 2wand 2w” 
Sol. & = 20,8 = 2a* | Faisalabad 2007 

S=at+f=20+20 =2(0+o") ° 

=2A-) => S=-2 

P =(2@)(2w’) = 4a@* = 4(1) =4 

Required Equation is x? ~Sx+P=0 

xt ~(-2)x+4=0 => x742e44=0 
J. Find four roots of 16, 81,625 
{i) Take- x= (16) 
Sol. * =16 = x*-16=0 => (x*)-(4)=0 

(~4)(x7+4)=0 => (RH 2Nx+2)x?+4)=0 

x-2=0, x+2=0, x7 +4=0 

X=2,x=-2,2 :4 =>ye nae +V47 = $27 

Hence roots are 2,—2, 27, —2/ 
(i) Takex=(a1y* > X*°=8100 > ox*-81=0 => (x)-(9)" =0 
Sol. (0 -9K x? +9) =0 => (4-31 +3)? +9) =0 

x-3=0, x+3=0, x7 +9=0 

x=3, x=-3, x=tV-9 -43 

Hence roots are 3, — 3, 3i, --3/ 
(y= X= (25)"" > x*=625 >) x 62550 
so. (8 Y-(@25P=0 = (x? - 2527425) 50 
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(x —5)(x +5)(x? +25) =0 

x-5=0, x+5=0, x? +25=0 

x=5, x=-5, x? =-25 > x =+/-25 
Roots are x=t5i 

S.S= {5, -5, Si, 5i} 


8. Solve the following equations: 
(i) 2x*—32=0 
Sol. '+' by 2 => x'-16=0 


x-(4"=0 = (x’)'-()' =0 
(x?-4)(x7+4)=0 => (x-2)(x+2)(x? +4) =0 
x-2=0, x+2=0, x7 +4=0 


x=2,x=-2,x°=-4 = x=+,/-4 => x= t2i 


SS ={+2,+2i} 
(ii) 3y* om 234y =i) 
Sol. ‘! by 3S y -8ly ==> yy" ~8]1) =0=> y =0 or y' —81=0 


or (Y=) =0 => (32-9)? +9) =0 
(7 +9\(y-3y+3)=0, yt3=0 
yatv-9,y=3,y=-3 
y= 43i,y 3438S = {0,+3,43i} 
(i) +x 4x41 =O 
Sol. -¥ (x+1)41(x+1)=0 
(x+)O?+1I)=0 > x+1=0o0rx?+1=0 
[x=—1] or x? =-] 
x=+J-1 >x=+i => S.S = {—1,+i} 
(iv) 5x*°-5x=0 => 5x(x*-1)=0 — Sargodha 2009, Multan 2010 
Sol. 5x=0oer x'-1=0 
or (x -1)(x? +1) =0 
(x -1)(x +1)? +1) = 0 
x-1=0, x+1=0, x? =-1 
x=lx=-1, x=tV-l = x=4i > SS ={0,41,4)} 
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Remainder Theorem: Sargodha 2009, Faisalabad 2008, Multan 2009, 10 

If a Polynomial f(x) of degree m= 1( nis non negative) is divided by (x—a) till no 
x term exits in the remainder then /(a) is remainder. 
Factor Theorem: Faisalabad 2007, Multan 2010 

The polynomial (x-a) is a factor of the polynomial f(x) if and only if f(a)=0 


Use the Remainder Theorem to find the remainder when the first 
polynomial is divided by the second polynomial: 


2 = 
01. xo+3xX+7,X+1 — uitan 2008, 


Sol. Let f(x)=x°?—3x-7 
Take x+1=0 2>x=-] 
f(A) =(-l)? + 3(-1)4+7 =5 
Remainder = 5 
3 2 y 
0200 x ~x +5x+4,x-2 Faisalabad 2007 


Sol. Let f(x)=x’ —x’? +5x+4 
Take x-2=0 =>x=2 
f(2)= (2) —(2) +5(2)+4=18 
Remainder = 18 
03. 3x1 +4x° + x-5, x+1 
Sol. Let f(x)=3x*+4x°+x—-5 
Take x+1=0 => x=-1 
f(-1)=3(-1' +4(-1I +(- I) -5 
J (-1) =3+4-1)-1-S5=-7 
Remainder = —7 
04, x? -2x? +3x4+3 , x-3 
Sel. Let f(x)=x°-2x° +3x+3 
Take x-3=0 => x=3 
f(3) = 3) -2(3)' +3(3) +3 
=27-18+9+3=21 
Remainder = 21 


Use the factor theorem to determine if the first polynomial is a factor of the second 
polynomial, 


COLLEGE MATHEMATICS-I PX QUADRATIC EQUATION 


* 


05. x-1, x°+4x-5 
Sol. Let. f(x)=x?+4x—-5 
Takex-1=0 => x=l 
f(l)=(1)’ +40) -5 =0 
Yes x—lis factor of x? +4x—5 
06. x=2, xo +x? -Tx4+1 Sargodha 2008 
Sol. Let f(x)=x° +x? -7x+#1 
lake x-2=0 => xe=2 
f(2)=(2)' +2)’ =7(2) +1 
=8+4-14+1=-1<0 
[lence x—2 is not factor of x +x? -Tx+1 
07. @+2, 20° +o? -4@+7 
Sol. Let f(@)=2@°+w* -4w+7 
Take@+2=0 => m@=-2 
f (-2) = 2-2)? + (-2)? = 4(-2) +7 
= 2(-8)+44+8+7=3+0 
Hence w+2 is not of factor 
08. x-a, x" —a" when nis a positive integer Lahore 2009 
Sol. - Let f(x)=x"-—a’” 
Take x-a=0 then x-a=0 => x=a 
f(a)=a"-a" =0 
Yes x-—ais factor of x" —a’ 
09. x+a, x" +a" where n is a odd integer. 
Sol. Let f(x)=x" +a" Sargodha 2009,Faisalabad 2008,09, Lahore 2009 
Take x+a=0 > x=-a 
J (-a) = (-a)" +a” 
Because n is odd, 
=-a"+a"=0 
Yes x +a is factor of x" +a" 
10, When x* +2x° +k +3is divided by x-2, the remainder is 1. Find the value of k. 
Sol. Let f(x)=x'+2x' +h? +3 Multan 2009 
x¥-2=0 = x=2 
Put x=2 
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f(2)= (2) +2(2)Y +2 +3 = 4k +35 
Given remainder is | so 
4k +35 od => 4k=1-35=-34 
=> k= -34/4 => 
When the polynomial x° +2x° + kx+4 is divided by x-2, he reminder js 14. 
Find the value of k. : 
Sol. | Let f(x)=x°+2x?+hx4+4 Faisalabad 2008,09 
Take x-~2=0 => x=2 
f(2)= (29 +2(2yY +k(Q)+k 
=84+8+2k+4=2k+20 
Given reminder is 14then 
2k+20=14 = 2k=14-20 
2k=-6 . > k=-3 
Use synthetic division to show that x is the solution of the polynomial and use the 
seo to factorize the polynomial completely. 


12. xe ~7x4+6=0, x =2 
Sol. or x +0x?-7x+6=0 
Now ; " 





11. 






-3 
Remainder is 0 so x=2 is solution 
Also x*~7x+6=(x? +2x-3x)(x- 2) 
= (x? #3x-—x-3)(x-2) 
= (x(¥ +3)-1(x +3))(x—2) 
= (¥~ 1x + 3) — 2) 
13. x? -28x-48=0,x=-4 © Sargodha 2008 
Sol. or x° +0x" -2@x-48.=0 


1 : 0 28° -48 
A ; -4: 416 48 


Remainder is o so x =—4 is solution 
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Also x° ~28x-48 =(x+4)(x? — 4-12) 
=(x+4)(x? -6x+2x—-12) 
=(x+4)(x(x-6)+ 2(x-6)) 
=(x+4)(x-6)(x+2) 
14. 2x1+7x? —4x? -27x-18, x=2,x=-3 Sargodha 2006 
So x=25x==3 , 










-27 -18 
2 36 ‘ 18 
Me 
-3 


3 


Hence x = 2, x =-3 are solutions. 
Now. 2x'+7x? —4x? -27x=18 
= (x-2)(x +3)(2x* +5x +3) 
= (x-2)(x+3)(2x° + 2x+3x +3) 
*=(x-—2)(x+3)(2x(x +1) +3(¥+1)) 
=(x-2)(x+3)(x+1)(2x +3) 


+ Use synthetic division to find the values of p and q if x+1 and 


x-2are the factors of the polynomial x’ + px’ +qx+6. 
Sol. x +px’+qx+6=0 Multan 2008, 09 

x+1=0 => x=-!1 

x-2= 0° Sov =2 


| 
i 6 
«ff | p q 


| i “pti PS 2 
1 p-1 q-pt+1 p-qt+S . 
Since x+1is factor so p-~q+5=0-——--—--- I 
2 1 p-1 q-p+1 
2 (2p+2 


+ P+1 P+q+3 


p+q+3=0(x-2 is factor)------ Il 


1+iIF 
p-¢+5=0 
p+g+3=0 


2pt+8=0 — 


16. - 


Sol x! —4x° +axr+h,- 
Let fix)=x° -4x° +ax+b 
Put x =-2 


I(-2)=(2Y ~4(-2)7 +a(-2) +b 


= [p==4 





~24+2=0 


~Ag~-2=> [=i] 


Find the vatues of a and b if ~2 and 2 are roots of the polynamial 


: J (-2)= —8 ~16—-2a+h Pm a+ b-24 


~2 is reat so —2a+6-24=0 
/(2)=QY —4(2) +a(2) +5 
“ =8-16+2a+hb 


=la+b-8 ye 


2 is-reot se 2a+ b -8=0 
itd] 


26 45-4 =0 
2 6-8 =0 


Ho 
[-H 


24+ 6-24 =0 
-2a+ FT8=0 





4a~-16=0 
qz=-4 
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Singh aes I 
a 
c 
Product = ap =— IT 
a é 
Equation from roots is 
x’? -Sx+p=0 TT 
Proof 1 we know that 
_-b+Vb’ -4ac 
. 2a 
-b+Vb* —4ac -b-Vb° —4ac 
a = —————— . & B = —_____—_ 
2a 2a 


Sum =a+fB 


; ee 
_—b+ Vb —4ac  -b-vb*=4ac _-b+ b><Tac ~b~ b>=Fac 


2a 2a 2a 


Za a 


Proof II Product =af =¥ 


ap =| Sate | b? 4 


2a 2a 
_ (-by - V(b? —4ac)’ 
4a° : 
b-(b —4acy £ b? —b? +4ac 
4a? ‘4° 
4 . . 
4am a a 
Proof Ill we know that 


ax’ +bx+c=0 
+ by a we get 
, Se 
x +—x+—=0 
a a 
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or x? -(-£)r+£=0 
a a 


Use result | and II 
x +-Sx+ p=0 : 
1. If a, f are the roots of 3x’ -2x+4=0, find the values of 
, ee. | 
t =n ae 
(i) a B 


Sol. Given 3x7 -2x+4=0 





St es 
a fp ef 
_ a +f +2aP-2aP 
(apy? 
_ (a+) -2aB _(2/3~ -2(4/3) 
(apy (4/3) 
4/9-8/3 4-24 9 
= ————_——_ = (—__) x — 
16/9 a 16 
—20 








_ —=-5/4 
16 
(ii) ° a¢ wf Sargodha 2011 - 
sot. 2,8 2 +h 
Boa ap 
_@'+f'+2ap-2ap (a+Py -2ap 
ap ap 
_ 2/3)" -2(4/3) _ 0 3 
4/3 Os A 
eo, ee eee 
=(- — = (——- /f—) = -—§/3 
( 5 a SD 


(iii) at+p 
Sol. a+ P=(e yep y 
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acy at yaar -2a° pf? < 
=(a°+ By -2a°p’ 
=(a@’+ f° +2aPB-2aB) -2a’ f’ 
= i + By’ -2ap] -2(apy" 


‘ls ( -26 | — 





= > -2¢2) = 
oe >. 32 400 = 
=(— +— = ——— - . 
9 oS 3G 
_ 400-288 112 
81 81 
(iv) a +p Multan 2009 
Sol. a’ +B =(a+ Ba’ -aB+B’) 


=(a + f)(a’ + f +2af -2af - af) 
=(a+ B)((a + By’ -3af) 
= (2/3) (2/3) -3(4/3)] 





2.4 
EMG? 
: as “ 
eS rao 
1 
(v) xe 
P 3 3 
Sol. ahipuls of tH 
af ap 
_(@ + B\a? + BP? +2aPB-2aB -aPp 


(apy 
1f oye 4 
* opie el) Gey 





(apy (4/3) 
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ear ae 
27 
2,32. 27 
“GM Gg eo! 
(i) ape 
Sol. a? ~ f° = (a+ BYXa—Z) 
We know that 


a- py =a? + Pp -2eB 
=a" +f +2aB-2af—2ap 
= (a+ B)’-4af | 
= (a-f)= (a+ fy - 408 
| becomea’ — f° =(a+ BXa -f) 
=(a+ B)(a+ py -4af 
(27 - > - el 





=¢ as “oy 
= 2 a So cial 
SL 


2. If a, 8 are the roots of x’ — px-c=O, prove that : 
(lt+aXl+ B)=1-¢ Sargodha 2008,2009 Lahore 2009, Rawalpindi 2009. 
Sol ThenutB -P) =P ‘ 


and aff CP). pc 

LHS =(l+a\1+ 8) 
=l+a+P+ap 
=I+p—p-e 
=1-c=RHS 


COLLEGE MATHEMATICS-1 241 QUADRATIC EQUATION 


3. Find condition that one root of x’ + px+q=0 is Federal 
(i) Double the other 

Sol. x’ + px+q=0 (a=1,b = p,c=q) 
According to the given condition x 
a=aand B=2a so 


akin as. cee ile 
a ] 
=>3a=-—p => a= 1 
c 23 q a 
And aB=—- => (a)2a)=— = 20 =q----- I 
a 


=>2(-p/3y =q = 2p’ /9) =¢ 
(ii) Square of the other 
Sol. - According to the given condition 


a=a&B=a’ then 
age SS. wea? asealkp 
a ] 


£ => (aya’)=4 


a ] 
o=q = az=q"”’ 


Also aB = 


lbecome a+a@’= Phi => q. oF (q’y =—-P 

*9 =—p —---I] or (gq? +q°y =(—py 
ore +(q°° y oy 3(q\’ Kg? ug? + q’°) = -p 
q+q° +3q'°"??(—p) = -p 

q+q° -3q'(p)+ pp =0 

=> |p +q+q =3pq 


(iii) Additive inverse of the other 


q'*+q 


Sol. According to the given condition 
a=ak&Pp=-a 
arpa = at+(-a)=—~ 
B 1 


a@-a@=-p = Q=-p = |[p=0| 


(iv) Multiplicative inverse of the other Multan 2009 . 


Sol. According to the given condition 


a=a&fpu+ so 
@ 


c ] { 
aS => o(+)=# => [l=q| 
4, Of the roots of the equation x? — px+q =0 differ by unity, prove that 
ip =4g+i, S arg odha 2007 
Sol. © x*-pr+q=0 (a=1,b=-p,e=4) 
According to the given condition 


a@=a & P=a+l then 


wep => a+a+l=-CP) 
a 


2Zatl=p => Za=p-l => pol 


| 2 
And ap=£ = a(a+1)=4 

a 
a? +a =q(Put 1) 


(=) peal: 3. Coe 
2 2 4 2 


x'by4 => p? —-2p+l+2p—2=4y 


pr-l=4g = 











: Find the condition that = + =§ may have roots equal in magnitude 
< . _K-a@ xX 
but opposite in signs, 
Sol. c + g =5 
x-a x-b 


x’ both sides bx ~a)(x—b) 
ax—b)+b(x— a) = 5(x-a)(x—-b) 

ax — ab + bx — ab = 5(x° — ax — bx + ab) 
ax +bx -—2ab = Sx? —S5ax -5hx+5ab 
5x” ~5bx — 5ax +5ab ~ ax ~ bx +2ab =0 
5x" -6ax - 66x + Jab =0 

5x’ -6(a+b)x+ Tab =0 
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QUADRATIC EQUATION 


According to the given condition 
A=5,B=-6(a+b),C =7Tab 
a=a&fh=-a so 


o+ fe =a +(-a)=T8@+) 
a 























gq = Hat) pee 9 = Ma+h) 
5 5 
= 
6. If the roots of px’ +qx+q=0 are a and B then prove that 
a iz + ie =0 Multan 2007, 2010 
B Na \p 
Sol. a+p=r=t l&apat I 
Pp 
Jap = 4 sla HI Take square root of Il 
P 
Se ILS iavide fap at 
VaB gi p 
<p B _-qip NOTE 
VeB Jap Jq/p x=VxVx= (vx) =x 
ava VJBVB _-Ja/p q/ Pp 
vaJB Va/p q/p 
is ,_ /4__ fa 
B Na P 
=> |S é + |Z =9 
B Na \p 
S If a, B are the roots of the equation ax’ + bx +c =0, form the equation 
whose roots are | 
(i) a’, 8? 
Sol, gape and ap =< 
a a 
are Given (For all parts) 
S=a’°+f? 


=a’ +B +2aP-2aB 





(i) 


(iil) | 


Sol. 





%! by a . 
ay? —(b° -2ac)y +e" =0 
aa | 
. a’ Bp 
garb atB _-bla 
a f af cla 
—-b a b- 
= KOO SO 
ae = 
pot Jets. 
a8 ap cla e 
y’ —Sy+ p=0 


y-(ay+4=0 
é c 


BPS necccces. 
cy’ + by+a=0 
11 
ap 
1 1 BP +e 
smi Bap 
—b 2¢ 
_ a’ + B+ 2af- ap (a+) - -2af eC ) a 
‘ (] 
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a c 
pol ede ie 
ap ap (apy (clay 
a ] _@ 
ola ae 
y’ -Sy+P=0 
2 2 
v2 fey =0 
‘x' by ¢? 
cy? -(b° -2ac)y+a? =0 
(iv) a’,p 


Sol. §=S=a*+ Pf =(a+ B)(a’*-af + Bp?) 
=(a+ B\a’ + Bp +2aB -2aB -af) 
=(a+f)|(a+p) -3ap] 


(2e)-Eppe39 


_ -b' +3abe 
a 





3 


3 
P= a’ Bp’ = (apy -(£} == 
a 


a 
y’ -Sy+ p=0 
2 { -b' +3abe c 
y ~| PA yt =0 
a a 
x! by a’ 
ay? +(e —3abc)y +e =0 





(vi) 


Sol. 


_ (a+ Ba’ - af +B’) 
; CT 
_ (a+ Ba?" + B* +20f ~2a, ap) 





(apy 


_ a+ flat py’ —3a8)) 
{apy 


Tees), alee 
we 
alee 


= + ae | @ 
=| CU XK 





seer 
x 
aL). 


a 


- +3abe 


a 
a B ~ Cay iar o 


yp -Sy+p=0 


, (—b'+3abe\ a’ 
Yale et ae 
c ¢ 
cy’ -(b' +3abe)y+a =0, 
op ae | 
‘Q@+—,B<- 
ee B “3 


| 1 
S=at+—-+f$+— 
a - p B 
se AA 
=(a+f)+— +7 


B 


n(a+ py tbac 


= eK ee 
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—be -— ab 
ac: 


Paes ++) 


x Bak 
apt "ae 
=ap+ poe: 


oe 
se +B? +2aP -2aB 


jab+ 
. ap ap 
=f +g +P) ~ 208 
ap ap 
(=By2 _ 2¢ 
oie ee ae 
a tha c/a 
Ea 2 2) a 
=—+—+| —-— |x= 
BOON. og c 





“ae ae 
7 > 
ate +b —2ac 





ac 
y —Sy+P=0 
3 Ri 48 ae 
yi obec) ae tel + seer = 
ac ac 
*x' by ac 


= ac +b(c+ a)y+a’ +b’ -2ac=0 
(vii) (a2- By’ (a+ py 
Sol. =S=(a-f)'+(a+ By 
= (a’ + 8° ~2aB)+(a4 By 
= (a + 8 +208 -2aB -20f)+(e+ By’ 
=(a+B) -4af+(a+By 


UA 


TIC E 


ON 





(viii) 


Sal. 


2 . 
=) -4£ 
a a 


=2(a'+ p) ~4ap =2{ 
2b? 4e 257 —4ac | 


ee ie eee 


fe a ae 


P=(a+ By (a+ py 
= (a? + 8° -2af + 2af -2aB\a + BY 
=((a+ BY -4af\a+ BY 


(2-2-8). 





_(8-4ac\(b?) bY -4ab7c 
os a La co : a’ 


py -Sy+P=0 — 
(2p? — 4 . A Apel. 
r-[ 2}, 4{4 Sab é)=0 
a a 
' by a’ 
a‘y’ —2a° (b’ ~2ac)y+b* -ab’e=0 
1 1 
ae” B® 


I -l 1 ] 
ne “3lF) oe 
-a° - p° __ a B’) 
a Bp (apy 2 | 
_ _(a+Pya*+ fp +2ap-2af - af) 
(apy | 


" —b 
_ (a+ BY(a+f)' -30f) _ (2\( 
, a = 
an 
((8-)2-Qe2] 
a}\a |e *)[ a’ \ 








COLLEGE MATHEMATICS-! 
b> -3abe a b'—3abe 
> 3 nec ea 3 
a c c 








Ne! by c | : 
cy’ -(b° -3abe)y +a =0 


ATI 


If a, B are the roots of 5x’ —x-2=0, form the equation whose roots 


ine eee 
a, £ 

1 ] 

+ Sj —— | > 

arpn-(-3)=; 
c 2 
weit 


3 


s 3 
Given roots are — and — 
a 


S= 3,32 ge 
eS a £B ap 
NU os 3 


~ZhS  <& --Z 2 


p-(2)(3)-5-2 =. 
“le B ap 23/5" “ef 


y’ -Sy+P=0 


2 -3 45 a 
PAZ) F-0 


peepee 
Ys 3 


x'by2 => 2y’+3y-45=0 


Federal, Faisalabad 2008, 09, Gujranwala 2009, Mul tan 2009 


45 
2 





If a and B are the raots af x ~ 3x40, “from ti the égitation 
9. l-@ 1-8 


whose reots are - and 
l+a 1+8 








a x I-f 

a’ 1+2p 
s_l-@, a (l-a)i+A)+(1- Byl+a) 
“Tha tap (l+a)(1+p) 
_l-a@+f-aftl-Bt+a-ap 
- | eee a 

SS eB 2-26) _2-16 _ 8 
Cape 1+345 a ue 


a Aah A). l-a-B+op et 
l¢a\l+8) 1+a+B+ap ase 
_l-(a@+f)+aB 1-345 a3 
“lt(at+f)+aB 14345 9 - 


8) 3 
y+> = 


1 
Roats oe 





y-Sytp=0 = py -( 


om 


x’ by9 Sy +8y4+3=0 


| 
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i. b’-4ac <0 Roots are complex 


ii. b° —~4ac =0 Roots are equal Faisalabad 2009 


iii. b’ —4ac > 0 (Not Square) Irrational 
Real 


iv. b? -4ac>0 (Square) Rational 


01. 
i, 


Sol. 


ii. 


Sol. 


iii. 
Sol. 


iv. 


Sol. 


02. 


Sol. 


Discuss the nature of the roots of the following equations: 
4x? +6x+1=0 Faisalabad 2009 
4x*+6x+1=0 (a=4,6=5, c=l) 
Takex+1=0 =>x=-1 
b’ ~4ac = (6) — 4(4)(1) 
= 36-16 = 20 Irrational and unequal 
x? -5x+6=0 Multan 2010 
b° —4ae = (-5)? — 4(1)(6) 
=25-24=1=(1)’ Rational & unequal 


2x’ -5x+1=0 Multan 2009 
b* —4ae = (-5)’ - 4(2)(1)=25-8=17 Irrational unequal 
25x’ -30x+9=0 Multan 2009 


a=25, b-30,c=9 
b’ — 4av = (-30)* - 4(25)(9) = 900-900 = Equal 
Show that the roots of the following equations will be real: 


# -2{m +L lees =0;m+0 Rawalpindi 2009 
m 


a= b==2 [mst ).e=3 
m, 


b? —4ac = -2{m + =}| — 4(1)(3) 


m 


= 4{ m? +42 }-12= 4m? + oa8 8-12 
m m 





= 4m? + -4=4{ nt +1) 


2 
im” m 
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Sol. 


03. 


Sol. 


Sol. 


04. 


Sol. 


ii. 


Sol. 


Alm? +E --ts1\=4{n +2241] 
m m 


-4l(m—2) sifso Hence Real 
m 


(b~c)x? +(c—a)x +(a—b) = 0; a,b,c,€ Q 
A=b-c, B=c-a,C=a-b 
B? —4AC.=(c-a) -4(b-c)(a-b) 
=¢? +a" —2ac=4ab + 4b? + 4ac = 4be 
=a’ +c’? +2ac—4ab—4bc + 4b? 
=(a+c—2b)’ >0 Hence Real 
Show that the roots of the following equations will be rational: 
(p+q)x’ — px-q=9 Syd 2009, Lahore 2009, Mul tan 2010, Fsd 2007, 08 
a= p+q,b=—p,ce=-q 
b* —4ac =(—p)’ ~4(p + q\(-9) 
= p> +4pq+4q? =(pt+2q)’ Hence Rational 
px’—(p-q)x-q=0 Sargodha 2009, Mul tan 2008 
a= p,b=—(p—q),¢=-q 
b* - dae =[-(p-4)} -4(p)(-9) 
=p’ -2pqr+q' +4pq 
=p +2pq+q =(p+q) Hence Rational 
For what values of m will the roots of the following equations be equal? 
(m+1)x?+2(m+3)x+mt+8=0 Sargodha2006 
a=m+l1, b=2(nr+3), Ca=m+8 
b* —4ac = [2(m + 3)] —4(m +1)(m +8) 
= 4(m° +6m+9)—4(m? +m+8m-+8) 
b? —4ac = 4m” +24m+36- 4m -4m-32m-32 =-12m+4 


Given roots are equal i.e b’-4ac=0 =-12m+4=0 
12m=4 
m=4/12=>m= y 
x? —2(1+ 3m)x+7(3+2m)=0 Lahore 2009 


a=1,b=-2(1+3m), ce =7(3+ 2m) 


Ti 
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b? —4ac =[-2(1+3m)] ~4(1)(7+2m)) =4(1 +6m+ 9m? )~28(3-+2m) 
= 4+24m+36m’ —84-56m 
= 36m —32m-80 
= 9m’ -8m—-20('+'by4) 
= 9m? —18m+10m—20 
= 9m(m—2)+10(m—2) =(m-—2)(9m +10) 
Given roots are equal so 
(m—2)(9m+10)=0 
m-2=0 or 9m+10=0 
m=2 or m=-10/9 
iii. (1+ m)x? -2(1+ 3m)x+(1+8m) =0 Mul tan 2008 
Sol a=l+m, b=-2(1+3m),c=1+8m 
Roots are equal if b° -4ac =0 
=> [-2(1+ 3m)] -— 4(1 + m)(1+8m) = 0 
4(1+ 9m? +6m)—4(1+m+8m+8m’) =0 
4(9m* +6m+1)-—4(8m? +9m +1) =0 
+ by 4; (9m? +6m+1)—(8m* +9m+1) =0 
9m? +6m+1-—8m'’ —9m-1=0 
m -3m=0 => m(m-3)=0 


or m—3 


05. Show that the roots of x? + (mx +c)’ = a’ will be equal if c? = a7(1+ a’) 
i. x+(mxtcy sa | Federal, Fsd 2007,2009, Mul tan 2008, Sgd 2007, 08 
Sol. x +m’ x’ +2mex+c’ -—a’ =0 


(l+m*)x? +2mex +(c? -—a’) =0 
A=l+m’, B=2mc, C=c?-a@ 

Given roots are equal so B? -4AC =0 
(2me)’ —4(1+ m1 (c’ —a*)=0 

4 ~4e2 + 4a? — 4S + 4m? =0 
—4¢? +4a? +4m’a’? =0 

+by4 =>-c’?+a’+a°m =0 

or—c’ +a°(1+m’)=0 


=> |e? =a’(l+m’) 


2 8 


Sol. 


Show that the roots of (mx +c)? = 4ax will be equal if c= a/mr; m +0 
ty = 4ac Sargodha 2010 
mx? + Imex +c? —dax=0 

or so m’x? +2mex—4dax+c? =0 

mx? + (2me—4a)x+c? =0 

4d=m’, B=2me-4a, C=" 

Roots are equalso 8? -4AC =0 

(2mc —4ay —4m’¢? =0 

SWE + 16a? ~\6amc— sn =0 = 16d? —16ame =0 

‘+'by l6a >a-mce=0 > me= a => lc=a/m| 


Prove that ~ ey: 1 will have tae roots 
se = om sep a0, b#0 : Faisalabad 2008, Mul tan 2007 
2 2 
4 Lame te) aj ss xb +a *(mx +c) =1 


=f Bb a’h* 

xb? +47 (mx? + 2mex +c”) = ab? 

xB? + am? x? +2a*mex +a’? —g'h? =0 
(0° +a’m?)x? + 2a*mex +(a°e? — ab?) =0 
A=? +a'm’, B= 2a'me, C =a’c? — ab? 


Roots are equal so B? —44C =0 


=> — (2a’meY - 4(b? +. am? a’? — 7b?) =0 
Satan? ~Aa*b?c? + 40°! ~ baba et + 4a'm'b? =0 


ee ty ao => —40°b'c? +4a°b' + 4a'm?b? =0=> -c? +5? +47? =0 


let zaim +8] 


Show that the roots of the equation (a7 — bc)x’ + 2(6? - ca)x +0? ~ab=0 will 
be equal, if either a° + 5° +c? =3abc or b=0 x 

(a° —bc)x” +2(b’ —ca)x+(c? - ab) =0 

A=a’—be, B=2(b? —ca), C=c? —ab 

Roots are equal so B? ~4AC =0 

[ 206? - ea) |’ ~4(a? -be(c? ab) = 0 


4(b4 + c8a? —2ab’c)— dare? +4a°b +4bc? —4ab *o <0 


é 
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4b4 +402’ -8ab’c-4e’ a’ +4a°b + 4bc* —4ab*c =0 

4b‘ -12ab’c + 4a°b+4bc* =0'+' by 4 

=> b(b* -3abe+a?+c°)=0 => b=0 or a+b? +c? -3abc=0 
=> a’+b? +c? =3abe or b=0 


Solve the following systems of equations: 
01. 2x-y=4;2x?-4xy-y’ =6 
Sol. 2x-y=4 
From i -y=4-2x => y=2x-4 — ii 
(Put iii in ii) 2x? —4x(2x-4)-(2x-4) =6 
2x? -8x° +16x-(4x’ -16x+16)-6=0 
2x? —8x? +16x—4x* +16x-16-6=0 
—10x?+32x-22=0 = 10x? -32x+22=0 (‘x'by—1) 
+ by2 both sides 
5x? -16x+11=0 = 5x?-S5x-llx+11=0 
5x(x-1)-11(x-1)=0 => (x-1)(5x-11)=0 





i, 2x? —4xy—- y*? =6 —— ii 


x-1=0 or “Sx=-11=0 >:-x=1T or x 


When x =1 then y =2(1)-4=2-—4=-2 


When x=1t then y =2{12)- ~ 22 4-22-20 
5 5 > 5 





WM} r 


11 2 
SS = {cu 2), 22 


02, x+y=5; x74+2y? =17 Mul tan 2010, S arg odha 2011 

Sol. x+y=5 
Fromi x=5-y 
Put value of x sin ii(S-—y)?+2y?=17. , 
25-10y+y>+2y*-17=0 => 3y’?-10y+8=0 
3y?-6y-4y+8=0 => 3y(y-2)-4(y-2)=0 
(y-2)3y-4)=0 => y-2=0 or 3y-4=0 
y=2 or y=4/3 when y=2 thenx=5-2=3 


i, x? +2y? =17 —— ii 





iii 
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03. 
Sol. = 


04. 


Sol. 


whin y= 4/3 thinx=5- 473-235 


3 
ssefanel.s| 


3x+2y=7; 3x! =25+2y'. 

















3x+2y=7 TA, 3x? =254+2y* aah 
(From 1) 2y=7-3x => = Mune io HI 
Put value of y in ti 
a 

957 = 95.4 ty = = 3S 4 pee aen TIE 

2 A, 

+ AD 
3x? 225420 42x+49 
2 
(x) both sides by 2 6x° =50+9x? —42x+49 
or 9x° ~42x4+99-6x7 =0 => 3x’ -—42x+99=0 
+ bath sides by 3 x’ -14x+33=0 
x? ~3x-11x4+33=0 => x(x-3)-I1(x-3)=0 
(x-3X(x-1D)=0 = x-3=0 or ‘x-11=0 
x=3 or x=1! 
When x=3 Hen ja ett. Bay 
2 2 2 
When xs ilahen Roe ee 
2 2 2 
= {(3,-1),(11,-13)} 

x+ ype = 5; <4 22,20, y#0 

y 
x+y=5 I ES ——/l 

x y 

From 1 x=5-y Ill (x) Il by xy both sides 
Put value of x in 2y 43x =2xy IV s 


2y+3(5—y)=2(5—y)y | => 2y+15—-3y =10y=2y" 
=> 2y+15-3y-l0y+2y’=0 => 2y?-11y4+15=0 
2y?-6y—-Syt+15=0 = 2y(y-3)-S(y-3)=0 
(y-3)2y-5)=0 = y-3=0 or 2y-5=0 


ATI 


coUecEMaTHeMaTICS:  =§# = - "EES QUADRATIC EQUATION 


(y-3)2y-5)=0 => y-3=0 or 2y-5=0 
: ; 

y=3 or yaa 

When y=3 then x=3-3=2 








When yee then peg SSUES? 
2 7 aa 
§ 5 
SS = 2,3 Aon f 
{a.m5f 
a 6 
05. x+ysatb;—+—=2 
x yy i 
Sol. xty=at+b = ao _> H . 
x y 


‘(From 1) x=a+b-y IH (x) I. by xy. we get 

(Put value of x in IV) ‘aytbx=2xy_ IV 
ay+b(at+a—y)= 2(atb- y)y. => agy+ab+b° —by= 2ay + 2by - 2y 
= ay+ab+h’ —by—2ay- 2by+2y" =) 
2y?-ay-3byt+ab+bh’=0 => 2y’ -(a+3b)y+ab+b° =0. 
A=2, B=-(a+3b), C= ab+b* 


_[(-a+3b)|+: [- _(a+36)}- —A(2ab-+ ’) 
22) = 


y= (arb Nat 20h a eons by? 


ee b) 
4 e 
_at3b+a-b and pee esees 
4 4 
f 2 
2a+2b _2{a+6) _atb be ee ae: 
4 4 2 4 
When yao 
When y=b thenx=a+b-t=a 














i> 
a+b 2a+2b-a-b_atb 
2 oS es ae 








then x=atb— 


os 














5.5 = (a, 6), Coe ash) 
. 2 2 
~ 3 4 Es 
06. 3x+4y = 25; —+—=2 Rawalpindi 2009 
ix y 
3. 4 
Sol. = 3x+4y=25 ft; —+—=2 i 
¥ y 
(From 1) x= at (x) by xy = 3y+4x=2xy Lit 


07. 


Sol. 


Put value of x in Ill 
sysa{ BAY) (2547), 


3 
— , — 2 . 
sy 2 ae gy 


(x) both sides by 3 
9y+100-l6y=S0y-8y7 => 9y+100-16y-50y+8y? =0 
8y’-S7y+100=0 => 8y?-32y-25y4100=0 
By(y—-4)—25(y-4)=0=> (y-4)(8y~25)=0 


y-4=0 or 8y-25=0 => y=4 or y= 





When y=4 then pao ON 6 2s 
3 3.4 
4{23) 52. 25 a 
23-4(23) VL cae : 
when y=2/p thens= Sn 2. 231 25 


25:20, 
SS = (3,4), 23 
(2-3)? + y? = S:2x = +6 
(x-3)' +y? =5 » 2x=yt+6 —] 
or x°~6x4+9+y"°-5=0 © (From I) y =2x-6 
or x°+y*—6x+4=0 af 
Put value of HI in il 
x? +(2x-6)-6x4+4=0 - | 
x? +4x” -24%436-6244=0 5x” -30x+40=0 > x? -6x48=04 by5 








AIT 








Sol. 


Sol. 





QUADRATIC EQUATION 
=> x’-2x—4x+8=0 
x(x-2)-4{x-2)=0 => (x-2Xx-4)=0 
x-2=0 or x-4=0 = x=2. or x=4 
When x=2 then y=2(2)-6=4-6=-2 
When x=4 then y=2(4)-6=8-6=2 
S.S = {(2,—2),(4,2)} 
(x+3P+(y-1P #5 3 x7 + y?+2x=9 
x? +6x4+9+y?—2yt1-5=0. ; x’? +y? +2x-9=0 
x+y’ +6x—-2y+5=0 Il; x*+y?+2x-9=0 
Subtracting I] from I i 


AV +6x-2y+5=0 
EAP t2x —-F9=0 


4x-2y+14=0 = 2x-y+7=0 = y=2x+7 
Put value of HI in I x*+(2x+7)'+2x-9=0 
x? +4x? 4+28x+494+2x-9=0 => 5x74+30x+40=0 => x7+6x4+8=0 


AT 








Hit 





=> x? 42x44x4+8=0 


x(xt2)+4(x4+2)=0 => (x+2)(x+4)=0 © 
¥+2=0 or x+4=0 => .x=-2,x=-4 
When x=-2 then y=2(-2)+7=-44+7=3. . 
When x=-A then y= 2(-4)+7=-8+7=-1=> SS = {(-2,3),(-4,-)} 
x’+(ytly =18 3 (x+2) +y’ =21 . 
or x+y? +2y+1-18=0 5 x? +4x+44+y?-21=0 © 
x +y'+2y-17=0_ os x? +y?+4x-17=0__ 
H-I=> 4 +4x-4#=0 


PAG t2y 547 


4x-2y=0 > 4x=2y => 2x=y ii 
Put value of Ill in H 
x74+(2x)?44x-17=0 => 2x7+4x?4+4x-17=0 


sx) 44x-1700 = xut (4)* = 4(5)-17) 


2(5) 


TION 





sui eee 
rat vl6+340 -—ttv556 
10 
ee tN ANS? Gee 2-24 VR9) - 
10 10 Fe 
-2+V89 , -2- 89 
SEEN gee 
5: < 5 | 
Fee page a | 
When x =————_ —— 2N® then y= {= ~2- 38 )-2® 


ss-f(248)(+48)] (228)(+28) 


10.0 x’ + y?+6x=1 5 pe tay 3 


Sol. x+y +6x=1 —I, x*+y'4+2x+2y= 3 ——-Il 
H-I BF vette 3 
aa +6x = 1 


~4x+2y=2 = -2x¢+y=1 => y=2xtl 

(Put value of y in 1) x? +(2x+1) +6x=1 

x 44x? +4x+4+6x-t=0 = 5x’+10x=0 

5x(x+2)=0 = Sx=0 or x+2=0 

x=Q. or x=-? 

Whenx=0 then y=2(0)+1=0+1=1 | 

When x=-2 then y=2(-2)+1=-44+1=-3>5.8 = {(0,1),(-2,-3)} 





Example-1 (Exercise 4.9): x’ + y? = 25 I S arg odha 2010 
Sol. 2x? +3y?=66 
H-2xI-> 2x? +3y? =66 
2? + 2y" = 50. 
y’ =l6> y=14 


(Put in 1) x7 +(44 =25 > x? +16=25 
x) =25-16=9= x= 43 9S. ={(43,44)} 


COLLEGE MATHEMATICS-| way UA TIC EQUATION 


Show the following systems of Equations: 


01. 2x? =6+3y?;3x’-5y’=7 
I & 3x°-5y’ =7 
(x) 1 by3 II by 2, then subtracting 
pi —9y" = 13 
~pa* =10y* =14 
y = =o yt2 
Put y=x+t2inI 
2x? —3(+2)’ =6 
2x* —3(4) =6 
2x? =6+12=18 
¥=9 > x=t3 
S.S ={G,2),(3,-2),(-3, 2),(—3,-2)} or {(4+3,42)} 
02. 8x2=y’ ; x? +2y? =19 


4 


Sol. 8x°=y 


Sol. => 2x?-3y’ =6 II 








; => 8x?-y’ =0 ——_1 
x°+2y? =19 I 
(x) Iby2and addin Il 


16x? — 27 =0 


x7 + 2% =19 


Wiad = Pee Ss roa] 
17 17 


fs = ) -y’=0 (J become) 


3 ae 38 38 
= g) — |-yvoy =4x—> p= | 
(2) ae ee i 


ssuff8 an) 
17 17 





COLLEGE MATHEMATICS-| YP 


03. 2x’-8=5y? 5; x?~-13=-2y? 
Sol. 2x’ -8=Sy” x’ -13=-2y" 





=> 2x°-Sy’? =8 I 

x'+2y? =13—— I] => x? +4y? =26—_ yy 
1-Ill=> 

2x* ~Sy? =8 


2? +4y* = 26 
-9y=-18 => y =z = y=tv2 
Putin I x? +2(4V2y =13 
x? =13-2(2)=13-4=9 >x=43 
S.S ={(43,4V2)} 
04. x’-Sxy+6y?=0 ; x? 4+y?=45 
Sol. x” —5xy + 6y? =0 I x?+y? =45 
(from I) x? -5xy+6y? =0 
x? ~2xy-3xy+6y’ =0 
x(x-2y)-3y(x-2y) =0 
(x-2y)(x-3y) =0 
x-2y=0 WI or x-3y=0 
=>x=2y Putvalue of x in II 
(2y)’+y? =45 
4y?+y? = 45 
Sy =45 > y=9 o y=t3 
When y=3. then x =2(3)=6 
When y=-3 ten x =2(-3)=-6 
Jrom IV x=3y 
Put Value of xin II 
Gy) +y*=45 
9y'+y=45 => 10y? =45 








IV 








When vegan Z)=% 





Os. 


Sol. 


—9 


When y “5 then x -3{- Sy 
9 3,,-9 -3 
SS = 16 3), (6, —3), CE 5 Va" OF wre 


12x’—25xyt+i2y?=0 ; 4x7+7y? =148 Mul tan 2010 
12x” ~25xy+12y? =0 1, 4x? +7y? =148—_ 7 

(from 1) 12x? -25xy+12y’ =0 

12.x* -l6xy—-9xy+12y? =0 ° 





' 4x(3x-4y)-3y(3x—4y)=0 


(3x-—4y)(4x-3y)=0 ; 
3x-4y=0 HI or 4x-3y=0——ivV 





Jrom Il] 3x=4y => x=sy 
dT 





Put value of x in 
4 y 
“{s ,) +Ty? =148 
(8, ‘ery = 148 
9 
2 
oe + Ty" =148 
(x) by 9 both sides J 
64y’?+63y?=1332 = 127 y" = 1332 | 


2 _1332_ 4x333 
“127~~«127 


yeh [333 _ 35 1237 | 46,[27 
127 127. 127 


= 











3 


28 [333 | £5 Pad? 283 ST = 48 [37 
127 127° 127 
from V=>  4x= 3y => x=2y 
Put Value of xin H 


When y=42,(22> = then x a =) 


COLLEGE MATHEMATICS-1 


06. 


Sol. 





ae 
(3, +7Ty’? =148 


9 ; 2 
4| —y? |+7y? =148 
He") : 

“e719 =148 

(x) by 4 

9y? +28y" =592 

37y’ =592 

> 592 

*=—— =16 > y=14 

y= y 

When y=4 then x=2(4)=3 


When y=-4 then x=2(-4)=-3 


37.2 [ST 
ss={oni-a-o 9] a ai 3 


12x? -llxy+2y?=0 ; 2x°+7xy=60 
12x? -llxy+2y? =0——I 

2x? +7xy = 60 II 

(from I) 12x? -11xy+2y? =0 

12x° -8xy-3xy+2y’ =0 

4x(3x-2y)— y(3x-2y) =0 
(3x—2y)(4x—y) =0 

3x-2y=0 "IW or 4x-y=0 So 





from lll 3x=2y => x==y 


2 
Put tay in IT 


22) 2 
2;-y}| +7 = = 60 
3») (Fy) 


4 14 
2| —y’ |+—y’* =60 
52") af 


QUADRATIC EQUATION 





07. 
Sol. 


(x) by 9. we get 
By’? +42y? = 540 
50y* = 540 


ace 


from WV = yodsx 

Put Value of yin UH 

2x? + 7x(4x) = 60 

2x? + 28x" = 60 OS 
307° =60 => x=2>>  x=tV2- 
When x= 4,2 then y=24/2 


SS= {eo +4V2 (2215 ai} 


rey? =16 5 xp =15 
x’ —y* =16 i oxy=t5 — 


(from INy="2 
Put value of y inl 





or x‘ -225= 16x? ‘ 
x‘ —16x”? -225=0 


x 9x7 -25x* - 225 =0 
x2(x? +9) 25627 +9) =0 








ge 


ea 
(x7 +9)(x? —25) =0 
x +9=0 or - x?-25=0 
x =-9 or x’ =25 
x=ty~9 or x=+t5 
xatii or x=+5 


When x=+5 then yatZ a3 


When x = +3i then yate 
peer ueey patti a tsi . 
Qa -1 : 
= {(+5, +3), (+34, 459) or S.S ={(5,3),(—5,-3), (3i, Si), (—3i, —5i)} 

x+xy=9 3 x?-y? a? 
xv +xy=9 I, x -y=2 i 
(x) I by Zand I by 9% we get. 
2x’ +2xy=18_ oT; 9x°-9y =18 OV 
Solving HF & IV 

9x? oy? = 48 

2x? t2xy = 46 


7x? —2xy-9y? =0_ 

7x? —9xy+Txy-9y =0 

x(7x —9y)+ y(7x-9y) =0 

(7x~Gy\x+y)=0 

7x-9y=0 Hf or x+y=0——iV 

(from IV) x=-y put in I 

(-y)? - ya2 => y- y=2 => 0=2 (Not nantes 





from If 7x-9y=0 => Tx= =9y => a2? ae 
Put in Il. * 


x-y=2 = (2) -y=s2. 


e 
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09. 


Sol. 














Bly? 2 2 2 2 98 > 49 7 
——-y? =2 >8ly —49y* =98 > 32y =98 > yp =— > y =— a> yt 
49 ¥ ¥ y y y 32 y 16 ¥ 4 
When yw en «=2(7)-8 use V 
+ 7\4) 4 
When y= — then *=3(2)-2 
4 4 4 
ss{(2,2)(2-2) 
44 4 4 
y-T=2xy 3) 2x? +3=xy Sarg odha 2010 
y’ -T=2xy Ti) 2x? +3= xy I 
or y'—2xy=7 Jil or 2x? -xy=-3 ——lV 
(X) Il by3 & IV by 7 
3y? -—6xy =21 Vo & 14x°-7Txy=-21 ——VI 
VI+V 
l4y?-7xy =-2t 


—6xy+3y? = 24 


14x* -13xy+3y" =0 

14x? —7xy-6xy +3y’? =0 

7x(2x- y)-3y(2x- y) =0 

(2x - y)(7x-3y) =0 

2x-y=0 ——VII or 7x-3y=0 —~Ill 
(from VID) y=2x ‘put in II 

2x7 4+3=x(2x%) “=> 2x? =2x°4+3=0 = 3=0 
from VIL 7x-3y=0 => 3y=7x => y=7x/3 
Put value of yin Il 2x? +3 =x(7x/3) 


2x 43= ‘x' by 3.we get 6x°+9=7x° 





~6x° + 7x? =9 => x =9 => x= 43 


When x =3 then y=20) =>y=7 


When x= -3 then y= 2(-3) =>y=-7>S8 ={(3,7),(-3,-7)} 


COLLEGE MATHEMATICS-| 268 


10. x + y° =5 ; x= 2 
Sol. x BS & y =5 pe 2 I : xy= 2 
Put Ill ind 


Mul tan2010 
fT > y=2¢x 


=5 'x' by x’ we get 
x1+4=5x° => x'-5x74+4=0 


xt =x? -4x9445000 SS xX? (x? -1- 40 -D)=0 


(x°-4)(x°-1)=0 => 2x°-4=0 or x°-1=0 
(x? -4)(x°-1)=0 => xw=4#2 or x=H) 
4 
When x=2. then y=—=! 
Le 


= 
When x=-2 then y=—=-1 
are 2 
2 
When x=1 then y= =2 


When x=-] then 


SS ={(2, 1),(—2,-1), (1, 2), (1, -2)} 


UADRATIC EQUATION 


Ii] 


Exercise 4.10 


01. The product of one less than a certain positive number and two less than three 
time the number is 14 find the number? Multan 2007 
Sol = Let xhe the positive number then one less then positive number = x —1 two 


less then three time=3x-—2then 
According to the given condition equation is 
(x-I)(3x-2)=14. => 3x°-2x-3x4+2=14 
=> 3x? -5x-12=0 => 3x’-9x+4x-12=0 
=> 3x(x-3)+4(x—-3)=0 => (x-3)(3x+4) =0 


=>x-3=0 or 3x+4=0 => x=3 or x=-4/3 (ignore) 


—4/3 is not possible so 


COLLEGE MATHEMATICS-I PI . QUADRATIC EQUATION 


02. 


Sol. 


03. 


Sol. 


04. 


Sol. 


05. 


Sol. 


The sum of a positive number and its square is 380.find the number. 

Let a positive number =x , Square = x” 

According to the given condition equation is’ 

x+x°=380 = x?+x-380=0 = 
> x? +20x-19x-380=0 = x(x+20)-1%x+20)=0 

= (x+20)(x-19)=0 = x+20=0 or x-19=0 

=>x=-20 or x=19  -20 is not positive so|x =19] 

Divide 40 into two parts such that the sum of their square is greater than 2 
times their product by 100. 

Let one part =x , Another part= 40—x 

According to the given condition equation is 

(xy + (40—x)? = 2x(40—x) +100 

x? +1600 -80x+ x? =80x-2x? +100 

=> x? +1600 -80x +x? —80x + 2x7 -100 =0 

=> 4x —160x +1500 =0 (Dividing by 4 both sides) 

=x? -40x+375=0 = x’ -25x-15x+375=0 

=> x(x —25)-15(x-25) => (x-25)(x-15)= 0 

—>x-25=0 or x-15=0 => x=25 or x=I15Sare required numbers. 


26 
The sum of positive number and its reciprocal is se the number. 


Let the number =x Its reciprocal=1/x Faisalabad 2008 


According to the given condition equation is 
26 x +1 26 
— => 





x+—= : 
KS x 5 


= 5(x? +1)=26x = 5x? +5-26x=0 
35x? }26x45=0 5 Sx? =x=25x4+5=0 
= x(5x-1)-5(5x-1)=0 => (5x—-1)(x-5)=0 
=> 5x-1=0 or x-5=0 => [x =1/5] or [x = 5lare required number. 
A number exceeds its square roots by 56. Find the number. Sargodha 2008 
Let the number = x _, Its square root= Vx 
According to the given condition equation is 
x=Vx+561 => x-56 =Vx 
Squaring both sides 
x? -112x4+3136=x = x -112x-x+3136=0 
=> x? -113x+3136=0 = x —64x-49x +3136 =0 


COLLEGE MATHEMATICS-| ; AD UATION 


es 


07. 


Sol. 


x(x - 64) -49(x-64)=0 = (x -64)(x -—49) =0 
=> x-64=0 or x-49=0 => x=64 or x=49 
(Put x = 64in1) 64 = 64 +56 => 64=64 
(Pulx =49in/) 64= J49 +56 => 64 = 63 (not possible) Hence 
Find two consecutive number, whose product is 132. Faisalabad 2007 
Let two consecutive number are x and x +1 then 
According to the given condition equation is 
x(x+1)=132 => x? +x-132=0 
=> x°+12-1x-132=0 = x(x4+12)-1 I(x+12)=0 
=> (x+12)x-11)=0 > x¥4+12=00r x-11=0 


=> x=-12 or x=!11 [ ignor x=-12| 

IF x=11 then x+1=12 

Hence Required number 11, 12. 

The difference between the cubes of two consecutive even number is 296. Find them. 
Let two consecutive numbers are x and x +2 then 


According to the given condition equation is 

(x+2)-x' = 296 

=> #¥°+6x?+12x+8-x* —296 =0 

=> 6x’ +12x-288=0 (+)by 6 > x° +2x-48=0 
=> x°+8x-6x-48=0 => x(x +8)-6(x+8)=0 
=> (x+8)(x-6)=0 => x+8=0 or x-6=0 
=> x=-8 or x=6 (lgnor x=-8) 

IF x=6 then x+2=6+2=8 

Required number 6,8 


A former bought some sheep for Rs.9000. if he had paid Rs.100 less for each, he 
would have got 3 sheep more for the same money. How many sheep did he buy, 
when the rate in each case is uniform? 

Let number of sheep = x 

Rate of x sheep = 9000 








9 
Rate ofone sheep = = 
# 
9000 
If three sheep are more, then rate of one sheep = 3 
x+ 


According to the given condition equation is 
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Sol. 


10. 


Sol 





9000 9000 9000-100x 9000 
-~100=———=5S— §s >_— —— = 
x x+3 = x+3 . 


=> (x+3)(9000-100x) =9000x = 9000x-1 00x? + 27000 — 300x = 9000x 
=> 9606-x« — 9000+ +100x°? — 27000 + 300x = 0 
=> 100x? +300x-27000=0 (+) dy 100 
x? +3x-270=0 = x° +18x-15x-270=0 
=> x(x+18)—15(x+18)=0 = (x+18)(x-15) =O x=-18 or x=15 
-18 Not possible so x =15=number of sheep 
A man sold his stock of eggs for Rs.240. If he had 2 dozen more, he would have got 
the same money be selling the whole for Rs.0.50 per dozen cheaper. How many 


dozen eggs did he sell. 
Let number of eggs= x dozen 


Rate of x dozen eggs = 240 


240 
Rate of 1 dozen eggs= —— 
x 





If 2 dozen are more then rate of one dozen = 5 
x+ 


According to the given condition equation is 
240 240 240-0.5x 240 
—-0.5= => ——q— =—— 
x x+2 x x+2 
=> (x+2)(240-0.5x) = 240x = 240x-0.5x? + 480-x = 240x 
or 2A0x — 240% +0.5x7-480+x=0 = 0.5x°+x-480=0 
(x) by 2 x? +2x-960=0 
= x? 4+32x-30x-960=0 => x(x+32)—30(x+32)=0 
=> (x+32)(x-30)=0 => x+32=0 or x-30=0 
= x=-32 Not possible = x=30 dozen = number of eggs 
A cyclist travelled 48km at a uniform speed. Hed he travelled 2 km/hour slower, 
he would have taken 2 hours more to perform the journey. How long did he take 
to cover 48km? 
Letspeed=V; Time=t 
According to the given condition equation is : 





Distance =S =vt=48—1 & (v-2Xt+2) =48— I] (nwo kon slow =v—2 two hour more =1 +2) 


Il > vt+2v-21-4=48 

(put vt = 48) 48 +2v-21-4-48=0 
2v-2-4=0 ((+) by 2)v-1-2=0 >v=r+2 
Put Il inl =>vt=48> (+2) =48 


Til 
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ee, 


Sol 


12. 


Sol 


tr? +2r-48=0 

t +81-6r-48=0 
t(¢+8)-—6(7+8)=0 
(f+8)(t—8) =0 
(ignore;t =—8)=> 
The area of a rectangular field is 297 square meters. Had it been 3 meters longer 
and one meter shorter, the area would have been 3 square meters more. Find its 
length and breadth. Federal 

Length=x _, breadth =y 


IF 3 meters longer then length = x+3 
IF | meter shorter then breadth= y-1 


According tothe given condition equatio is. 





xy =297—T & (x+3)(y—1)=297+3 

=> xy-x+3y—-3=300 

( put xy = 297) 297 -x+3y—-3=300 > —x+3yp+297-3-300=0 
=>-x+3y-6=0 > x=3y-6 

PutinI (3y—6)y=297=3y* -6y—297 =0=> y? —2y—99 = 0(+by3) 
y -lly+9y-99=0 => y(y-11)+9%y-11)=0 

=> (y-11)(y +9) =0 => y-11=0 or y+9=0 


1 
=> y=llor y=—9 (Not possible) When y =11 then x = = =27 


So length=27 ; breadth=11 


The length of a rectangular piece of paper exceeds its breadth by 5cm. Ifa strip 
0.5cm wide be cut all around the piece of paper, the area of the remaining part 
would be 500 square cms. Find its original dimensions. 


Let breadth = x 

then length=x+5 

New length=x+5-0.5-0.5=x-1 
According to the given Condition 





equationis 
(x —-1)(«+4) = 500 => x°+4x-x-4 = 500 
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13. 


Sol 


14. 


Sol 


3S x? +3x-4=500 => x° +3x-504=0 
= <2 424x-21x-504=0 = x(x+24)-21(x +24) =0 
=> (x+24)(x-21)=0 = x+24=0 or x21 =) 
= x=-24 or x=21 then length=x+5=21+5=24 
Not possible breadth = x = 21 
A number consists of two digits whose product is 18. If the digits are interchanged, 
the new number 27 less than the original number. Find the number. 
Let digits are x & y then 
zy 7 18—— 
Number = 10x + y 
Reverse =x +10y 


According to the given Condition equation is 


x+10y=10x+y-27 =>10x+y—x—10y—27=0 

=> 9x-9y-27=0 Divide by9 > x-y-3=0>y=x-3 

Put in 1 => x(x—-3)=18 

= x?-3x-18=0 > x -6x+3x-18=0 

=> x(x—6)+3(x-6)=0 => (x-6)(x +3) =0 

=> x-6=0 or x+3=0 => x=60r (x=—3ignore) 

Use [When x =6 then 6y =18 => y=3 So Number =10x + y =10(6)+3 = 63 
A number consists of two digits whose product is 14. If the digits are interchanged, 
the resulting number will exceed the origin.: number by 45. Find the number. 
Let digits are x & y then 

Two digit Number = 10x + y 

Reversed =x+10y 
According to the given Condition equation is ‘ 

xy=14 I 

Also(x +10y) = (10x + y)+45 

=> 10x+ y+45-—x-10y =0 = 9x—-9x+45=0 

(+' by 9) x-y+5S=O0>pypaxt5 

Put in I = (x+5)x=14> x7 +5x-14=0 

=> x°47x-2x-14=0 => x(x4+7)-2(x+7)=0 

=> (x+7\(x-2)=0 => x+7=0 or x-2=0 

=> x=-7 or x=2 Ugnore x=-7) So x=2 pul ii ind 2y=14 > y=7 
So required number = 10x + y=10(2) +7 = 27 
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15. 


Sol 


16. 


The area of a right triangle is 210 square meters. if its hypotenuse is 37 meters 
long. Find the length of the base and the altitude. 


Let base=a & Altitude =b 


then Area = = (base altitude) = ; ab=210 





=> 5 ab =210 => ab= 420-1 = 2ab =840- IT 


(by pythagorastheorem) a+b? sc?) => gg? +b? =(37) 
=a’ +b? =1369- 1 HLH a? +b? =1369 
Jab =840 


a~2ab+b’ =529 = (a-by =(23). 
=> a-b=23 = b=a-23 put in | =>(a—23) a= 420 > a’ -23a-—420=0 
a’ -35a+12a—420 = 0 => a(a-35)+12(a-35)=0 
(a—35)(a+12)=0 = a-35=0 or a+12=0 
=> a=35 or a=~-12 (not possible) | 


When a=35m then b= = =12m So a= base =35 b = Altitide =12 


The are of a rectangte Is 1680 Square meters. ff its diagonal is 58 meters iong, find 
the length and the breadth of the rectangle. 
Let base=a =& Altitude=b 


then Area = (length) breadth) => 1686 = ab——_/ 
=> 2ab=3360 II By pythagoras theorem b 
a+b =e? = J=a’+h? = (58) 
=> a’ +b? = 3364 ——1 
a? +b? = 3364 
Zab = 3364 
a -2ab+b? =4 => (q— bY -4=>9a-b=2>a= =b+2—IV 
ibe Naga apeoeicnees 1680 =0 

b’ +426 — 406-1680 = 0 = b(b +42)—40(b +42) =0=> (b+ 42\Xb- - 40) = 0 
6+42=0orb-40=0>5= 40 or (b=—42ignore) 
i=a=b+2>a= =40+2=[a= 42] 
So a=length=42 b= breadth = 40 


Hil ~ if 
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17. To do a piece of work, A takes 10 days more than B. together they finish the work 
in 12 days. How long would B take to finish it alone? 
Sol Let B finishes in = x days. 
Let A finishes in =x+10 
B" one days work -+ 
A” one days work = 
x+10 
(4+B)" one days work = ae 
x+10 x 
According to the given Conditions equationis 
dbo) stat 1 2x10... 1 
x+10 x 12 x(x+10) 12 x(x+10) 12 
(By cross multiplication) 12(2x + 10) = x(x +10) 
=> 24x+120x=x°+10x = x’ +10x-24x-120x =0 
=> x°-14x+1200=0 = x° —20x+6x-120=0 
=> x(x-20)+6(x-20)=0 = (x-—20)(x+6)=0 
x-20=0 or x+6=0 => x=20 or x=-6 
=> x=20 =B finish work —6 not possible 
So in 20 days B finish his work. 
18. To complete a job, A and B take 4 days working together, A alone takes twice as long as 
B alone to finish the same job. How long would each one alone take to do the job? 
Sol Let B finishes in =x days. 


Let A finishes in =2x days 


B" one days work = x 


x 
; l 
A” one days work = a faders 
2x 
w 1 1 
(A+B)" one days work =—+— 
x. ae 
According to the given Conditions 
att 241 ¥ 30a 


x 2x 4 “2x 4 = 2x 4 
=>(2x)=12 => x=6 _— B finish in 6 days A finish in 12 days 
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19. 


Sol 


20. 


Sol. 


_ from-1) > x= 


An open.box is to be made from a square piece of tin by cutting apiece 2dm 
square from each corner and then folding the sides of the remaining piece. If the 
capacity of the box is to be 128c dm, find the length of the side of the fe Piece: 
Let the sides are (x—4), (x-4),2 
this volume = 2(x-4)(x—4) 
= 128=2(x-4\(x-4) > (x-4y = 64 
=> (x-4)=4+8 => x=448 
=> x=4+8 and x=4-8 os = ’ 
=> x=12 and (x=-4 (not +ve) so ignore) 
=> x=12dm Hence sides are 2,8,8(x —4 =12—4 =8) 
A man invests Rs.1,00,000 in to companies. His total profit is Rs.2080. If he receive 


Rs.1980 from one company and at the rate 1% more from the other, find the 
amount of each investment. 


Suppose investment inlcompany = x, investment inlIcompany ='100000—x 
Profit from I at yYo=1980, profit from II (y + 1% = 3080 
then according to the given condition equitionis xy%=1980 


oa{ )- 1980 => “xy =198000- I 
100 
and [(y +1)%][100000- x] = 3080 
= (= (100000— x) = 3080 
190 : 


=> (y +1)@.00000 - x) = 308000. 
=> 100000y — xy +100000 — x = 308000 . 
=> 100000y +198000 + 100000 ~ x = 308000 use J 
=> 100000y —198000+100000~x-308000=0 ; 
=> 100000» — x = 406000-——v 
198000 





put in n Il 


100000) — 1780 _ aogooo 
y 


=> 100000)? -198000 = 406000y -> 100000? —406000y = 198000 
(+ by2000) S0y* -203y-99=0 


2(50) 


T ! $-l Ga ATI 





100 ~ 100 


203+247 203+247 . 203-247 
= ——- (a> == & y= 
100 100 100 
ee es ee 
es aunt eee 
y=4.5 and (y=~-0.44 not possible) 


198000 Bs 44000 





When y=4.5 then x= 





Amount invested in one = 44000 é 
two = 100000 — 44000 = 56000 
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TEST YOUR SKILLS Marks: 50 

Q#1. Select the Correct Option (10) 
i. If polynomial f(x) is divided by its factor x —a, then remainder is: 

a) 0 b) I (a) 

I 
c) d) J (-a) 
J (a) 

ii, if b” — 4ac is positive and not perfect square then roots of ax? + bx +c = Oare: 

a) Irrational b) Equal 

c) Rational d) Imaginary 


vi. 


vii. 


viii. 


If a, B are roots of x’ — px - p—c =0, value of a.fis: 


a) -2p b) Wh 


c) pte d) —(p+c) 

If polynomial x° — x° +3x +3 is divided by x —2 then remainder is: 
ay sie i b) --I5 

c) 6 d) —2 

If @ is cube root of unity then @” =? is equal to: 

a) l b) -| 

c) a"! d) wo” 


Factor of x° -y are 

a) (XY +xyty") db) (x y)(x? +’) 

q |. hanno») d) (x + y)(x? +’) 

Let a, B are roots of 4x’ +5x—6=Othen value of 4a + 4B are 


s =A b) aa 
1 4% a -% 


If @ is cube root of unity then form equation whose roots are 2w & 2w? 


a) x’ +2x+4=0 b) = x’ - 2x +4=0 

¢) x’ +2x-450 d) x’ -2x-4=0 

A quadratic equation Ax’? +Bx + C = 0 become linear equation if: 
a) C=0 b) A=0 

c) B=0 d) A=B 

The product of four forth roots of unity is: 

a) l . b) —| 


c) 0 d) i 
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Q#2. Short Questions: (10 X 2 = 20) 


i. Solve the equation 2‘ +2°**° -20=0 
ii. Show that x’ + y°+z'-3xyz =(xt+y+z)\(xt+oyt+o'z\(xt+ a’ y+oz) 


iii, If a, B are roots of 3x° —2x +4 =0 find value of ai B 

a 
iv. Solve x+ y=53 x7 +2y’ =17 
v. Evaluate (w™* + w” +1) 
vi. Show that roots of (mx +c)’ = 4ax will be equal if c= = 

m 

vii. State Remainder Theorem: 
viii. If @, B are roots of x’ — px- p—c =) prove that (l+a@)(1+ 8) =l-c 
ix. Prove that sum cube roots of unity is zero: 
x. Use synthetic division to prove that x = —4 is a solution of x’ -28x-—48 =0 
Long Questions: (2 X 10 = 20) 


Q#3. (a) Solve the Equation x* —3x°+4x?-3x+1=0 
(b) Solve the equation x°+y =25, 2x? +3y? = 66 
Q#4. (a) ~ Showthat the rootsof x? +(mx+c)? =a? will be equal if c’ =a’(l+n?) 


(b) Solve Vx+7+V¥x+2 = V6x4+13 
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PARTIAL FRACTIONS 





(a) gol hy =o Be | 
Partial Fraction Resolution: 
Expressing a rational fraction as a sum of partial fractions is called partial fraction 
resolution. 


Conditional Equation: Eeyriryie: 
It isan equation which is true for particular values of the variable. e.g. 
2x =3is true only if x = 5 
etal a a * 
It is an equation which holds good for all values of variable e.g. 
(a+b)x =ax+bx 


Rational Fraction: BVMienweaey, 
P(x) 





The Quotient of two polynomials Where O(x) # Owith no common factor is 


called Rational fraction. 


Proper Rational Fraction: 


P(x) 





A Rational fraction is called a Proper Rational fraction If the degree of 


3. 2x-5 
polynomial P(x) is less then degree of polynomial Q(x). e.g. ——,——— 
x+1l x°+4° 


Tu ks) CCU Eee Multan 2008, Sargodha 2008 


Sy 
_~ 
“~ 

— 


A Rational fraction O(z) is called an improper rational fraction if the degree of polynomial 
x 


3x? +1 
x-] 





P(x)is greater then or equal to the degree of polynomial O(.x). e.g. 


COLLEGE MATHEMATICS-1 Psy PARTIAL FRACTIONS 
71X+25 , : : 
Example 1: Re solve ——————— into partial Fractions 
(x +3)(x+ 4) 
Faisalabad 2007, Sargodha 2008, Federal, Multan 2007, 2008 
7x +25 A B 


—— 








Sol. Suppose ——————— = - 
: ee (x+3)(x+4) x4+3 x4+4 


"x" by (x +3)(x + 4) both sides we get 

7x +25 = A(x+4)+ B(x +3) —— II 

putx+3=0=>x=—3inIl 

7(-3)+ 25 = A(-—3+4)+ B(-3 +3) 

21425 = A(1)+ B(0)=>[4 =4] 

putx+4=0>x=—-4inl] 

7(-4) +25 = A(-4+4)+ B(-443) 

~28+25= A(0)+ B(-1)> -3=-B > [B=3] 
7x +25 aft, 3 

(x+3)(x+4) 2x43 x+4 





| become 
416k) oe | 
Resolve the following into Partial Fractions: 


x. Faisalabad 2008 





2 


l ] 
Sol SE 
x°-1, (x-I)(x +1) 
] A B 
ow ————_- = —— + —_ 
(x-1)(x+1) x-1 x4 
Multiply both sides by (x —1)(x + 1) we get. 





—>/ 


1= A(x +1)+(x-1) —> I] 


Put x=l=0=x%=bin 
l= A(1+1)+ BU -1) > 1=24+0>]|A=1/2 
Put x+t1=0>x=-1 in I 


l= A(-1+1) + B(-1-1) > 1=0-28 >|B=-1/2| 


Put values of Aand B inl. 
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l 1/2 -1/2 





rH 
(x-I(x+D x-1l) x4] 
1 1 ] l 

















Hence = = = eet 
x -1 (x-1)(e4+1) 2x-1) 2x41) 
: x’ +1 
(x+1)(x-1 
. 3 , jx? +1 
Sol Doct eee te Improper so AGF hats 
"  (x+1e-1D x? -1 eee - Ft 
2 

x +t 2 

A PEIN ee 

(x° —1) x =I 

2 2 
Now Take ~—_ = —_—____- 
x=] (x-1I(e+) 
et okie eas eee bd 
(x-1)(x+1) x-1 x4! 
‘x' by (x-1)(x +1) we get. 
2= A(x+1)+ B(x-1) — IIT 
Put x-T=0>x=1in TI. 
2 = A(x+1)+ BU-1) > 2=24405[4=1] 
Put x+1=0=>x=-lin II. 
2= A(-1+1)+ B(-1-1) 
2=0-2B8=>[B=-]| 
Put values in Il. 

2 ] -1 
= YH 
(x-1)(x+1) x-1 x4] 

2 ; a 
Ep a gee Me, ok dagtiae 
(x+1)(x-1) (x-1)(x+1) x-1l x41 

‘ 2x+1 


(x -—1)(x + 2)(* + 3) 
Sol. Suppose 
2x+1 A B Cc 


= + — + 
(x-1I)(x+2)x+3) x-1 x42 x43 
’X’ both sides by (x —1)(x + 2)(x + 3) 
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2x +1 = A(x +2)(x+3)+ Blx—I)(x4+3)4+C(x—D(x+2) —> Il 
Put x-l=O0->x=Jin . 

2(1) +1= AC +2) +3)+ BON +3)4+C(1— 1) +2) 

3 = A(3)4)+04+053=124 


eid 
124 4 


Put x+2=0>5x=-2ini 


2(-2) +1 = A(-2 + 24-2 +3) + BC-2 ~ 1-2 +3) + C(-2~1YX- -2+2) 
—4+1=0+ B31) +0 


3-39 8-Z =1= [BEI 
Put x+3=0> x=-3in Il 
2(-3)+1= A(-3 + 2)(-3 +3) + B(-3 - 3: +3)+C(-3-1)(-3+ 2) 
-§= fae me 


é 


-$=4C =|C =-5/4] 
| become ; 
2x +1 aN 1 -§/4 2, ] i ] $ 











(x- It Dex+3) x-1 x42 x43. A(x-l) x42 4(x43) 
3x? -4x-§ a . 
(x2)? +7410) 


3x7 -4x-—5 - 3x ~4x- 5. 
“Ge 2Xx° +2x+5x4+10) — “@= 5\(x(x + 2) + 5(x + 2)) 
7 3x7 —4x—-5 
(x-—2)(x+2)x+5 
Suppose 
3x? —4x—5 A’ B Cc 
ey 


(x- 2x+2x+5) x-2 x42 x45 

'X' by (x ~ 2)(x + 2)(x+ 5) . 

3x’ —4x—55 A(x + 2)x+ 5)-+ B(x 2Yxt S)+C(xe + 2x — 2) ——II 
Put x-2=0>x=2in I ’ 

3(2)° — 4(2) — 5 = A(2 + 2(2 +5) + B(2- 2245) + CO: + ae 2) 

. 12-8-5 = A(4\(7)+0+0 

12—8&~-5 = A(4)(7) +040 





Sol. 
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—}=28A =| 4=-1/28 

Put = x+2=0>'x=—2in UL. 

3(-2y’ ~ 4(-2) -5 = A(-2+ 2-2 +5) + B(-2- Meat Cs ~2)(-2 +2) 
1248-5 ee he 


15=—12B =>[B = -5/4 

Put = x+5= 0=>x=-Sinii 
3-5)’ —4(-5)-5 = A(-5 42-5 +5) + B(-5 ~ 2-5 +5) + C(-5- 2-542) 
75 + 20-5 = A(0) + B(O)+C(-7)(-3) 


1 -210->C> Baalc=% 
21 7 


I become. 
3x*—4x-5 BX 4x-5 = eS 
(x-2)x? +7x+10)  (x-2)x+2\x+5)  28(x-2) 745) 4x42) 
i 


(x -1)(2x-BP3x-D 





Sargodha 2009, Faisalabad 2008 


Suppose 


} 7 2A: B > C 
(x-)D(QQx-HGx-1) x-1 2x-1 3x-1 
*’ by (x -1)(2x-NGx-1) > Hl 
1 = A(2x—-1)(3x—-1)+ BCx - 13x -1) 4+ C(x-Nx-1) —— Il 
Put x+1=0>x=linil. 

I= A(2—-143-1)+ BU- N3—-N+ca- 1X2-]) 


1= AU(2)+0+051=2A> 


—/ 








Put Soe 


I= 42) D3) ~+BG NOG I peced—neady- 1) 


]= Ad NG -1)+ Pa eae 1) 


1=0+ gage [=-7 8 [B=] 


Put 3x-L=O—x=1/3int. 


Sol. 


ooo + 
(x-ay{x—bXx-c} (x-a x-b x-c 


MATHEMATICS rg 


= 42(2)-noey-n +86 —pocy-1+c4-3x2¢2)- 
1 = £22) D3) + BG — DOG)“ + CG -3)2G)-) 


T= AG =0-1)+ BG - DO-4 CG —G-D 


{=0+0 1OODICD == =C =Ic =9/8 








Put values.in |. 

1 Sh Mt 9 
(x—I)(Qx-13x-1) 2xr-1) 2x-1 83x-0 
ee Multan 2009 
(x-ayix-b)(x-c) © BP 
Suppose 


x A B ic 
+ 








anol 


x’ by (x —a)(x— bYx—c) 

x= A(x—b)(x—c)+ B(x—a)(x—-c)+C(x-aYx—-b) > 
Put x—-a=Q=>x=ainll. : 
a= A(a~bWa—c)+ Bla-al(a—c)+ C(a—aya—) 

a= A{a—by(a—c)+0+0 





Put x pe 00> x=bdin tl. 
b= A(b-bYb—c)+ Blb-—a}(b —c) + Clb - ay(b— ‘b) 
5=0+ B(b-alb-c)+0 > 





Put x—¢ ye =cinll 
c= A(c-— bc —c}+ Ble- axe— c)+€ Ce- ay(c — 
c=0+0+C(c—alc—b) . 





Put values in I, 
x . a 


| naNe-BMa—0) ta -BXA—eNe—a) 





’ 
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| i et ae ¢ 
(2-ayb-cY(x—b) (c—a){c—bYx—-c) 
3. 14 . 
7, = {Improper) Federal. 
2x -x-] 
6x) +5x? -7 ’ 7x-3. ait . | Sxt4 
—————_ = 44+—_—__ [ 2x" —x-1 ————___ 
= 2x7 -x-1. as 2x°-x-1. ao Gx +5x°-7 
Now = 6x" 3x" F 3x 
2x°~x-l 2x°-2x4+x-1 : re a ae 
7x-3 _ _7x-3 : oe - i 
2x(x-I+(x-1) (x-DQx+)) —— 
7x -3 AB Ix-3 


= 





+ ——/] | 
(x-DQx+I) x-1 2x4I 


™% by (x-D(Qx +1) 

7x—3 = A(2x+1)+B(x-1) - lt 
Put x~1=0=5 x=2 ini. ' 

7(1)~3 = A(2(1) +1) + BU~1) 


‘= 43)+0= [d= 9 


Put 2x+1=0=>.x=—Fini, 
1-4-3 42-4) 4:14 -4-1) 
2 2 a 


7 3 
~--3=04 B(-= 
; Bi > 


13 3 
~— = 0+ B(-— 
( >) 
13.3 13, 2 
~—=-—-B>B=(-—y¥-— 
> ; ( aX ; 
fp -B 
3 
i sak Eee a a 
(x-I( 2x41) 3(x-1)  3(2x+1) 
HENCE . 
3 <3 
Sf PE ages oy (1 become) 








2x? —x—-1 | 3(x-1)  2x—1) 
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2x9 +x? -5x4+3 
~ oh Gee ats ae Improper Teenie. 
2x? +x? -Sxt3 _ . —2x+3 BE + Xf -5x43 
QWvr+x?-3x Ox +x -3x Ue + 53x 
243 3-5» Sp0e 7 Se 

2x? +x7-3x x(2x? +x-3) 

2 SEZy 

s x(2x? + 3x —2x-3) 

m 3-2x 

~ x((2x +3)x-1(2x +3)) 

3-2x <8 

= ———__—__ = — + + 
x(2x+3)x-1) x x-l 
‘x'by x(x -1)(2x +3) 

3-2x = A(x—1)\(2x+3)+ Br(2x+3)+Cx(x-1) — ll 
Put x =Oin Ill. 

3-2(0) = A(0—1)(0+3)+0+0 

3 = A(-3) =>|4=-]] 

Put x-l=O>x=lLin lll. 

3—2(1) = A(1—1)(2(1) +3) + BO(2(1) +3) + C(I —-1) 
3-2=0+ B(2+3)+0 >1=5B=>|B=1/5 


Sol. 


Now 


C 
2x+3 


— ll 





Put 2x43=0=9x=-2in Ul. 
3 3 3 3 3 ae 
3-2-5) = AF DAS) +3) + BSW +3))+C(-SN-S =D 


3+3= A-5Y0) + B50) +O-SN-3) 


, 6004040 jC abn =|c=$ 
4 as 5 


Now | become. 
2x’ +x? =Sx4+3 3-2x 
Rh ae a ee ee 
2x° +x° —3x 2x +x° —3x 
l ] 8 


_=l-—+ + 
x SMx-l) S(2x+3) 
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- (x~I(x-3)(x-5) 

















9. 
(x ~2)(x —4)(x ~ 6) . 
= Sis _ = ye . : : 
i (x -D@—3Xx—5) _ & ne 2) piesa 
Cae ~4\x—6)  (x—-2)(x° -10x +24) - 
8x7 415x—x7 +8x-15 x - 9x? +. 234-15 
x9 10x? + 24x —2x? 420% 48 x =12x° +44x-48 
gga ee $ 12x? 44 aa 
x? ~12x° + 44x~—48 ache aati * Oy? 4 23x-15 
= yy 38 = 21e4 33 les dias 
DAO) FI2x" +44x 5 48 
Now 3x? -21x+33 - 
3x* —21x+33 - A BTC eos 
= $+ + - — HT 
(x-2)(x-4)(x-6)  x- 2° x- a x-6 
‘x’ by (x —2)(x-4){x — 6) we get. 
3x* 21x +33 = A(x- 4) x —6)+ Bix - 2)(x~- O+Ctx-2Y0- 4) — II] 
Put x-2=0=>>x=2in ll. 
s X2Y —21(2) +33 = A(2—4( 2-6) + B(2 - 2)(2—6) + C(2. — 22-4) 
12-42+33= A-2-4)4040-23=84-3|4=3 
Put x-4=0> x =4 ini, 
3(4)° — 21(4) +33 = A(4—- 4)(4 - 6) + B(4- 24- +c(- 2)(4-4) 
#8844 33-04 (2-2)+09 3-48 /B=3 
Put x-6=0->5x=6in'llll. 
3(6)° — 21(6) + 33 = A(6- 4)(6 - 6) + B(6— 26 —6) + C(6-2)(6-4) 
108-126 +33=0404 C(4V2) 915 =8C=2|C=9 
I become, . - : 
(x—1)(x-3)(x-5) _ “ 3 i 3 4. 15 
(x~2x-4)(x-6) ” (x-2) | Ax—4) B(x) 
10. 1 . 


(1-ax)(1—bx)(1—cx) 


COLLEGE MATHEMATICS4 Eg PARTIAL FRACTIONS 


Sol 


11. 


Sol. 


a 8 
(l-ax}1—dx)l—cx) 1-ax 1t—bx 1-ex 
‘x’ (l—ax}(1 — dx)(i — cx) we get. 

1 = A(l—bx)l-ex)+ BUl—axy(l—cx) + C- axl bx) ll 


—>I 


; - 
. Put l- —ax= 0>ax= l=-x=— ink 
a 8 





i= A(l- oya—ecty + BO) + CTO) > l= 
: a 


2 
Ga 


poe py L-br=0=3=7 in Il. 
(a-bXa-c) b 





1 = A(0)+ Bal Xe) +0) = 1 = a 28 =e a *| 





1 . a yp. c 
(-axXl-be\l-cx) (l-arXa—bXa-c) “Cb —ayb—c) “C-axe —ayc—b) 
xr+a? 
(x? +b? )(x? +c’ x’ +d”) 
Replace x? by y. 


x+a° > (y+a’) 
(x? +h? 42x? +P) (y+b' Kyte" ‘y+? j 
(y+a’) ; A B- C_ 


Groce 2) “O+b) (+e) +d") 

‘x’ by (vt OM yte Vy +d") we get. 
yta® =A(y+eNytd’)+ BY +h ytd )+(ytP Kyte?) —ll 
Put y+ 5° = eee inl. 













FoR 


—p?- 2 = A(-b? yt -b7 4+ _@ BO Cio =slA= ST 
+a AC +o" |) + BOO) + (0) = | (cb (a? 5") 





Put y+’ =0> y=-c" intl. 


—c' +a" = A(0) + B(-c? +b’ )(-c? +d) +.C(0) > |B = 





Put y+d? =O0=> y=—d' intl, 
a? gf? 
(b? -d? (ce? -¢@’ 





-d" +a" = A(0)+ BO) + C(-d? +8*)(-d? +67) 3 |C = 


| become. 
yd (¢ 3) @ -2) (@ -d) 
Onroad) ae BY dé a +N ~o° Kd -<*) ory -d Ye -d') 
Replace y by x? 
Pte d-# <3 d~¢ a -d 
CPE +P +) WHC AEH) (P40 XH cd -') Of +d’ Xb -~d’ ye -) 


? 


COLLEGE MATHEMATICS-1 291 PARTIAL FRACTIONS 


Resolve the following into Partial Fractions: 
2x? -3x+4 
eviy 
Sol Suppose 
2x7-3x+4 A B CG 
SS a we 
(x-1)° x-1 (x-1) (x-1) 
‘x’ by (x — 1)? we get. 
2x? -3x+4 = A(x-1)? + B(x-1)+C — I] 
Putx-1=O0>x=linil. 
2(1)° —3(1)+4 = A(1-1)? + B-1)+C 
3=0+0+C> 
Rearrange Il. 
2x* -3x+4= Ax? ~2Ax+A+Bx-—B+C 
Comparing Co-efficient 














[2 =A] 
x; -3=-24+ B=>-3=-2(2)+B=>-3=-4+B>[B=]] 
| become 
2x? -3x+4 2 l 3 
oes Sete = + ——— 
(x-1) x-1 (x-1) (x-1) 
5x? -2x+3 
2. ———. 7 Faisalabad 2009 
(x +2) 
5x* << 2¥ 43 A B GC 
Sol =i ae teers part 
(x +2) x+2 (x+2)° (x+2) 
Multiply by (x + 2) both sides. 
5x? -2x+3= A(x+2)? + B(x+2)+C i>] 


Put x+2=0> x =-2inl. 
5(-2)’ - 2(-2)+3 = A(-2+2)+ B(-2+2)+C 
20+4+3=C>|C =27| 


Re arrange I 
5x? -2x+3 = Ax? +4Ax+44+ Bxt+2B+C 


Comparing Co-efficients 





COLLEGE M EMATICS-1 292 PARTIAL FRACTIONS 


Sol 


Sol 


x; |S=A 

x;-2=4A+B 

Or -2=4(5)+B=>|B=-22 
Put values of A. B, C. we get. 





Sx" 2x43 - 5 22 4 27 
(x+2) ~ x42 (x+2)  (x+2/ 
ea Federal, Sargodha 2006, 2010,2011 Multan 2010, Lahore 2009 
(x+1)'(x-1) 
Suppose 
4x A B Cc 


= —— + ——_, + —! | 
(x+l1)\(x-1) x41 (x4+1)° x-l 


‘x’ by (x +1)?(x —1) we get. 

4x = A(x +1)(x—1)+ B(x—1)+ C(x 41) —bit 
Put x-1=0=>.x =] intl. 

4(1) = A(1+1)(1-1) + BU-1)+ C4 1y’ 
4=0+0+4C >|C =1] 

Put x+1=O=>x=-1 inl. 

4(-1) = A(-1+1)(-1-1) + B(-1-1) + C(-141) 


~4=0+(-2)8+0> B=— => [B=2] 


Rearrange Il. 
4x = Ax’ — A+ Bx-—B+Cx’? +2Cx+C 
Comparing Co-efficient 
x; 0=44+C>0=44+1>[A=-]] 
| become 

4x —] 2 ] 


a garter, ee ee 
(x+1P(x-1) x41 (x41) (@-D 


9 
— ~~ Sargodha 2011 
(x+2)°(x-1) 

Suppose 


9 A B é 
—____=—-_ + + ——>/ 
(x+2)(x-1l) (x4+2) (x4+2yY x-1 


‘x’ by (x +2) (x-1) 





Cc 


TCS Ea 
9 = A(x + 2\e—1) + B(x=1) 4+. C(x +2)? soy 
Put x-1=O0>x=1 in IL. 
9 = A(l+2\1—1)+ BU—1)+C(1+ 27 
9=0404+9C >[C=]] 
Put x+2=0=>x=-2. in It. 7 
9 = A(-2+ 2-2 ~1) + B(-2-1)+ C(-2+ 27 
9=0+ B(-3)+0—B=— = [Ba3 
Rearrange Il. 
= Ay Ae Bay 2A $4Cx+4C 


Comparing Co-efficient 
x; 0=A+C>0=A4tl>[4=-]] 





Ibecome _ 

se a eat 

(x +2)" (x-1) x-l x42 (x4+2V 
1 has oe 

(-3xtD en 2009, Rawalpindi 2009, Gujranwala 2009. 

Suppose 
1 A B Cc 

Ra OMNITURE ho ae —/ 

(x-3) (x4+]) (4-3) (x-3Y x4] 

'®’ by (x —3)?(x +1) We get. 

l= A(x—3\ x41) + B(x +1) 4+ C(x- 47 — oll 


Put x-3=O0=>>x=3 in IL 
1= AG—3K3+1)+ BB +1)+CGB-3" 


1=0+4B+0->[B=1/4 


Put x#1=O0-x=-1 in I. 
1 = A(-1-3)+(-1+1) + B(-14+1)+ C(-1-3) 


1 = A(0)+ B(0)+C(16) > [c=Vi6 

Rearrange Wl. 

l= Ax’ + Ax ~3Ax—-34+,Bx+ B+Cx’ -—6Cx+9C 
Comparing Co-efficient. ma 


0=A+C30= asses 


| become 





6, 
Sol 


Sol 


a a 
(x-3)(x+1) 16(x-3)  4(x=3)? - 16(x+1) 
I 1 oe . 
“64D 162-3)” 4(x—3)" 
x 
(x-2)(x-1 
Suppose ; 
x? A B c. 
ee fb fb 
(x-2)(x-1 (x-2) (x-1) (x-1P 
es 2)(x-1) 
x2 = A(x-1) + B(x -2\x- Tea 2 
Put x-1=0—> x=! In IL 
(1)? =-A(1-1) + BO. -2)0-1)+ Ci - 2) 
1=0+0-C=>[C=-I 
Put x-2=0=>x=2 In il 
(2)° = A(2~1)’ + B(2-2K2-1)+C(2—2) 
4= A(t)+ BO) +C(0)=>[4=4] 
nSAanee Hl 
x” = Ax’ -2Ax+ A+ Bx? — By- 2Br+2B+Cx- 205. 
x: A+Ba=1>44+B= 1=>/|B=-3| 
| become 
Me eee. 
(x-2)\(x- x= 2 @-D)-G- ae 
1 
(x1? (x48) 
Suppose 
j A B C 
On Et SS HO 
(x-1'(x+1)) x-1) (x-1P (x41) 
'x’ by (x -1)°(x +1) 
1= A(x -1)(x+1)+ B(x 41) +C(x-1P | —i 
Put x-lL=0=>x51 In Ui. 
1 = A(1-1)(14+1)+ B11 +1)+C0-1P 


Multan 2007 


— 1 








COLLEGE MATHEMATICS-| PARTIAL FRACTIONS 
1=0+2B+0=>[B =1/2]. 
Put x+1=0=>x=-1 in I. 
1= A(-1=1)(-1+1)+ B(-141)+C(-1-1)7 
1=0+0+C(-2)' =1=4C >/C =1/4] 
Rearrange II 
1 = Ax’ —- A+ Bx+B+Cx’? -2Cx+C 
Comparing Co-efficient. 
$ ] 
°;0=A+C>0=4A+—5/A=-1/4 
x ; 
| become 
l ] ] 1 
Fa ge ae ar reer 
(x-1)(x+]1) 0 4(e-1)) &x-1)?) 4(x 41) 
] l ] 
4(x+1) 4(x-1) 2(x-1)’ 
x? 
8. PORE TSS 
(x-1)'(* +1) 
Sol Suppose 
y A B € D 
— / 


> Fe 4 tt Yj 
(x-1)'(x+1)) x-1 (x-1P (x-1P (x41) 
x by (x- 1) (x +1) 

x? = A(x 1? (x +1) + B(x D(x +1) + C(x 41) + D(x= 1) ee 
Put x-1=0> x=] in. 

(1) = AQ =-1) (1+1)+ BU-1)(01+1)+ C0 +1)+—- 

1=0+0+2C+0=>|C =1/2 

Put x+1=0—x=-1 Jin 

(-1)° = A(-1+1)?(-1+1) + B(-1-1)(-141) + C(-141) +(-1-19° 


1=0+0+0+D(-8)>|D= -1/8] 


Rearrange II 

x° = A(x” = 2x +1)(x+1)+ BO? -1)+C(x +1) 4 DOP 3 +3x-1) 

x° = Ax’ ~2Ax? + Ax + Ax’ —2Ax+A+ Br -B+Cx+C+ De -3Dx? +3Dx—D 
x: O=A4 D=>0=A-1/8=>|4=1/8| 


x’; b=-2A+A+B-3D i HF 


COLLEGE MATHEMATIC =a  BARTIAL FRACTIONS 
1=-A+B-3D 
bg 3s 


Pe es => 1l=-—+B+— 
oo oe gg 


l= B+ 13 tens2opel-ta[an] 
8 8 4 4 
t become 
a zoe = a re 2 6. Nise 
(x—1)'(x+1) “8—) 4(x—1)? 1)" de Ax-1y ~ 8x41) 
x-1 
(x-2)(«+1) 
Sol Suppose 
LB. OD 
1 


ehh = BB 4 
(x-2)x+l ox~-2 x41 (4 lP (+1 
X by (x-2)xtI | 
x-1= A(x4l) + B(x- 2\(x+1)" +E 2\x+1)+ De 2) — lI 
Put x -2=0—>x%x=2 in Ul. 
2—1= A(2 +1)’ + B(2-2)2 +1) +C2- 2\(2+1)+ D(2- 2y 
1 = A(27)+0+0++0=[4=1/27] 
Put x+1=0=>x=-1 in IL. . 
=1-1= A(-14 1)? + B(-1-2)(-14 19 + C(-1-2)-14+-1) + D(-1-2) 
~2=0+0+ D(-3)>[D=2/3] | 
Rearrange Il 
x—1= Ax! 43Ax? + 34x + A+ Blx— 2x? 42x 41)4+ COE +x-2e—-2)+ D(x-2) 
x-1= AC +340 +344 At Be + 2BE + Be~2BE —ABr— 2B+OR ~ 2064-204 De 2D 
Comparing Co-efficient 


x’; O= A+B >t if 

x*; 0=3A4+C ——+iV 

x; 0=34+B-4B-2C+C+D>0=3A- 3B- C+D ° — Vv 
Constant; -l=A-2B-2C-2D. —3¥I . 


mt=20=1+B=>|a=-4 
27 27 





— H 





COLLEGE MATHEMATICS-I 297 P . FRACTIONS 


10. 


Sol 


¥idedtBodaiee>pa4-Lolpnt 
2 2 2 


W 20-4)+C>0=140|c=-4 
27 9 9 


| become ; 
x-1 ] i: ] 2 


(x-2)(x+1)’ “-27(x=2) 21x41) 9x41)? "3G4)° 


4x? 
(x? -1)(x+1) 

4x? aa 4x° > Fe 4x 
(P=DE+D DENG HY G+) 
Suppose - 

4x° Aah % D 


or FEO te ht SS YH 
(x—I)(xt+l) x-1 x41 (x41?) (x41) 

‘x’ by (x—-1)(x+1)° 

4x° = A(x +1) + B(x-1(x+1) +C(x-I(x+1)+D(x-1) — >I 
Put x-1=O0=>x=1 in tl : 

4(1y = A(1+1)’ + BU-1)0 +1)? +C-1)0 +1) + DO 1) 


= 4(8)+0+0+0= 4=4-9]4=4 


Put x+1=O0—>x=-1 in ll 
4(—1)* = A(-1+1) + B(-1-1)(-141) +C(-1-1)(-1+1)+ D(-1-1) 


-4=0+0+0+D(-2)>[D=2] 


Rearrange II 
4x? = A(x? +3x° +3x+1) + BOx—I)(x? +2x +1) + C(x? -1) + D(x-1) 


4x° = Ax’ +340? +34x+ 4+ Br’ + 2Bx" + Be— Be -2Bx-B+Ce —C-Dx—D 
Comparing Co-efficient s 


a 


a 0=34+2B-B+C=30=34+B4C20=35)+24C 


0-545 +02 0=24C50=5+C>[Ca5 


| become 





ea PARTIAL FRACTIONS 


a0 a Peel: 
(x° 1x41? (x—1x+h? Axl) Ax+]) (x+1P "Gah 
2x+I1 
(x+3)x-Dc+29 
2x+] A B ‘Cc. 
oo eH HF —, 
(x+3)x~Ix+2Y x43 xl x42 (427 
*’ by (x+3)(x — IXx+2y¥ we get. 





2x+1=A(x—Ir4+-27° + B+ 3x4 2F + C(x+3\Xx~ “We +2)+ Dex 3) pon 


Put x-l=O> x=Linh 
2(1)+1= AU -1D +2) + B(+3)(142) +C(1+ 3) —1)1+ 2)+ D+ 3)1-1) 


3=0+ B(4)(9)+0+0=>3=36B => B= 3/36 /B=Vi2| 


Put x+3= O=x=-3in Hi: 


A-3)+1 = A(-3—-1X-3+2)' + B-3 +3342) +C(-34.3-3- —1X-342)+D-3+3X-3-1) 


-$ = A(-4)(1)+0+0+0=9[4=5/4] | 


Put x+2=O0->%=-2inIl. 


2-2) +1 = A(-2— 12+ 2) + 2+ 3-242)? +C(-24 3-2-1242) + D(-243K-2-1) 


12. 


Sol 


-3=0+0+0+D(1)(-3) =[D=I| 

Rearrange li, 

2x41 = Ale? +40 4+-4)+ BE 43K? +4x+4)+O(x+ 3x7 +x~-2)+ D(x" +2x-3) 

2x+1= Ax? 4+4Ax? 4+ 44x - Ax" -4Axn-—444 Bx? +4Bx? +4Bx + 38x’ +12 Bx 
+12B4+ Cx? +Cx? —2Cx4+3Cx? +3Cx-20+Dx?42Dx-3D 
Comparing Co-efficients 


xr; 0= At+B+C 0224-402 on S4l, Cc 
4 12 12. 


c= c-= fiecoiie 
So het Vn AO til 
(x+3)x—IMx+2) 4x43) 12e-1) x42) (x42) 
2x! 
(x—3)(x +2) 
ax! _ as" ees a Se 


(x-3x 42) (x3)? 44x44) 44x 44x 3-12-12 Po Badd 


COLLEGE MATHEMATICS-1 PARTIAL FRACTIONS 


ad 
i+] 
rT) 


2x-2 


x +x" -8x-12) 2x! 


2-7 +2x? F16x? $24x 
Dx? +16x? +24x 
2x) 2x? +16x+24 
18x° +8x-24 
2eethoe eee ee 
- x +x°-8x-12 
18x* +8x" 24 _18x'+8x-24_ A | BL Cc 
x +x°-Bx°-12) (x-3)(x+2)? x-3 x42 (x42)? 
‘x’ by (x -3)(x+2)° 
18x° +8x-24 = A(x +2)’ + B(x—3)(x + 2)+C(x-3) —> Ill 
Put x-3=0=>x=3 in IN. 
18(3)° +8(3)- 24 = A(3+ 2)? + B(3-3)(3+2)+C(3-3) 


162+24~-24 = 25.4 =>[4=162/25| 

Put x¥+2=0> x =-2 in II. 

18(-2)° + 8(-2)-24 = A(-2 +2)? + B(-2- 3-2 +2) + C(-2-3) 
72-16-24 = A(0)+ B(0)+C(-5) 


32 = 40+0-SC =|C = -32/5 

Rearrange III 

18x? +8x-24 = Ax’ +44x+44+ Br — Bx-6B4+Cx—3C 
Comparing Co-efficients 


— I] 











x: = boi Mees pce p28 
25 25 25 
| become 
2x" 162 288 32 
—-2+ + 


Sa ee 2 
(x-3x42" «OSC 3). 25x42) Saxe 2) 


4x? +8x : 
Example 2; ————. Federal 
x +2x°+9 


COLLEGE MATHEMATICS-| Bide) PART CTIONS 


Here x'+2x’? +9 =i 42x? 4+944x? —4x? = x446x74+9-4x’ 
= (x? +3)? — (2x)? =(x* +34 2x)(x? +3-2x) 
=(x° +2x4+3)(x’ —2x+3) 
Red 4x? +8x_ + 4x? +8x __Ax+Bo | Ge+D 
x +2x7 +9 (x°+2x43)(x?-2x4+3) x7 +2x43 x? -2x43 
x! by O° +2x43)(x7 —2x +3) we get 
Ay? +8x =(Ax+ B(x’ —2x +3) +(Cx+ D)(x? +2x +3) 
4x° +8x = Ax’ —2Ax? + 3Ax + Bx? —2Bx +3B+ Cx’ +2Cx* +3Cx+ Dr? +2Dx4+3D 
Comparing Co — efficents 
ey 0=A+C —I 


2 


xs. 4=-244B+2C+ D—I Il > 4=-24+2C+B+D 
x; 8 =34-284+3C+2D—IV 4=-24+2C 4+ 0(useV) 
cons tan’t;0=3B+3D>0= B+ D—V 2=-A+C—VI (+by2) 
IV=> 8=344+3C-2B4+2D I+VI230=A+C 
8 =3(A+C)-2B+2D | 2=-A+C 
(use I1)8 = 3(0)-2B+2D 2=2C >|c =1] 
8=-2B8+2D ; Il=> A+C=0 


+by 2 A+1=0=>|4=-1| 
4=-B+ D—Vll 
V+VU=>0= 8 +D 
4=-B+D 
4=2D=>[D=2| 
Vy >0=B+2>|[B=-2 
4x’ +8x _ (-l)x-2 ¥ (1)x+2 


I become ———, = > i 
Xo +2x° 49° xo 42x43 x° -—2x43 


5. eee x+2 
e4+2x4+3 3° -Bx43 
5 eS (x+2) 


x -2x43 + 2x43 


- —_—_—_ 


5E MATHEMATICS-1 En PARTIAL FRACTIONS 





Resolve the following into Partial Fractions: 


9x-7 
4, ee Lahore 2009 
(x° +1)(x +3) 
Sol Suppose 
94 = ; Ax+B C 


—— = : == — / 
(x? +1)(x+3) x +1 xtl 


‘x’ by (x? +1)(x +3) we get. 

9x —~7 =(Ax+ BY x+3)4+C(x’ +1) oll 
Put x+3=0— x=—-3 in Il we get. 

9(-3) —7 = (A(-3) + B)((-3) + 3) +C(-3)° +) 


-27-7=0+10C = C =-34/10 > |C =-17/5 


Rearrange ll. 
9x —7 = Ax? +3Ax+ Bx+3B+Cx? +C 
Comparing co-efficients 


x; 0=44+C > 0=A-17/5>|4=17/5| 




















§1ye45=5 = 
x 9=344+B39=3(2)4B> B=9-T = B=-6/5} 
a 
a ee 
iene 5S _11x-6 _ 17 
(x? +1)(x+3) xt x43 Sx" +) 5(x +3) 
2. ete Multan 2009 
(x° +1)(x +1) 
Sol Suppose 
| Ax+B C 
= +— — 1 





Ge +i(xtl) xt) x4] 

‘x’ by (x° +1)(x +1) We get. 

1 = (Ax + B)(x+1)+C(x? +1) ——> If 
Put x+1=0—>x=-linIl 

1 =(Ax+ BY-14+1)+C(-1¥ +1) 

1=04+2C >|C=1/2 

Rearrange Il 


l= Ax? + Ax+ Bx + B+O0x° +C 
Comparing Co-efficients 


= _ 


COLLEGE MATHEMATICS-! AL FRA 


Sol 


*; 0=A+C50=A+I/2=>[4=-72] 
x; 0= A+B 0=-1/2+B=>[B =1/2| 

















(become 
-| 1 ] (—x +1) ] 
x+- - a 
pee gh ky aa tne 7 
(x° +1)(x +1) x°+) x41 x +h Oxi 
(—x +1) ] 1 l-x 
=——— + = + - 
2(x° +1) 2(x+1)  2(l+x) 2(14+x7) 
3x+7 
>... Faisalabad 2009 
(x° + 4)(x +3) 
Suppose 
3x+7 Ax+B C I 


(x +4)x4+3) 44 x43 
’ by (x° +4)6x43) 
3x+7=(Ax+ BYx+3)+C(x’ +4) —II 
Put x+3=0=5x=-3 int 

3(-3) + 7 = (Ax + BYX—3 +3) + C((-3) +4) 


2 =0+13C =[C =-2/13 


Rearrange — Il 


3x+7= Ax’ +3Ax+ Bx +3B4+4Cr +4C 
Comparing Co-efficients. 


xs 0=A+C>0= A-2/13>|4 = 2/13 


. 3=34+B23=H2)+B 


Pets a2 
13 13 
| become 
2x 33 -2 
ns eee er el es SS fees 
(x + 4x43) 744 x43 1x7 +4) 130043) 
x? 415 


(x’ +2x+5)(x-1) 
Suppose 


aE 


E 4 303 PARTIAL FRACTIONS 


(x? +2x45\x-1) 42x45 x1 
%’ by (x? +2x +5)(x —1)We get. 

x’ +15=(Ax+ BYx-1)+C(x? +2x+5) —ril 
Put x-1=0>x=1 

(1)? +15 =(A(1) + BY - 1) + C(I)? + 2(1) +5) 
16=0+C(8)>[C =2] 

Rearrange Il we get. 


x” +15 = Ax? — Ax + Bx - B+ Cx? +2Cx +5C 
Comparing Co-efficients 
x; 1=44+C>1=A+25[A=-]] 
x 0=—-A+B+2C 
0=-(-1)+B+2(2) 
0=14+B+4=>[B=-5| 
| become 
x? +15 ee oe (x+5) 
(x? +2x45)(x-1) x? 42x45 x21 Fol 42x45 
x? 
(x? + 4)(x +2) 
Suppose 
Se ne Here 0 
(x? +4)(x+2) x+4 x42 
'’ by (x7 +4)(x +2) We get. 
x” = (Ax + BYx+2)+C(x? +4) —rIl 
Put x+2=0=>x=-2 int. 
(-2)’ =(A(-2)+ BY(-2 + 2) + C((-2)° +4) 


4=0+8C =>[C =1/2| 


Rearrange Il. , 
x” = Ax’? +2Ax + Bx +2B+Cx’? +4C 
Comparing Co-efficients 


x3 1=5A+C>1=A41/2 


A=1-/2=>[4=1/)| 


x +15 Ax+B ts 
HH 


—_ / 


COLLEGE MATHEMATICS-| _ mi Oye! PARTIAL FRACTin 


Sol 


x; 0=2A+B>0=2(1/2)+B 




















0=1+B=>[B=-1| 
| become 
1 1 

Poe te a Boor a2 
(x244\x42) 44 x42 20 +4) 2(x+2) 2(x+2) 2(x? +4) 
x +h 
+l 
CS x +1 
etl (xt)? -x41) 
Suppose 

x +] A Bx+C 

+ —r1 





(x41)0 x+l) x41 x -x4+l 
‘’ by (x+1)(x? —x +1) we get. 
x41 = A(x? —x41)+(Bx+C)(x41) al 
Put x+1=O0>x=-1 inl. , 
(-1) +1 = A(-1) = (-1) +1) + (B(-1) + C1 +1) 


2 = A(1+141)+0>2=34=>[4=2/3] 


Rearrange Il. 
x? +1= Ax’ — Ax+A+ Br’ + Bet+Cx+C 
Comparing Co-efficients 


2. 4 esc cee = 2 é. 
x LS AeBerl= 1/3 Rolie = B=\/3 


x 0=-A+B+C 


age Spt oats 
xj tasty Tt ie ear ae 


Sad 


| become 


_— 


] 
ib see eas < oem 2 eed 
xt) 3(x41) x? 3x41 3(x+1)  3(x° —x+1) 











mio 


COLLEGE MATHEMATICS-1 Ea PARTIAL FRACTIONS 


Sol 





x? +2x+2 
(x7 +3)(x+1)(x-1) 

x + 9x42 AST E Se D 
meinen reales care ere at 
as +3)(x+1)\(x- i= 43 1 —-l 


x’ by (x° +3)(x +1)(x — 1) we get. 
x? +2x+2=(Ax+ Bx +1)(x-1)+C(x? +3)(x-D + D0? +3)(x+D)— I 
Put x-1=O0>x=l1 ini 
(1) + 2(1) +2 =(A(1) + BY + 1-1) + C(V + 3)(1-1) + DU? +3141) 
1+2+2=0+C(4)(0)+ DU? +3) +1) > 5=8D>[D=5/8] 
Put x+1=O0>x=-linl. 
(-1)? +2(-1) +2 =(A(-1) + BX-141(-1-1) +C(-1) +3(-1-1) + DEY 43-141) 
1-2+2=0+C(4)(-2)+0=> 1=-8C >|C =-1/8 
Rearrange Il 
x’ +2x+2=(Ax+ BYx? -1)4+ C(x’ +3)(x-1) + D(x? + 3x +1) 
x? +2x4+2= Ax’ —Axt Br’ -—B+Cx —Ce +3Cx-3C + Dr’ + De’? +3Dx +3D 
Comparing Il ; 


PNAS PSs des One eee gece 
RS 8 2 2 














x31=B-C+D>1=B ~(Cp) to 1-84 242 1-842 
8 8 8 
sastiemeictalnes 
| become 
be 

x 42x42 é: a be s ol). 5/8 
(x? +3)(x+1)(x-1) fe wal. eh 
es a ee ee ED 
A(x? +3) 8(x+1) 8(x-1) B(x-1) 8(x41)) 4(x° +3) 
2 i 
(x -1)' (x? +2) 

1 A BB Cx+D 
ea hanes wees oe 2 
(x-1) (x +2) -1 (x-ly x +2 


‘X’ by (x —1)°(x° +2) we get. 


= A(x)? +2) + BO? +2) 4+(Cx+ Dx- iy — ii 
Put x—-1l=0> x=lintl. 
I= A(i—1){(1)’ +2)+ BU)’ +2)+(C() + D3" 


1=0+8(3)+0>1=3B>(|B=1/3 


Rearrange - i. 

t= Ax’ +2Ax—- Ax’ -24+ Be +2B+Cx' 262 +Cx+ Dx* -2Dx+D 
cementite Soe ; 
x3 0=A+C lil « 


x°30=-A+B-2C+D - —>IV_- 
as 0=24+C-2D —y 

Constant 1=-24+2B+D .— > VI 
(VIx24+V) 2=-44+4B+4 205 


(0=244+C- Desde 2: 


2=-2A+ “f +C 
2=-2A+ 4) + C'( put value of B) 


2= 24+ 54C 2440 =2-2=2 —> VII 


VII-Hi= = ~2A+ 6 =2/3 
At =0 


-34=2/3 


9 
: 2 2 
From Hl A+C= Sg eons wi 


ws pete ce. 
0= “(-5)4+5 222) 4D 


2 4 24+3-4 1 
0=— a = =— 
9°3 gt D0 +D=>0 stD|D=—1 
2x 1 
hecne i 2edt9. MNI-* 5 9 


(x-1"'(x? +2) x-1 "aly a x? +2 


> 


COLLEGE MATHEMATICS-| 


—2 ] 2x-] 
+ ——_ + ——_ 
Ax-1) 3(x-1P 9(x? +2) 


PARTIAL FRACTIONS 








-| 


4 











3 oe (Improper) q 
1-x’ — ara 
1 —x' +] _ 
Sol =x’ =-1+—— —!/ Sak 
l-x 1 
- l | 1 
ow Sie = ara meine tae ee eee Toe. 
I-x* (l-x*)(l+x°) (l-x)d+x)(1+2°) 
1 A Bed 
Now ———————————— = a Frontal JF 





=—— + + 
(l—x\l+x)\l+x°) l-x l+x 142 
‘x’ by (l—-x)(1+x)(1+ x?) 

1 = A(1+x)(1+x")+ B(L—x)(1+x7) + (Cx+ D)(1=x)(1 +x) — II] 
Put x+1=0>x=-1 int. 

1 = A(1—1)(1 + (-1)’) + BQ - (-1)) + (-1)?) + (Cx + D)-(-1))(1-1) 
1=0+ B(1+1\1+1)+0>1=48 >[B=1/4] 


Put x-1=O0=>> x=] intl >1= A(1+1)(14+1)+04+051=445 A=1/4 
Rearrange Ill we get. 

1 = A+ Ax? + Ax+ Ax’ + B+ Bx’ — Bx - Bx’ + Cx—-Ce +D-Dx? 
Comparing Co-efficients 


X?;0= A-~B-C >0=+-+-C >0=-C >[Ca0] 


4 4 
x 0=A+B-D 


Sr xeeD 30=3-d=|[D=1] 
4 4 2 2 





| become 
] ] ] 
i = -1+— = -14+-———______ 
l-x l-—x (1—x)(1+x)(1+x") 
l l O(x)+1/2 
=-l+ + ——_. + ———___ 





4(l-x) 4(1+x) l+x° 
1 erg ] 


=-l+ + ———— +§ 
4(l-x) 4(l+x) 2(1+x’) 








40. ies 
‘x x +1 

as (ia 2xt3_ x’ ~2x+3 _ x’ —-2x+3 
xi4x7 +1 x42? +142" =x? xh 42x? 41-2? 
_ 8x43 x -2x+3 


(+ xt)(Q-—xth x ex4] x? —~x4] 
%’ by(x? +x —1)(x? —x +1) we get. 
x? -2x+3 =(Ax+ BY? —x41)4+(Cx4+ Dx? +x41)-— 


x? ~2n+3 = Ax’ — Ax? + Ax+ Bx? - Bx + B+ C8 4+ Cx? +Cx4+ Dx? 4+ Dxe4D 
‘Comparing Co-efficients 








x5 0=A4+C ——Ii - IV => -2=A-B+C+D 
x’;1=-A+B+C+D -———IIl OF =2=A+C-B+D 
x;~2=+A-B+C+D—-IV Put A4C=0 
Catt; 3=B+D —-V. . _-2=-B+D —_V]} 
Il => 1=-A+B+C+D _ V4Vi3=8+D 
or l=-A+C+B4D 24D 
Use B+ D=3 xe 1=2D>|D=Y2 
1=-A+C+39-AtC=-2 + —FI | 
+Vil V33=B45 = 8-3-2 =[B=7/5 
0=A+C : eg 

SGC « “Soper 
-2=2C =>[C=-1) | Pea 

| become : | 
x ~2x+3 x -2x+3 (i)x45/2 (lx +1/2 


wT aati ae Go ee eee 


4x4] CP txelir—xel) xi 4x4] xt x41 
2x+5 pion 2 _—2x-)- < 2x+5 
Ax 4x41) x? ~x+1 (Qf —x4D 2(x? +x+1) 


COLLEGE MATHEMATICS-| ke 


Resolve into Partial Fractions: 


a 


Sol. 


Sol. 


x? +2x+2 

(x? +x+1) 
Suppose 

x'+2x+2 Ax+B Cx+D 
(+x4]? x 4x4] (x? +x+1) 





‘X’ both sides by (x° +x+ 1)’ we get 

x +2x+2=(Ax+B\(x? +x41)+Cx4+D 

or X°+2x+2= Av + Ax? + Ax+ Br? + Bx+B+Cx4D 
Comparing Co-efficients 

x; [1= 4] 

x°;0=A+B>0=1+B>[B=-1 

x 2=A+B+C>2=1-14+C>|C=]| 
Constant;2=8+D 


2=-1+D=>[D=3] 
Hence 


xX +2x42 3 (Ix-l 2x +3 
(x°+x4+1P x? 4+x41 (x? 44-1) 








Or 
x'+2x+2 x-l 2x+3 
(eextlY 4x4] (x +x41) 
x 
(+12 (x=) 
Suppose 
x Ax+B Cx+D~ E 


(x? +12 (x1) _ x4] (+l x-1 

‘x’ both sides by (x" +1)'(x-1) we get 

x” =(Ax+ B)(x—1)(x? +1)+(Cx4 D)(x-1)+ E(x’ +1) 
Putx-1=0>x=linil 

(1) =(Ax+ BY -1)+(? +1) +(Cr+ D\1-1) 4 EP rly 
1=0+0+4E>[E£=1/4 


PARTIAL FRACTIONS 


—>]] 


COLLEGE MATHEMATICS-I PARTIAL FRACTIONS 


Rearrange Il 
x” = (Ax? — Ax + Bx— BYx? +1)+ Cx’ —Cx + Dx- D+ E(x' +2x° +1) 

x” = Ax* — Ax? + Bx — Bx + Ax? — Ax+ Bx-B+Cx -Cx+ Dx- D+ Ex' +2BC +E 
Comparing Co-efficients 


x"; 0=A+E=>0=A+1/4=>|A=-1/4 
x’; 0=-A+B=>0=~-(-1/4)+B>|B=-1/4 


x’: 1=-B+A+C+2E 
] ] 
1=~(-1/4)--4+C+2— 
os ) 4 @ 


= B-fsertsca14/2> C=1/2 
x; 0=-A+B-C+D 
0=-(-1/4)+(-1/4)->+D 


0=1/4-1/4+D-1/2 
0=D-1/2>|D=1/2 


Hence 
x aa 4x-W/4  W/2x41/2 1/4 
(x? +1)?(x-1) x +1 (x? +1). .x=1 
-x-1 x+1 1 
Pee ae eee ek ee ae 
A(x? +1) 2(x? +1)? 4(x-1) 
Or 
] a (x+1) eats 
~Ax-1) 4G +1) 20241) 
3 2 ere Federal 
‘ (x* +2) (x-2) 
Sol. Suppose 
2x-5 Ax+B Cx+D E 








age cae deena mh 
(42-2) 42 adp ne? 


‘x’ both sides by (x° +2)'(x-2) we get 

2x-5 =(Ax+ BYx +2x-2)+(Cx+ DXx-2)4+ E042" I 
Put x-2=0>x=2inil 

2(2)-5 =(Ax+ BY2? + 22-2) + (Cx + D\(2—2)+ E(2 +2)" 


c 


L 


> — Ee 


THEMATICS-! | 311 | PARTIAL FRACTIONS 
4-5=0+0+36E >-1=36E => E=-—]/36 
Rearrange II 


2x-5 = (Ax? +2Ax+ Br +2B)(x-2) + Ce? -2Cx + Dr —2D+ E(x* +4x? +4) 


2x—-S=(Ax' +24" + Be +2B—-240 ~4.4e-2B? -4B+G2 -20+ De —2D+ Br +4Be +46 
Comparing Co-efficients. 
x"; 0=A+E>0=4A-1/36=>[4=1/36 


a 0=B-24=>0= B-2(1/36)=0= B-— =[B=1/18 
75 0=24-2B+C+4E = 0=2(1/36)—2(1/18)+C+4(-1/36) 


or 0B 9 tC-g a 0aC+ 2 pac 3 C=3/18 


x 2=2B-44-2C+D=>2=9-+)-4-1)-y3)4p 
is 36° 8 


or = 5-5 -5+D=243=D=D=21- Tid 














99 9 
Hence 
3 : 7 
2x-5 36 eel g* "3. -1/36 
(x7 +2)°(x—2) Bene 1 +2y (42) x2 
Z x+2 2 3x+42_ a 
36(x° +2) 18(x° +2)? ~ 36(x—2) 
xt etd , 3tl4) _ | x+2 x+14 
36(X-2)  36(x7+2) 1807 +27 36(x— 2 36(x°+2) 6(x? +2) 
8x’ 
(7 +1") 
8x° 7 8x? 
(x +1IP =x) (+1 (—xXx4) 
Suppose 
8x° _Ax+B Cx+D EF 


ie] 





vi e-tethie BELL ce Ce ig FS ORNS Seca seat 
(x +1) (l-x)x4+l) x? 41 (+I x-l x+] 
‘X’ both sides by (x° + 1) (l—x\l+ x) we get 

8x =(4r+ BY? +IXT xX 4x) +(e +Dy1 ~xXIl+x)+ Abe +17 (l4+x)+FU¥ +1P (I-)— 
Put l-x=0=> x=1in UL. 


Sol. 





8(1)' =0+0+0+E(" +17 (14+D+0 


8=E(4X2)=98=8E =[E = 1 


Putl+x=O—>x=-lin ll. 

8-17 =0+0+0+ F(-)+1d-C)) . 

8 = F(4)2)=[F =I] 

Rearrange Il 

Sx" =(Av + A+ Be + BYI—2x7)+(Cx+ DY") + Ax ‘422 +1Xt+x)+ FO! +2x° +1K1-x) 


or 8x2 = Ax+ B- Ax — Bx! + Cx-—Ce? + D- Dr? + Fx +2 BX +E 


+ Bx 426? + Ext Ft +26 +PRS ~2F x Fr 
ee Go-efficient. 
O:0=-A+E-F ——ill0=-A+1- 1[a=d| 
x:0=-BtE+F — IV 0=-B+1+1>0=-B+2>[B=J| 
0: 0=-C4+2E-2F —3V >0= -€+20)- -2(1) 30=-C+2-2> [C=] 
x;8=2E+2F — VI 
x0=A+C+E-F ——>VII © 
Constant; 0=B+D+E+F >0=2+D+1+1>[D=-4] 








Put values in 1. 
8x7 0+2 0-4 1 1 
LTRS Ea A Pt a oa 
(x +1Y-xXx41I +I) G+ 1 1 
2 4 | 1 i be? 4 


"@aD Way d-» Wn I-z lex ¥ 41 Gol? 
4x*+3x' +6x7 +5x 
(x-I)? +441) 

Suppose . 
axt43P 460 45x_ A | Bet | Dr+k 
(x-DOttxtl? xe) x txtl ( +x4ly 

‘x’ both sides by (x— -1)2 +x+l) we get 

4x +3x +6x° +5x= = Ae? txt) +( Bx +CXx— Kx Sey ree D — il 

Put x-1=O0->x=lin it. 

4(1)* +31) +60) + 5(1) = AY 41417 +0+0 





4434645= AG) >18=94= 4= =| 425} 


- 


PARTIAL FRACTIONS 


COLLEGE MATHEMATICS-I 


Rearrange equation II 
4x'+3x'+ 6x7 +5x= A(x" $x°4142x7 +2042? )+(Bx+C)? —1)+(Dx+ E\(x-1) 


4x* +3x° + 6x7 +5x = Ax! +2Ax? 43.40? 4240444 Br! — Bx+Cx’ —C + Dr’ — Dx + Ex—E 
Comparing Co-efficients 


x';4=A+B — >I] >4=24+B=>[B=)| 

v33=2A+C —>WV =3=22)+C>3=44+C5|C=-1] 
¥36=34+D —3V =6=3(2)+D36=6+D=[D=0] 
%35=24-B-D+E — VI =5=2(2)-2-0+£552+E=>|E=3 





Constant; 0=A-C-E — >VII 
Put values in | 
Ax" +3x'+6x7+5x_ 2° 2x-1 + 3 
(x-D(x +x41) x-l x 4x4] (x? +x41) 
% 2x* -3x° -—4x 
6. | 


— (x? +2)'(x +1) 
Sol. Suppose _ 

2x* —3x? — 4x Le oe td Ex+F 
(x'+2)(r+lP x4] (xsl? 42) (2 +2) 
‘x’ both sides by (x° +2)’ (x+1) we get 

2x* —3y° ~ 4x = A(x+ I? +2)? + BO’ +2)? +(e Dx I)? +2) Ex+F x+y —ol 
Put x+1=0>x=-linil 

2(-1)* -3(-1¥ -4(-1) = 0+ B((-1)’ +2)’ +040 

2(1)~3(-1) +4 = BU +2) > 24+3+4= BY >9=9B>[B=1] 
Rearrange Il. 2x' —3x° —4x = A(x +1)(x1 +4x° +4)+ B(x? +444x’) 

+(Cx+ Dx? +2x+1)(x? +2)+(Ex+ F\(x° +2x +1) 
2x" —3x" —4x = Ae +44x+4 4x + Av 4444440 + Be +4 B+ 4B? +O +200" + 420" 
HC +2Cr+ De +2D0 + De +2D? +4De42D+ Be 4282 +Ex+ FC 42F4F 


Comparing Co-efficients 

COP Se AS Oe 

oF =A+B+2C+D — IV 

x; =3 =4A+C+2C+2D+E=>-3=444+3C+2D+E oY 
X°,0=44+4B+4C + D+2D42E+F 30 =4A4+4B4+4C43D42E+F 17 
3-4 =4A+2C+4D+E+2F 3VII 





COLLEGE MATHEMATICS-1 Eg PARTIAL FRACTIONS 


constant;0 =444+4B4+2D+F VIII 


From n[c =—A] Put values of B and C in IV. 

2= A+14+2(-A)+ D> 2=1=A-24+D=>|1=-A+ Dl >|D=14 4, 9X 

Put valuesin V -3=4A+3(—A)+2(1+ A)+E 
—3=44-344+2+2A+E>-3-2=3A+E>|-5=3A+E| 3 X 

Put values in VI. 

0 =44+4(1) + 4(—A) +3(1+ A) +2(-S-34)+F 

0= A +4- 94 +34+34-10-6A+F 

0=-3-3A+F >3=-3A+F —XI 

Put values in VII. 

—-4=44+2(—A)+4)(1+ A)+(-5-34A)+2F 

-4=44-2A+4444-5-3A42F eye 

—-4=34-142F > -44+1=34A4+2F > -3=3A4+2F XI 


Adding XI & XII 3=-34+F 
-3= 94 +2F 
0=3F >[F =0] 
from XI 3=-344+0>|A=-I] 
from II 0=-14+C=> [Cc =1] 
from Ix l=-(-1)+D=>1=1+D=>[D=0] 
from X ~5=3(-1)+E > -5=-3+E => E-54+3>[E=-2| 
Put values in |. 
2x* =3x —4x ike 3 1 x+0 | -2x+0 
(x7 +2)°(x41P xt] (tl? x42 (x7 +27 
-1 1 x 2 


eo Bek ME et ee 
x+1 (x41) x°4+2) (x42) 


COLLEGE MATHEMATICS-| tT PARTIAL FRACTIONS 


TEST YOUR SKILLS Marks: 50 


Q#1. Select the Correct Option 











i x +x-6=0is: 
a) Equation b) Identity 
c) Proper fraction d) Improper fraction 
li, Partial fraction of — > will be of the form: 
(x+ =) 
+C A B 
a) £5, = b) +— 
x#1) x? 1, X+1- xe] 
A 
Cc) —— + on d) None of these 
x¥-l x+l1 
iii. The quotient of two polynomials mad Q(x) # 0 with no common factor is called: 
x 
a) Algebraic Relation b) Rational fraction 
c) Partial fraction d) Polynomial 
iv. An equation which holds good for all values of variable is called: 
a) Equation b) Conditional equation 
c) Idenity d) None of these 


Q#2. Short Questions: 
9 


(x +2)?*(x-1) 
7x +25 
(x +3)(x +4) 
iii. Define Conditional equation and improper rational fraction: 





i, Resolve into partial fraction 


if. Resolve into partial fraction 


Long Questions: 





Q#3. (a) Resolve into partial fraction ee te 
(x+1)°(x=1) 
(b) Resolve Bee aS into partial fraction, 
(x-3)°(x +1) 
Q#4. (a) Raspes ans into partial fraction 
(x -1)(2x-1)(3x-1) ; 
3x+7 : : 
(b) Resolve ————______ jnto partial fraction. 


(x0 + 4)(x+3) 


COLLEGE MATHEMATICS-I 316 SEQUENCE AND SERIES 


TSS 





SEQUENCE AND SERIES 


Sequence: 
Sequence is a function whose domain is subset of the set of natural numbers. 
Real Sequence: 
\f all members of a sequence are real numbers, then it is called a real sequence. 
Finite Sequence: 
if the domain of a sequence is a finite set, then the sequence is called a finite sequence: 
Infinite Sequence: 
if the domain of a sequence is an infinite set, then the sequence is called an infinite sequence. 
Siig (ke 
The sum of an indicated number of terms in a sequence is called a series. 


Write the first four terms of the following sequences, if 


i, a, =2n-3 

Sol. = a, = 2(1) -3 =-1 
a, = 2(2)-3=1 
a, = 2(3)-3=3 
a, = 2(4)-3=5 


First four terms are —1,1,3,5 
ii. a, =(-1)".° 
Sol. a, = (-1)'.(1)’ = (-1)0) = -1 
a, =(-1)’.(2)’ = ()(4) =4 
a, =(-1)'.3)’ =(-1)9) =-9 
a, = (-1)'.(4)’ = (1)(16) =16 
First four terms are —1,4,—9,16 
ili. a, =(-1)(2n-3) 
Sol. a, = (-1)'(20)-3) =CI\(-D=1 
a, =(-1)' (2(2)-3) =4-3)= MM) =1 


Sol. 


vi. 


Sol. 


Sol. 


teak 


ay = (-1)'(23)-3) = (“16 -3) = (“)Q) =-3 
a, = (-1)*(2(4)—3) = (15) = 5 
First four terms are 1,1,—3,5 
a, = 3n-5 
=3)-5=-2 
a, =3(2)-5=1 
=3(3)~5=4 
a, =3(4)-5=7 
First four terms are -2,1,4,7, 


{. 








— id ; 
"  2n+t : 
i 1 1 
Zao = Ee 
2(1)+1 2+1 3 
2 2 
2(2)+1. 5 
fd ek 
+" 203)4+1 641 =7 
iat ae 
*24)41 841 9 
mahimisee 4 
3°5°7°9 
On oa | 
gee a a ed 
First four term hal Det 
248 


a,-@,., =a+2,a,=2 
Put 1 = 2,3,4. < 
a, =24+2>4,-a,=4_ 
' @, -2=4->9a,=6 . 
~a,, =34+2 > @,— 4, =§ 
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viii. 
Sol, 


Sol, 


Sol. 


Soi. 


-6=5>a,=11 
G,—a,,, =4+2=a,-a,=26 
a,—ll=6—=a,=17 
First four terms.2,6,11,7 
a, =na,_,.4,=1 . 
Put 7=2,3,4 
@; = 2a, =2s,=20)=2.. 
a, =2a,_, =3a, =3(2)=6 
a, = 4a,_, = 4a; = 4(6) = 24 
First four terms are t, 2, 6,24 ° 
a, =(n+1)a_,,,a,=1 
a, =(2+))a,_, > 3a, =3(I)=3 | 
= (34+ )Da,_; > 4a, = 443) =12 
a, =(4+]a,, > 5a, =5(12) = 60 
First four terms are 1,3,12,60 





eet 
"  at+(n-ljd 
1 1 1 1 
a, =~ =—, a = = 
a+(l-l)d ao © a+(2-\)d atd 
1 1 Jf 1 





= —————_ = »a,= = = 
a+(3-l)d a+2d a+(4-)lDd at+3d 
Find the indicated terms of the following sequences: 
2,6,11,17,........, =? 


* 


a,=17+7=24 

a, = 2448 =32, [a, =32+9=4]] 
1,3, 12,60, cccosooell, 

1,3,12,60,..c00.0, =? 

d, = 60(6)=360 

= 360(7) = 2520=>[a 27500) ig 

357 

eee ed 


” 


Add “2” in Numerator and ‘x’ 2 by Denominator 
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Sol. 


Sol. 


Sol. 


£3 ee As 13 
Jia seo a, =— 
1°2°4°8°16 32°64 64 


1,1,—3,5,—7,9........- a, =? 
14-355, 7,9. osacsecs a, =? 

(In even term plus 4, In odd term subtract 4) 
11,-3,5,-7,9, -11,13,> 
1,-—3,5,—7,9,—11, ....0c0000 a, 
1,—3;5,;—7,9;-1 I jsnenversnsssry =? 
1,-3,5,-7,9, -11,13,-15> Ja, =—T5 
Find the next two terms: . 
Ty Dy Beg Mg tieeaiicrennteese 

a, =16+5=21 

a, =21+6=27 

By Fpl Sy Bivctevutcertas 

a, =31+32 =63 

a, = 63+64=127 

—1.2,12,40 

a, =—-1x2” =-Ix1=1 

a, 1x2! =1x2<2 

a, =3x2?=3x4=12 

a, =5x2’ =3x8=40 

a, = 7x2" =7x16=112 

a, =9x 2° =9x32 = 288 

Next two terms are 112, 288 
1,—3,5,-7,9,-11 

1, -3,5,-7,9, -11,13,-13 

Next two terms are 13,-13 
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Sargodha 2006, Faisalabad 2009 


A sequence {a, } is an arithmetic sequence or Arithmetic progression if a, —a,, , is 


the same number for all ne N and n>1 
Example 3: (6.2) Find the number of terms in A.P if a, = 3,d =7,a, =59 


Sol: a, =a,+(n-l)d 
59 =3+(n-1)7 
59-3 =(n-1)7 Multan 2007, 2008, 2010 


56 =(n-1)7 >n-1=56/7 =8=>|n=9| 


Theorem: 
a, =a,+(n-I)d 
a, =a,+d=a,+(2-l)d 
a, =a,+d=a,+d+d=a,+2d=a,+(3-l)d 
a, =a, +3d =a, +(4—-ld 


a, =a, t+(n-l)d : 
1. Write the first four terms of the following arithmetic sequences, if 
i. a, = 5 and other three consecutive terms are 23,26,29 


Sol. a, =5, and 23,26,29=>d=3 
a, =5 
a, =a,+d=5+3=8 
a, =a, +2d =5$+2(3)=11 
a, =a, +3d =5+3(3)=14 
First four terms 5,8,11,14 
ii. a,=17 and a, =37 
So. a, =a, + 4d =17—, a, =a, +8d =37— Il 
ll-Il=> 





Sol. 


@, +8d =37 
a, t4d=17 


4d=20|d=5] 
Putin! 


a, +4(5)=17 
a, +20=17=Ia, =-3| 
a, =a, +d=-34+5=2 
a, =a, + 2d = -3+ 265) 
@,=-3+10=7 © 
a, =a, +3d =-34+3(5) . 
a, =-34+15=12 
First four terms are -3,2,7,12. 
3a, = Ta, and a,, = 33 on 
(a; + 6d) = 1(a, + 3d) and a,+9d =33. ——l 
3a, +18d =a, +210 
Or 7a, +21d - 3a -18d =0 
Or 4a, +3d =0 ———-H] 
Solve 1 & If. (1 'x' by 4) 

4a, +36d =132 

4a, +3d=0 

33d =132 ve 
Put in tt — 
4a, +34) =0=>4a, =-12=[a, =-3 
Now = a, =-3 ’ 
a, =a,+d=-3+4=] ’ 
a, =a, +2d =-3+2(4) =-34+8=5 
a, =a, +3d =-34+ (4) =-3+12=9 
First four term are —3,1,5,9 


Now 
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2, If a,.3 = 2n—5, find the nth term of the sequence. 
Sol. 4, =2n-5, a,=? —_ Sargodha 2009, Faisalabad 2007, 2008, Rawalpindi 2009 

Replace n by n+3 ‘ 

Gny3-4 = (NM +3)—5 

a,=2n+6-—5 

a, =2n+} 
3. if the 5“ term of an A.P. is 16 and the 20" term is 46, what Is its 12" term? 
Sol. ds = 16, ay = 46, a, =? . : 

_ a3 =a, +4d =16-——, Oy = 4, +19d = 46 ———I] 
a, +19d =46 UI ~1) 
a, =4d=16 
15d =30=>[d =2 | 
Putd=2 in] a, +4(2)=16 
| a, +8=16=>[a, =8] 

Qyy= 4, +d” | 

Gy =8+11(2)=8422 = 30 
4. Find the 13" term of the sequence x,1,2,—,3— 2X, cesses 
Sol 3 =? X,1,2-x, 3-2, a rrecrecerss _ 

a, =x d=1~-x! 

a, =a, +(n-ld 

a; =a,+12d 

=x+12(1—x)=x+12-12x 

5. Find the 18” term of the A.P. if its 6" term is 19 and the 9" term is 31. 
Sol =a, =? @, =19, a, =31 


a, = a, +8d = 31 ———] 
a =a +5d =19 HT 
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Sol. 


Sol. 


Sol. 


Sol. 


/-i= 
a, +8d =31 
a,+5d=19 


3d =12 >|d=4] 

Put in a, +5(4)=19 =>], =-I] 
a, =a,+17d 

&, =-1 +17(4) =-1+68 = 67 


Which term of the A.P.5, 2, -1,....... is -85? 
352, ~Teincaune is —85? (Which term) 


a, =5,d=2-54-3, a, =—85 
a, =a,+(n—-l1)d 


-85 =5+(n~1)(-3) => -85—5 =(n—1)(-3) 


“90 = (n= IX-3) = n-1=— = 30 


n=1+30>n=3]1 
So —85is 31* term. 


Which term of the A.P, — 2, 4, 10,....... Is 148? 


a, =—2,d =6,a, =148, n=? 

a, =a,+(n—-l)d 
148=—2+(n—-1)6 => 148+2=(n-1)6 
150 =(n-1)6 
n-1=2=25=9=26 


So 148is 26" term. 


SEQUENCE AND SERIES 


Faisalabad 2008 


Sargodha 2011 


How many terms are there in the A.P. in which a, =11,a, =68,d =3? 


4, =1la,=68,d=3,n=? 
a, =a, +(n—l)d 
68 =11+(n-1)3 > 68-11=3(n-1) 


3(n-1) = 57 > n-1=19 =>[n=20] 


if the nth term of the A.P. is 37—1, Find the A.P. 


a, =3n-1 


‘ 
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a, =3(1)-1=2 
a, =3(2)-1=5 
a, =3(3)-1=8 
a, =3(4)-1=11 
Sequence is 2,5, 8, 11, css 3 I, 
10. Determine whether 
i. -19 
Sol. Determine —19 is term of 17, 13, 9, ..-.+++ OF 17, 13, 9, svvesesrseeeee, —19 in AP 
a, =17 a, =a,+(n-l)d 
d=-4 —19=17+(n—1(-4) > -19-17 = (n-1X(-4) 


a, =-19 ~36 = (n-1\-4) => n-1=9 =>[n=10) 
Yes (—19) is 10" term of the sequence. 
ii. 2 is the terms of the A.P. 17,13,9....... or not. 
Sol. a, =17,d=-4,a, =2 
a, =a,+(n-1)d 
2=17+(n-1)(-4) > 2=17-4n+4 
19 
2n=21-4=>>n= 7. Not possible. 
2 is Not term of this sequence. 


11. if /,m,n are the pth, qth and rth terms of an A.P., show that 
(i) (q-r)+m(r-p)+n(p-q)=0 — (ii)p(m—n)+q(n-1)+r(l—m) =0 
Sargodha 2008, Multan 2009 
Sol. (Method-l) /=a,+(p—l)d—J 
m=a,+(q-l, -il 
n=a,+(r—l)d-Ill 
I-H l=a+pd-d  I-Il m=a,+qd-d 


m=a,tqdFd n=a,trdtd 
(1—m) =(p-l)d—IV m-—n=(g-r)d—-V 
l-m _(p-q)d 





Divide IV by V ——_ = 
man (q-r)d 
(J—m\(q—r) =(p—qim-n) 
lq —Ir —mq+mr = pm- pn—qm+qn—VI1 


COLL 


12. 


Sol. 


13. 


Sol. 
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lq —lr —mq + mr — pm+ pn+qm—qn=0 


(q—r)+m(r — p)+n(p—q)=0 

Shift L.H.S to R.H.S in VI. ; 

pm— pn~ gh +qn-|q+lr+ pi —mr =0 
P(m=n)+q(n-1)+r(l—m) =0 

(Method-il) /=a,+(p—l)d, m=a,+(q—l)d, n=a,+(r—-l)d 

L.H.S. =l(p—r)+m(r— p)+n(p—q) =(a, +(p-ldXq-r)+(a, +(q-1a) 
(r— p)+(a, +(r-)d) pq) 

= (a, + pd-d)(q-r)+(a, + qd—d)\(r — p)+(a, +rd-d\p—q) 


= 9-96 + pad — pel — gh a+ of — a ak — ab — a+ 96 
«9b ~ 96+ rib — lf - o6 + 


= 0=R.H.S Hence Proved. 


ay (7Y (10Y 
Find the nth term of the sequence, (+) (2) (2) 9 steeneees Faisalabad 2007 


3 3 
2 2 2 
(=) (2) (2) Bee 
3 3 3 . 


Take 4, 7, 10, .......0. in; a, =a, +(n—-l)d 


a, =4,d=3,n=n 
Then a, =a,+(n—l)d 
a, =4+(n-1)3 


a, =4+3n-3 >a, =3n+l 


So 4, => (=) 
3 


sa 
if —,— and “ are in A.P., show that PP Faisalabad 2007 
a’b ate 
Given ee s r are in A.P 
abe 
Pont 
$o ---—=-—-— 


c ATHEMATICS- Ea EQUE 











1) ORS 
Or —+— =—+— 
C' ap ee 
at+ce_2« 
apes 
ac b 
7 b 2 ~ 
Cae (Take reciprocal) => =e] 
a+c 2 at+e 
11 1 f ; : _ a-c 
14. If —,— and — are inA.P., show that the common difference is ——— 
ab c 2ac 
: bie 
Sol. Given —,—,—areinAP 
abe 


Sod= <==(3rd =2nd)—>1 
c 


d atu Ai 
ba 





Iv wide ap. 
c. a 
od = 228 
ac 


a-c] — 
d = Common difference = ee 
ac 
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at+b 
Theorem: A.M: nae se 
Proof: If Ais A.M. between two numbers a&b thena, A, b are in AP then 
a+b 
A-a=b-A=>A+Az=a+b>2A=a+b Pris 7 
1. Find A.M. between 
. 3V5 and 5/5 Faisalabad 2008 
Sol. Here a=3V5 & b=5/5 
+6 3N545V5 | 85 
Then A.M _ a+b _3W5+5V5 => AM =—— =4,5 
2 2 2 
ii. X-3 and x+5 
a+b x-34+x+5 
Sol. a=x-3and b=x+SthenAM= 5 Pier 
: > 
AM x22 264 
2 
iii. 1—-x+x’ andl+x+x? Sargodha 2008 
Sol. a=l—-x+x? & b=l4+x4x7 
+b l-x+x?4l4x4¢x? 242%? 2014, . 
AM eS S2 oa Ri FEE att 20) 
2 2 2 2 
2. If 5, 8 are two A.Ms, between a & b, finda and b. 
Sol. a,5,8,b are in A.P Sargodha 2010, Lahore 2009, Multan 2010 


=> 8-5=5-a=3=5-a=>3-5=-a>[a=2| 
& b-8=8-5—>b=8+3=>/[b=11] 


3; Find 6 A.Ms. between 2 and 5. 
Sol. Suppose 4,, A,, A;, 4,, 4,,&A,, are 6AMs between 2 &5 


then 2, A,, 4,, A,, Ay, A,, A, 5 are in A.P. 
a=2—I & a =a+7d=5—II 
(Put 1 in II) 247d =5=3 1d =3=d == 


A =a+d=24201) (A, is.a,, A, isa, so on) 


ae = 
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=2+—= 


iw 


A, =a +2d=242{ 


ee 
ue 
a 
_ 
ao 
‘i 
| 
|S 


9 14+9 23 


A, =a, +3d =2+3 er 
ee 


TK 

~i| Ww 

Le EE 
I 
N 
+ 











A,=a+4d=2+4{2|=2 12 _14+12 _ 26 
7 7 7 oe 
A=a+5d=245{ 2 et ba 15 _ 14+15 _ 29 

A, =a, +6d = 2+6{3)=2 7,18 _14+18_ 32 


17 20 23 26 29 32 


Hence 6 A.Ms are —;—;—>> >> >> 
4. Find four A.Ms between V2 & Ia Sargodha 2011 


12 
Sol. Let A, A,,A,,A,,are four A.M between V2 and = 


V2 Ay Aav Ay Ay Fate in A.P 
a, =V2—I & a, <0 68a= 2 SB sd = aloe 
V2 V2 
12 12-2 10 1G oeeg 
Magpaiactor ee aaae SF 
(a2. Pod 
J2 
A =a,td=V2+V2 =2y2 
A, =a,+2d =J2 +22 =32 
A, =a, +3d = V2 +3V2 =4V2 
A, =a, +4d = V2 +42 =5,2 
Hence 4 A.Ms are 2J2,3V2,4V2,5Vv2 


5. Insert 7 A.Ms between 4 and 8. 
Sol. Let A,A,,A,,A,,4,,4,,4,,are7 A.Ms between 4 & 8. 


c 


Sol. 


Sal. 


Then . 4,4,4,,4,,A,, As, Ay, Ay Bare AP. 
a,=4-I, a, =a,+8d=8=>4+8d =8 8d =8-4=4 





4 1 
&d=4 => d=-=—-— 
8 2 


P| Pe 
=@a+dq@=4+4+-—=—=— 
A, =4, +3 


i) 


A =a,+2=442 


oN 
tl 
eee 
U 
pb. 
oi 
If 
Lo. 


I) . 3 8+3 Il 
= 3d =443| — |=44-—=—— = — 
A, = 4, +3 +3(5) 5 
Ana r4d=4+4{ 2) 442-6 
5 8+5 13 
eu 454445) = ladles 
Anarsdndss{ saat rats ad 
Ana +6d=4+6{5)=443=7 
7 8+7 15 
ee aa ae a 
9 11,13 _ 15 
Hence 7 A.Ms are 3 Ogee 
Find three A.Ms between 3 and.11. 


Let A, 4,,.4,are three AMs between 3 & 11.: 

then. 3,4,,4,,4,, ll are in AP. | 

a, =3&a, =a, +4d =11-34+4d =11 => 4d =8 >|d =2] 

A =a,+d=342=5 

A, =a, +2d =34+2(2)=344=7 

A, =a, +3d =3+3(2)=346=9 

3 AMs are 5,7,9 

Find nso thee ht 8* 
an’ +8 

a" +b" a+b" a+b 


~~ he A.M between a & b then we have —~-——-> = ——— 
ae +p" a’ typ 2 


may be A.M. between aandb. Rawalpindi 2009 


if 


—--- 
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= 2(a" +b") =(a+bYa"' +b""') 

2a” +26" = aa"! +ab"'+ba"! +bb"'| =a" +ab"! +ba"™! +h" 
2a" —a" +2b" —b” =ab"'!+a""b 

a’ +b" =a"'b+ab"™! >a" -a"'b =ab"' —b" 

a" a-a"'b=ab"'—b""'b 


a"' (9B) =b"' (gb) a"! =b"' = aE by b”") 


n-l 0 
a a 
> })— =l=|—| >n-1=0>n=!1 
Ears) 
8. Show that the sum of n A.Ms between a and b is equal ton times their A.M. 
Sol... ° Let A Alain ae , A, be nA.Ms between a & b. | 
THAN GS A convesioenn ,4,,0 arein AP. Faisalabad 2008, Multan 2008 


Here a, =a & n=n+2,a,.,=b,d=? 
a,=a,+(n—l)d put n=n+2 
4,9 =a, +(n+2—-l)d =a, +(n+l)d 


= dy,2 =a, +(n4+1)d > b=a,+(n+1)d od = 9-4 





Now 4 +A, + Apsscesn 4,=7[4+4]. 
=Zla +d+a,+nd]| 


= 5 (24, +(n+1)d] 


214 +(n+1). Ox. =a) 
2 (n+1) 


=5 (24, +-4)] 
~ (a+b tb 
=5la+]= n| J-n(S ) 
=n(A.M between aandb) 
Hence: A, +A,......s0c000- A, =n(A.M) 
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4. Find the sum of all the integral multiples of 3 between 4 and 97, 

Sol. —_ Integral multiple of 3 between 4 & 97 are is series 6+94+124+15+......... +96 
a, =6,d =9-6=3, a, = 96, n=? 
a, =a, +(n-l)d > 96 =6+(n-1)3 > 96 =6+3n-3 
=> 96 =3n+3=>3n= "ii 3—> 3n= ae 3=93>n=31 


S) 54 +a, J=s,, = 5 (6+96)=2"(102)= 31(55) =1705 


2. Sum a series ewes 2008 
i. 3+ (-1I) 4143454 coccecicccere +A, 
Sol. a, =-3,d =—1-(-3) =-14+3=2, n=16 


S, ==[2a, +(n-Dd] > S,, = [2 3)+(16- »2]= 8(—6 +30) = 8(24) = 192 


3 5 
ii. Ja +2,/2 ae oT dusvecenacs +4, Multan 20088 

oa a rae = 2(2)—3—4-3.. | > 
Sol. a, =.= 22 ae sR apenas 


n 13 
S, =5 [24 +(n-])d]=>S,, =F) 


“344 3h sek 17 
2 2 4242 
iil. 1.10 41.4 9+ 1,71 4+ sccchccssesocerace +a 
Sol. a, = 1.11, d= 1.41-1.11=0.30, n=10 


; }413- vz | 


oe 


=5 [2a +(n-l)d]=>S,, =F [20.1 1) +(10~-1)0.30] 
S\y =5(2.22 + 9(0.30)) = 5(2.22-4 27) = 5(4.92) = 24.60 


1 
iv. “B= 7s TUF oi sennosesNetetoae 4,, Multan 2009 


Sol. or ina ssevengeteneueaveey a 
2 
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7 
=-8.d=1-|/ — 
a, =-Be (5 


5, =" [2a +(n-Hd]=5, =tfa-o+a1-03] 


S,=— -16445]=*1[29]=-— = = 159.5 


iene: aa .to n terms. 
Sol. = a, = (x), d=x+a-(x—a)=x+a—x+a=2a, n=n 


S, =5 [24 Hn] = 2[2¢—a)-+(n—D2a] 


« 


= 5 [2x-2a+2na-2a] - 2 x-a+na—a] 
= n(x+na—2a)=n(x+(n-2)a) - 


1 pa 1 
wi, evn =< ae “ads” oversee tO f TOFS. Muitan 2010 


Wis 
ee nh 
1-(+Vx) Ielevx _ Ve 


~ Gov eKlvx) a 


s,=Moa+(n-be}=4]2 ( su (Z) 


“| 2 (n-IWx ee 2 aia (n- we 
“Bliovx Ga-vxXl+vx)} 2] d-vxXlevx) 


=2[ Bente —— o[ zene 
2 


n=n 





2 1-~x l-x 
_nl24+G-nx 
2! 14x 


1 a | I 
vil. ———= + —__ +-$§{ — = t+ .nnre to ni terms, 
t+Jx t-x 1-Vx 
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Sol. 


Sol. 


se 
i. 


Sol. 


How many terms ‘of the series 
~7 + (-5) +(-3) + seesrvesssee SIMOGUNE to 652 
a, =—7,d =—-S—(-7)=~-5+7=2, n=? S, =65 


S, =5 [2a +(n-1)d] => 65 = [2(-1)+(n-D] 


=> 65 =5[-14+2n-2] => 65==[2n—16]=> 65=n(n-8) 
=> 65 =n" -8n => 1 —8n-65 = 0=9 n" -13n+ 5n—-65=0 
n(n-13)+5(n-13) = 0 => (n—13Xn+5) => n-13=0 or n+5=0 
=>n=13 or n=-5 (Not Possible ) Hence 
~T + (A) +(-1) + csseceee amount t0124? 
a, =~-1,d=-4-(-l) =-4+7=3, n=28, =114 

fe 


S, = [24 +(n-1)d] 9114 = 5-1 +r-03] 


= 1A == [-14+3n—3] => 228= n(3n=17) 
=> 228 = 3? -17n => 3n? -17n—228 =0 a 
=> 3n° ~36n + 19n —228 = 0 => 3n(n—-12)+1%n—-12)=0_ 
=> (n-12\3+19) =0> n-12 =0 or 3n+19=0 
19 
=n=12 or h=—— (Not Possible } Hence [n=12} ~~ 


Sum the Series , 
34+5—74+9+13+415+17—19-+.......to 3n terms? — Lahore 2009 


By adding three terms we-get. 
14+ 74134...:0 tO 9 terms: “4 : 


a,=\,d=7-1=6,n=n _ 
s = [24 +(n-1)d] =F [20+ (n-1)6] =5[2+6n—6] 


= 5 [6n—4] =n(n—2) 


1+4-7+10+13-—16+19+22—25+........ to 3n term? 
Adding three terms we have 


—2+74+16+............t0 nterms 


a, =-2,d =7—(-2)=7+2=9,n=n 





COLLEGE MATHEMATICS: _ EY SEQUENCE AND SERIES 
fl nA 
$= 324 +(n-)d] =5[2(-2)+(n—1)9] 


=5[4+9n-9]=—[9n-13] 


5. Find the sum of 20 terms of the series whose rth term is 3r+1 
so. @.=3r+15S, =? 
Pub Keb? Sa... 


a, = 3(1)+1=3+1=4 

a; =3(2)+1=64+1=7 

a; = 3(3)+1=14+9=10 

a, =3(4)+1=12+1=13 
6. if S, =(2n—1), then find the series. Multan 2007 
sol. S, =n(2n-1) 

Put n=1,2,3,4........ 

S, =a, =1(20)-1) =12-1)=1>[a, =I] 

S, =a, +a, =2(2(2)-1) 

or a, +a, = 2(4—1) = 2(3) 

or 1+a, =6=|a, =5| 

S, =a, +a, +a, = 3(2(3)-1) =3(6-1) 

‘ or 1+5+a, =3(5) > 6+a, =15=> a, =15-6=9 
Required Series is 


145494... 
k The Ratio of the sums of n terms of two series in A.P. is 3+2:+1.Find the 
ratio of their 8" terms. 
"I fn , ” 
Sel. / "3, = 5 |2a+(n— Da] &S' =5124 +(n—1)a’] 
According to the given condition 
S 3n+2 





§, 2S, =3nt+2:ntloa— = 


n+l 


COL E MATHEMATICS-! BRIS) SEQUENCE AND SERIES 


n 
3124+ Da] _3n42 





5[24 +(n—Da] atl 


Dividing numerator and denominator on R.H.S by 2. 


a(t la 
ante ——I Compare with a+7d with a+{ Na 


a (2 Na me 


= 9 = Tan-lel4on=15 





at pe d 
1 2 HID) +2 
afi (8 ar 15+] 
2 








Putn=15inI 





14 
“7% 4542 at+7d _47_ a, 47 


14 ae Wee 
ashy (Stl a+ 7d" 16 16 





= 


Hence ratio of 8" term is 47 : 
8. if S,,.8,,.8,, are the sums of 2n, 3n, 5n, te--ns of an A.P. show that S=LS,—S). 


Sol. S, =F [24 +(2n-1)d] Federal 
S, == 2a +(3n—1)d] 
S. =a +(Sn—1)d] 
Now S; — 85 =F 4 +Gn- d]->"[2q +(2n-1)d] 
=5[3(24 +Gn- I)d} —2{2a, +(2n—1)a} | 


=5 [32a +3nd~d)-2(2a, +2nd-d)| 


COLLEGE MATHEMATICS-| Ea . : RIE 


Sol. 


10. 


Sol. 


=5 16a +9nd ~3d ~ 4a, — 4nd +2] 


| | =5 [24 +5nd—d]=—[2a +(5n-Dd] 
‘! by 5 | 
5(S,-S,) = [2a+(Sn—Da] 


= S, Hence S, = 5(S, — 5) 
Obtain the sum of all integers In the first 1000 integers which are neigher divisible 


+ by 5 nor by 2. 


First thousand (1000) integers which are neither divisible by 5 nor by 2 are 
1+3+7+9+114+134+17+19+214+23+27+4 29+.....+ 991+ 993+ 1997 + 9999 
Adding four, four numbers 20+60+ 100+........ +3980 

To find n, a, =a, +(n—Nd 


3980 = 20+(n—1)40 


n—p= = = 999 n-1=99> n=100 


a, = 20, d =60-20= 40, n=100 

S,, =5 a +,)=> Sto = [20+3980) 

= Sip = 50{20-+3980] = 50(4000) = 200000 

5, and A are the sums of the first eight and nine terms of an A.P., find S, if 
505, = Be and a, =2 

a S,=? 

50.— Saas +(9-)d] =63. [2a +(8- Nd] &a, = 2 

Put a of a, in this ee 


sO 56” 1202) +4] = 63. ¥ t20)+7d 


225(4 + 8d) = 252(4+7d) 
— 900+1800d = 1008 +1764d = 1800d ~ 1764d = 1008-900 


Cc 


il. 


Sol. 


12. 


Sol. 


LL 


HEMATICS- ry SEQUENCE AND SERIES 
36d =108 => d = 3d =3 

36 
S,=5[2a+(n—Dd] Put a=2,d=3,n=9 


S, =3[202)+(9-09] =>, =3 [4424] == (28) = (14) => S, =126 
The sum of 9 terms of an A.P. is 171 and its eighth term is 31. Find the series. 


’ S, =171 & a, =a,+7d =31 Multan 2008 
=>, =3[24 +8d]=171 & a, =a,+7d=31 —>1 


=> S, =a, +4d) =171 => 9a, +36d =171 — ll 
'x"J by 9 we get 9a, +63d = 279 — II 


M-II Put d=4inI 

9a, +63d =279 a, +7(4) =31= 4, +28=31 

9a, +36d =171 a, =31-28=>[a=3] 

27d =108=>[d = 4] 

a, = 3, a,=a,t+d=3+4=7 _ , a, =a,+2d 
=3+2(4)=3+8=11 


So series is 3+7+11t............ 

The sums of S,, and S, is 203 and S, —S, = 49, S, and S, being the sums of 
the first 7 and 9 terms of an A.P. respectively. Determine the series. 

Given S, +S, =203——>/ & S, +S, =49—ll Series =? 


We know that S, ==24 +8d] & S, -2[24 +6d] 
Put value in|. 
= [2a +8d]+2[24 +6d]=203 


=> Wa, +4d)+7(a, +3d) = 203 => 9a, +36d + 7a, + 21d = 203 
=> 16a, +57d = 203 


Now soWing I! =[2a +8d}-2[24,+6,]=49 


COLLEGE MATHEMATICS-! . SEQUENCE AND SERIES 


13. 


Sol. 


=> Ha, +4d)- Ta, +3d) =49 = 9a, +36d -7a,—21d = 49 
=> 2a, + 15d =49—> IV 
‘x'by 8 16a, +120d =392 —V 


V-Il > 
loci, +120d =392 
Jaa £57 = 203 





63d =189 =>|d =3] 
Put in IV 2a, +15(3) = 49 
= 2a, +45 =49 => 2a, =49-45=4 
a, =2,a,=a,+d=2+3=5 
a, =a, +2d =2+2(3)=246=8 
So series is 2 +5+8+............ 
S,and S, are the sums of the first 7 and 9 terms of an A.P. respectively. 





S, 18 
— =— and a, =20,¢;} s 
if S.. Tl 7 Find the series 
9 aie Wie 
S, 1s_, 3124 +84] 18 ge aa Ga eat ‘ 
GWEN S36? ae ee : 
7 
eS EP “[2a, +64]. | and 3a, +18d =60-—— I 


a +4d) 18 9a, +36d 18 
Ha,+3d) 11 7a+2ld 11 

= 11a, +36d) =18(7a, +21d) 

=> 99a, +396d = 126a, +378d 

=> 396d -378d = 1264, - 99a, 

18d = 27a, => 27a, -18d =0- > 

Adding H & lil 


27a, — 18d =0 
3a, + 8d = 60 


14, 


Sol. 


15. 


Sol. 


COLLEGEMATHEMATICS! ==» SEQUENCE AND SERIES 


Put value ofa, inI 304, =60=>[a, = 2] . 
2+6d =20 => 6d =18 =>[d =3 
@=2,  @=a+d=243=5 


| = 4, +2d =24+2(3)=246=8 


Hence 2454-84 ...ceccees is required series . 
The Sum of three Bumbarstn an A.P, is 24 and their. product fs 440. Find. the 
numbers. ; 


Suppose the numbers are a,—d, a4,,a,+din AP. 
Then a—d+a, +a,'+d=24=33a, =24=/a, =3] 
& (a, —d\(a, (a, +d) = 440 => a (a? —d?) = 440 
=> 8(64—d*) = 40> 64-d? =55->-d? = 55-64 =-9 
>a =9>d=13 
When d =3then 
—d =8~(-3)=84+3= (kee 8,a,+d= aye 8-3=5 
Hence 5,8,11 When d=3and a,—-d=8-3=5,4,=8, a+d=8+3=11 
Find four numbers in A.P. whose sum is 32 and the sum of whose squares is 276. 
Suppose four numbers in A.P. are @, —3¢, a, —d,a, +d,q, +3d in AP. 


Icondition —>a, ~3d+a,-3d+a,+d+a,+3d=32 
=> 4a, =32 =a, =3| Multan 2010, Faisalabad 2009 
Il condition => (@, —3d)’ +(a, -d)’ +(a, +d)’ +(a, +3d) =276 

4, — Gad +90? +4, - Jad +d? +a; + Jad +d? +a? + Sard +d? = 276 
4a? +20d? =276'+' by 4=>@ +5d* =69 © 
Put value of @ > 8’ +5d? = = 69 => 6445? = =69 


= 5d* =69-64 = S=d' =l=d= +1 

When d =I then 

a, -3d 8-31) =8-3=5; a —d =8-1=<7 

a@t+d=8+1=9 — , G, +3d =8+3(1)=84+3=11 

When d =—1 then ; 
~3d =8-3(-1) =843=11, 4 —d=8-(-1)=9 

a, +d =8+(-1) =8-1=7 a, +3d =8+3(-1)=8-3=5 
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Hence numbers are 5, 7,9,11 
16. Find the five numbers in A.P. whose sum is 25 and the sum of whose squares is 135. 
Sol. Suppose five numbers in A.P. are a, —2d, a, —d,a,,a, +d,a, + 2d in AP. 


Icondition =>a, -2d+a,—d+a,+a,+d+a,+2d=25 Multan 2010 


=> Sa, =25 =|a,=5| 
II condition => (a, —2dy +(a,- -dy +a; +(a, +dy +(a, +2d) =135 
—4ad+4d? +a -2ad+d? +a) +2ad+d° +a; +4ad+4d° =135 
Sa? + 10d? =135 => 5(5)° +10d° =135 


> 125 +10d? =135 => 10d” =135-125=10 >d’ =1 
=d=+t1 
When d =Ithen 

—2d =§-2(1) =5-2=3 


-d=5-1 =3 
a, =5 
a,+d=5+1 — =6 


a, +2d =5+2(1) =5+2=7 
When d =—I then 
—2d =5-2(-1)=5+2=7 
—d=5-(-l)=5+1 =6 
a, =5 
a,+d=5+(-l)=5-1 =4 
a, +2d =5+2(-N=5-2 =3 
Hence Fine numbe . are 3, 4, 5, 6, 7. 


17. | The sum of the 6'" and 8" terms of an A.P. is 40 and the product of 4” and 7" 
terms is 220. Find the A.P. 


Sol. Given a, +a,=40—/ & (a,)(a,)=220— 
I => a,+5d+a,+7d =40= 2a, +12d = 40('+' by 2) a, +6d = 20— III 
II > (a, +3d\(a, +6d) = 220 


(use II) => (a, +3d\(20) = 220 a, +3d= =I 


>a, +3d=11—>1V 
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18. 


Sol. 


LH AAR je ES | Put in II 
of +6d =20 a, + 6(3) = 20 
. a,+18=20 


+3d=_11 
=A tid= ll a,=20-18=2=>]a, =2 
3d =9=>|d =3] 


a, =2, a, =a,+d=24+3=5 
a, =a, +2d =2+2(3)=2+6=8 
Hence A.P. is 2, 5, 8, 


. 1 1 1 
if a yb’ and c’are in A.P., show that —— »—— » ——- are in ALP. 
b+e c+a atb 


If a ,b’,c arein AP then 
cb? =b? -a’ a1 
l 


Now If ———,——,——— are inA.P then 
b+e c+a a 


1 1 l _,e+A-A-b A-b b+f-é-a 


ath eta cra = ~ ra (atb) ” (era (b+e) 


pf? EHS Seca 
a+b b+e 


=>c’-b =b' - 
>e-b=c B ——use I (Commondifference is same) 
] 


] 
Hence Pitbed that ——— , —— , ——_ are in A.P 
b+e c+a a+b 
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Sol. 


Sol. 


Sol. 


A man deposits in a bank Rs.10 in the first month; Rs.15 in the second month; 
Rs.20 in the third month and so on. Find how much he will have deposited in the 
bank by 9" month. ' 


Given 10+15+20+.......... + Ay 


S, = [24 t(n- Id] 
Fo ; 
s = 512010) + (9-1)5] 


9 9 9. 
= 5 (20+8(5)] =5[20+40] = 5 (60) = 9(30) = 270 


378 trees are planted in rows in the shapes of an isosceles triangle, the numbers in 
successive rows decreasing by one from the base to the top. How many trees are 
there in the row which forms the base of the triangle? 

In first row we have 1 tree in second 2 trees in third 3 and so on, so we have 


Sh 2 Sicinccte a, =378 
Here S, =378, a, =1,d=2-l=l,n=? 


5. = (2a, +(n=1)d] 4 


378 = 5[20)+(n—DI] Pees 
378 =—(2+n—-1) => 2x378 = n(n+) RARE 
>n +n=756 > rn +n-756=0 RSAZZS 


n° +28n—27n—756 = 0 => n(n+28)-27(n +28) =0 Sa eee ee et 

(n+28)(n—27)=0 $,=378 

n+28=0 or n—27=0 

n=—28not possible or n= 27 

SO RSLT et 

Hence in isosceles triangle total rows are 27. 

In first row we have 1 tree in‘second 2 So on in 27 row we have 27 trees. 

A man borrows Rs.1100 and agree to repay with a total interest of Rs.230 in 14 
installments, each installment being less than the preceding by Rs.10. What 
should be his first installment? 

Total amount to repay = 1100 + 230 = 1330 
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Sol. 


Sol. 


so S, =1330,n=14,d =-10,a, =? 
§ = [24 +(n-1)d] 


1330 = [2a +(14—-1)(-10)] 


1330'= 7[2a, +(1 3)(-10)] 

1330 =7[2a, -130] 

=a —130 = 2a, -—130=190 >a, 20 160 => a, =160 

So first installment = 160 

A clock strikes once when its hour hand is at one, twice when it is at two and so 
on. How many times does the clock strike in twelve hours? 


According to the statement 1+2+3-+........... +a,, =? 
a=1,d=2-1=1,n=12,S, =? 


S, ==[2a, +(n-l)d] 


Si, => [20)+02-p)] = 6[2+1 1 = 6(13) =78 


A student save Rs.12 at the end of the first week and goes on increasing his saving 
Rs.4 weekly. After how many weeks will he be able to save Rs.2100? 

In 1° week = 12 

In 2"° week = 12 + 4=16 

In 3 week = 16 +4 =20 

So series is 12+16+204..0..000.. a, =2100 


a, =12,d =16-12=4,n=?, S =2100 


e. =5 [2a +(n-1)d] 
2100 =~ [2012)+(n-14] = 2100 == [24+4n—4] 


2100 == [4n+ 20] 
2100 = n[2n+10] 


=> 2100 =2n° -10n 
= 2n’ +10n—2100-=0'=" by 2 


c 


Sol. 


Sol. 


Sol. 


MAT; S- ERIES 





nw +5n—1050=0=> n? +35n—-30n-1050=0 
n(n + 35)-—30(n+ 35) =0 
(7+35)\(n-30)=0 
n+35=0 or n—30=0 
= —35 not possible or 1 = 30 


He will have 2100 in 30 weeks. 

An object falling from rest, fails 9 meter urine the first second, 27 meter during 
the next second, 45 meter during the third second and so on. 
{i} | How far will it fall during the fifth second? 
(li) How far will it fall up to the fifth second? 


Given 9,27, 45+........ =a 


For fi) a, =9,d=27-9=18, n=5 


a,=a,+(n—-I)d _ 

a, =9+(5—-1)18 =9+4(18) 
=9+72=81 meters 

For (ii) a, =9,d =18,n=5,S =? 


S,= [24, +(n-1)d] 
8, — +(5—118] = s[i8+4a 8)] 


== fl 8+72]= >{90]= 5(45) = 225 meters 


An peas earned Rs.6000 for year 1980 and Rs.12000 for year 1990 on the same 
investment. if his earning have increased by the same amount each year, how 
much income he has received from the investment over the past eleven years? 

a, = 600, n=11 , a, =12000, S =? 


5, =F +a,) 


S. = = -(6000+12000) =+-(18000) =99000 


The sum of interior angles of polygons having sides 3, 4, 5, ... Ete form an A.P. Find 
the sum of the interior angles for a 16 sides polygon. 

Sum of angie of 3 sides Polygon =z 

Sum of angle of 4 sides Polygon= 27 

Sum of angie of 5 sides Polygon = 3m 

BPS 29, SI css wcseudicse A, 
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a, =a+(n-l)d (a,=2,d=2a4-2=27,n=14) 
a, =7+(14—l)z 
=a+l3az =1l4z7 
9, The prize money Rs.60,000 will be distributed among the eight teams according to 
their positions determined in the match series. The award increases by the same 


amount for each higher position. If the last place than is given Rs.4000, how 
much will be awarded to the first place team? 


Sol. Given S, = 60,000 
n=8, a, = 4000, a, =? 


n 
5, “i +a,) 


60,000 = sa + 4000) = 60,000 = 4(a, + 4000) 


15000 = a, +4000 =>{a, =11000 


10. An equilateral triangular base is filled by placing eight balls in the first row, 7 balls 
in the second row and so on with one bail in the last row. After this base layer, 
second layer is formed by placing 7 balls in its first row, 6 balls in its second row 
and so on with one ball in its last row. Continuing this process a pyramid of balls 
is formed with one ball on top. How many balls are there in the pyramid? 


Sol. bet DB) Gisecanis S, denote sum of 1, 2,.............- 8 layer so 
S, 284746 40.0..00005 +] 


n 8 
5 FaIS ee) ee 
Sy =F BGS Hi icici +1 


7 7 
=5(7+1)=5(8)=28 


S.= $6 +1) =3(7)=21 


S, =5+44+3+2+1=15 
S, =44+3+2+1=10 


S, =3+2+1=6 
S,=2+1=3 
S,=1=1 


Total balls = 36+ 28+214+15+10+6+34+1=128 
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(cay eM 
Geometric Progression (G.P): 


A sequence {a,} is geometric sequence or geometric progression 


a, 
if —~ is the same non zero number for all 7 Nand n>}. 


n-l 


oa n-1 
a,=a,r 
5 2 
We have geometric Sequence G, All cecceececesssees Where 
eR eee 
a =a=ar 


2-1 
a, =ar=ar 


2 4 
a; =ar=ar 


a, F ar” 
Ls Find the 5" term of the GIS 76; 22; 25 Se Sgd 2008, Fsd 2007, Multan 2008 


Sol. . SO.day sine, a, =? 
a, = Seah n=5 
3 


ns nl 
a= ar 


a, = 3(2)”' =3(2)* =3(16) = 48 





; th . 4 
2. Find the 11" term of the sequence, 1+/, a 
ie 
: 4 
Sol. 1+i, are awa HRA 4, =? Sargodha 2008, 2010 Multan 2009 
+i 
2 1+iy =? +742; 
a, =1+i, r=——,n=11 Note : +!) 
1+i 
a= are 


Sol. 


Sol. 


Sol. 

















re Ser AES 
1+i}———— 
(-DCDi 
=(1+i), oe ago “F-20440 =326—i) | 
Find the 12 term of 1+, ial +2i,.. Sargodha 2011 
1+i, 24, 242i, yy =? 
2 he 2i 
=1+i, =—n=12 
a,=1+1 r isi n 
a,=ar" 
: ~ 12-1 
a a, . 
1+i 
i} 
=¢+) 2 | 
Oe i). ; . 
_ 2) xi! 2048xix(7)° _ 2048xix(-1)’ _-2048) _ 641 _ 64 
4a” [a+ i) fase y (7 OP PPE DCD 
=-64 | 
Find the 11" term of the sequence 1+/, 2, 2(1- i) 
1+i, 2, (2A), ss0000thy =) 
2 : 
=1+i, r=——,n=t] 
a=1+i sit 


_ ape 
a, =ar 


2) s e499) 4 
a, =(+9 2 | =(l+ tao a} (+a eal -0+9()- aH 


=(1 + 32-1) = 32(-i-i 7) = = 32(-i +1) =3201- i) 
if an automobile depreciates in values 5% every year, at the end of 4 years what is 
the value of the automobile purchased for Rs.12,0007 - 
r=]1-5%= 1 =1- 0.05 = 0,099 
100 


a, =12000,n=5 
a,=ar"™" 


a, = (12000)0.95)™ 





co 


Sol. 


Sol. 


ATHEMATIC: 





= (12000)(0.95)* 
= (12000(0.8145) =9774 Rs. 











SEQUENCE AND SERIES 


: x+y _  ¥tyY 
hich term of the By Py ceererreel 
Ww " term o " sequence y ’ Mey 3 (x~ yy 
+ 
x = x+y,-—, ane ecteediay x t 
Yn. OW) Federal 
a x+y 
Qax~ yaa 
. —(x-yy’. 
; oe eos. - gor w= 
xy (x~ylxty) x-y 
a,sapr™' 
: ; > yal 
x+y 2 2 1 x+y 1 
=(x"-y {4 SS = (4+ yx y). >| 
(x-yy x-y} (x-y)? {x-yy 
X+y x+y 


(x-yP yy? 
If a,b,c,d are in G.P, prove that 
a—b,b—c,c—d aré in G.P 
Given a, b, c, d are in G.P then 


=£.%9,29£¢_dd_b 
a 


abe a bb c’e 


BP eacke' =bd&be=ad l 


Y 





Now if a~b,b-c,c-d are in.G.P then 
_¢-d_ b-e 
b-c a-b . a 
=> (a—b\(c—d) =(b-cXb-c) =(b-cY 
LHS=(a-bXc-d) 1° 
= ac—ad—be+hbd 
=b* —be-be +0" (use 1) 
=h’ -Ibe+e? 
=(6-c)’SoLHS = RHS 
Hence (a—b),(b-c),(c—d) are in GP 








=n-2=9->n=11 
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ii. a’ -b*,B? -c',c?~d? areinG.P Federal 
Sol. ifa” —b’,b° ~c,@ —d’ are in G.P. 
ead B= 
Then Bao = ot 
=> (b? -c?)’ =(a° -B’ ce? - a") 
RHS=a'c? —a'd? ~Be7 + Bd? 
=(acy -(ady —b’c* + (bd 
Usel =(b’Y ~ (be -b'e? +(e’ 
= (bf - bc? ~ b oe +( ey 
= (BY -2b'o? + 
=(b?-cY =LHS 
te a? +b7,b? +0707 +07 are in GP 
+d Bic 
=> (b' +c’) =(a’+b’Xc' +a’) 
RHS =a"? +a'd’+b'c* +h'a" - 
= (acy +(ady +b'c? +(bdy 
= wy +b? +b'c7 +(c’¥ (use—1) 
=(BY +267c7? +(c’y 
=(' +7) =LHS 


Hence a +b’, b? +-¢,c? +d’ are inG.P. - 





Sal. Then 


8. Show that the: recipracals of the terms-of the geometric sequence a, fa, Piss 


. form another geometric sequence. -Multan 2008 
Sol. We have.to prove that 2 sy 77 are in G.P 
a ar ay 
; 
: third ae 
second 1 


my yet 
ar 


Sol. 


10. 


SEQUENCE AND SERIES 
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re : second ar 
so herr 
Firsts 1 
ay 
io yet id. 
ar lr 
1 ft I 
Ratio are same Hence —,——> 7 7 are in GP 
a, ar ar’: 
. | : a, 4 4 
Find the nth of the geometric sequence if ;—~" = — and @, =— 
, a, 9 " 9 
oe le A ae 4 
Given —=>->— => 
a; 9 ar” 9 


, 4 Z 
=> r =—-=>r=+t— Now when r= 
9 3 
Al a, a r ey 
O fiven _-— =~ 
SO gi 9 a, 9 { 


-2 —2)\_4 
When r=— then a,j — |=— 
3 3) 9 


( ; a 
>a, =—|-— |>a =— 
9\ 2, - 3 


ae TL amet 


IS -rIlo-r9) 


Find three, consecutive numbers in G.P whose sum is 26 and their product is 216. 


Suppose three numbers in G.P. are oth ar 


Condition =(4 -(aXer)= 216 


E NCE AND SERIES 





COLLEGE MATHEMATICS 1 


a} = 216=>a = (6 =a, =4| 


Condition! => a a,+ar=26 
r 


a(t +t+r)=26 
ne 
. f 2 ' 
a, (rer | = 26> .6(r? +r +1)=26r 
r 


= 6r’ +6r +6—26r =0 

=> 6r’ ~20r+6=0 . 

's' by 2 => 3r?-10r +3=0 

3r? —Sr -r+3=0 > 3r(r—3)-I(r -3) =0 
(F-3X3r—1)=0 

r-3=0 or 3r-1=0 


r=30rr= 


3 
When r=— & a =6 


wal 


| 4.6 6g 
r ¥3 
a, =6 and ar=6{5}=2 


fetes three numbers in G.P. are 2, 6, 18 
11, If the sum of the four consecutive terms of a G.P is 80 ‘aid A.M of the second and 
the fourth of them is 30. Find the terms 


Sol. Suppose four numbers in G.P. are a.4r.ar" ar 
Condition] =>a@,+ar+ar?+ ar? =80 
or a, tar tar +ar* =80—>I 
artar 
2 mn 
=>” ar+ar’ =60—>Il 
usellinfg a, tar? +60 =80 


; Condition il => =30 


— 
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12. 


Sol. 


13. 


Sol. 


=> a,tar’ =80-60=20 
>a, tar =20— ll 

'x' by Fr we get. 

artar’ =20r 

Using // 


60=20r>r=— =3,[F=3) 


Put in Ill a+a(3)° =20 
a, +9a, = 20 => 10a, = 20 >a, =[2] 


So a, =2 


ar= (2)(3) =6 


ar? =(2)(3)° = (2)(9) =18 
ar =(2)(3) = 2(27) = 54 
Hence required four terms are 2,6, 18, 54 


11 1 ae a 
if 5 and — are in G.P show that the common ration is +. /— 
c c 


Fsd 2007, 2008 Lahore 2009, Rawalpindi 2009, Multan 2007, 2009, 2010 


eS 
lf —,—,—areinG.P 





abc 
1 
‘i = econd _»_1l a_a I 
First 1b 1 OD 
a 
1 
ave Third eo ee I 
Second 1 ¢ 1 ¢ 
b 
iit 
po ee a 
ob te e 


If the numbers 1, 4 and 3 are subtracted from three consecutive terms of an A.P., 
the resulting numbers are in G.P. Find the numbers if their sum is 21, 


Suppose three now inA.Pare a,—d,a,,a,+d 


COLLEGE MATHEMATICS-| che SEQUENCE AND SERIES 


Condition ll >a,-d+a,+a,+d=21 


2 
3a=21>4, ant lee Tl 


3 

Condition => a,—d-—l,a,—4,a,+d-3 areinG.P 
7-d-1,7—4,7+d—3are inG.P 
6—d33,4+dareinGP 

4+d 3 

Ty egg OT OR ee8 
=> 24-4d+6d-d? =9 
= 24+2d-d’?-9=0 
=> -d’?+2d+15=0 
=>d°-2d-15=0 = (‘x' by-1) 
=> d’ -Sd+3d-15=0 

d(d -5)+3(d-5)=0=> (d-5)(d+3)=0>d-5=0 or d+3=0 

d=Sord=-3 
When d=5 anda, =7 

a,-d=7-5=2 

a,=7 

a,+d=7+5=12 
When d=-3 and a,=7 

a, ~d =7—(-3)=7+3=10 

a,=7 

a,+d=7+(-3)=7-3=4 
Required numbers are 4, 7, 10, or 2, 7,12 


14. If three consecutive numbers in A.P are increased by 1, 4, 15 respectively, the 
resulting numbers are in G.P. Find the original numbers if their sum is 4. 
Sol. Suppose three numbers inA.P are a,—d,a,,a,+d 


Condition Il =>>a,-d+a,+a,+d=6 


3a, =6->[a=9 
ConditionI > a,-—d+l,a,+4,a,+d+l15areinG.P 


or 2—d +1,2+4,2+d+15are inG.P (put a =2) 
3-—d,6,17+d are in GP 
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l7+d. 6 
=> —_—_ = 
6 3—d 
=> (17+d)\(3-—d) =36 
 . §1-17d 43d —d? = 36 
=> 51~-14d-—d’ ~36=0 
= —d’ —l4d+15=0 
= d’ +14d-15=0 (x' by -1) 
=> d’ +15d-d-15=0 
=>'d(d +15)-\(d+15)=0 
=> (d+15)\(d-1)=0 
d+15=0o0r d-1=0>d=-15 or d=} 
When d=-—15 
then a=2 
a, +d =2+(-15)=2-15=-13 and a, —d =2-(-15)=24+15=17 
When d=Ithen a, -d=2-1=1 , 





a, =2 
a,+d=2+1f=3 
Required numbers are 1,2,3 or —13, 2, 17 





x Sean 
Theorem: G.M =+ ab 
If G is geometric mean between a & b then a, G, b are inG.P 


>—=—>G -ab 
Cr vig 


=>!G=zVabh 
1, Find G.M between 
i. -2and8 Multan 2008 
Sol. Here a=—2 & b=8 
G=+tyVab =+,/(-2(8) =+V_16 
=+16 =+4; 
ii. a=—2i,b=8i Faisalabad 2007 


Sol. = G=4Vab = +)(-2i)(8/) = +V-167 = +/-16(-1) =+V16 =4 


COLLEGE MATHEMATICS-| Ea SEQUENCE AND SERIES 


ms insert two G.Ms between 
i. iand 8 Lahore 2009 


Sol. Suppose G,,G,are two G.Ms between 1 & 8 then 
1,G,,G,.8 are in G.P 
[a, = 1] & a, =a" gor =8or -2) ar=4 
G, =a, =a = (1)(2) =2 
G, =a, =ar° = ~y(2y =4 


So’ two G.Ms are 2,4 
ii, 2 and 16 Sargodha 2006, Fsd 2009, Gujranwala 2009, Multan 2008 


Sol. Suppose G,,G,are two G.Ms between 2-& 16 then 
2,G,,G,,16, are in G.P 
[a =2| & a, =a" -16 2 =lo =r =8=2 S1r=2 
G, =a& =ar =2(2)=4 
G, = a, = ar? = (2)(2)° =(2)(4)=8 two G.M;s are 4, 8. 
3. Insert three G.Ms between 


i. land 16 
Sol. Suppose G,,G,.G; are three G.M,s between 1 & 16 then 


1,G,.G,,G,,16 are in GP 

[a, =I] & a, =ayr' =16(l)r* =16= r=(2)'>r=2 

G =a, =a =(1)2)=2 and G,=a,=ar = ay(2y =4 
G,=a,=4r° = (iy(2y =8 

So three G.M;s are 2, 4,8 


ii. 2 and 32 
sol. Suppose G,,G,,G, are three G.M,s between 2 & 32 then 


2,G,,G,,.G,,32 are in GP 

[a, =2| &a=ar =32 

opt =32=r' =16=(2) = |r =2\ 
G, =ar=(2)2)=4 

G,=ar = (2)(2)° = 2(4) =8 
G,= ar = (2\(2) = 2(8)=16 

So three G.M;s are 4, 8,16 


COLLEGE MATHEMATICS.j 


4. 


Sol. 


Sol. 


Sol. 


— — - 


» 


SEQUE D SERIES 





insert four rea! geometric means between 3 and 96, _ Gujranwala 2005 
Let G,,G,, G,,G, are four G. M,s between 3 & 96 then 


3,G,,G,,G, sG,,96 are in G.P 
a, = 3] & a = ar’ =96 => 3r? = 96 


. a aSa32=P frag then 


G, =ar =3(2)=6 

G, =a,r? =3(2Y =3(4)=12 

G,=ar *=3(2) = = 3(8) =24 

G,=ar 4 =3(2)' = 3(16) = 48 So four G.M,s are b= 6,12,24, 48 

If both Xand y are positive distinct real numbers, show that the geometric mean 
between x and yis less than thelr arithmetic mean. 

Given x>0 & y>0O then © 

Herea=x,& b=y 


m= xy & AM =? 


Now AM ~ GM ==? (xy =P" SN 


_ A AY 21 iD vx-yy . 
2 
=> AM- oi ' IGM <AM 





7 a 


at 
For what value of ola is the positive geometric mean | between 2 and b? 


a" +b" 
If ase GM between a & or Multan 2007, 2009, Federal 


Then = > = Jab = (aby? 
* 8 


= a” nee ae (a l +b )a'?p”? 
a+b = ml/g v2 1 gl tpriv2 
a” +h" = Q 2p'2 +qi?pr lv? 


a’ +h" sa BN? 4 gly? 


_ i 
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a” =a 42 nis al pt =i =a tae —b'?) f bP gge =p?) 


gh? 5 a a-V2 a 0 1 1 
= =i =>] i= ={=f— |- => a-— =Osen=- 


yee b b 2 
7. The A.M of two positive integral numbers exceeds their (positive) G.M. by 2 and 
their sum is 20, find the numbers. 
Sol. Suppose two number are a & b then. 


Condition! = @+9 _ 74> 
2 


x! by 2=>.a+b=2Vab+4—>/ 
Condition Ila+b=20 => a=20-b—-45] 
20-b+b=2,/(20-b)b+4 (Put Iin}) 
=> 20-4=2V206-b' 
— 16=2V20b—b° => 8=/20b-b’ squaring both side. 
64 =20b—b? > b’ -20b+64=0 
=> 0b -16b-4b+64=0 
b(b—16)-—4(6-4) =0 
=> (6-16)(b-4) =0 => b-16=0 or b-4=0=>b=l60rb=4° 
When b=16 then a=20-16=4 
When b=4 then a=20-4=16 
Hence two numbers are 4,16, or 16, 4. 


8. The A.M between two numbers is 5 and their (positive) G.M is 4. Find the numbers. 
Sol. Suppose two number are a & bthen 
a+b 


Condition | eS =5 


=>at+b=10—] 

Condition II => Vab =4 => ab =16-—>I1 (from 1) a=10—6 Put in I. 
(10—4)b=16=> 106-47 =16 

=> b’ -10b+16=0 > 6? -86-24+16=0 => b(b-8)-—2(b-8)=0 
(6-8)(6-2)=0=>b-8=0 or b-2=0 5b =8 or b=2 

When 5=8then a=10-8=2_ 


When b=2 then a=10-2=8 
Hence two numbers are 2, 8, or 8, 2. 
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a(r 
S = =) slr} >landS, = <1 
r-1 
Proof: We know that 
SQ, FO FAI Fescceceseee +ar"| 
x' both sides by (I—r) 
a = 2 nl) 
(l-r)S, =(—-r\a, +art+ar +... ar’) 
=A FAP FAI teccsseessesens FOI AP GI OP essseeee ar” -ar" 


(I-r)S, =a, pul =a(l-r’) 


l- 
iS “a ve \<I 
and 5-20 Diy Ir] >I 
r- 
5-4 
wp] : 
Proof: We know that 
s _a(l-r") 
“ l—r 


at) |. et 
“lim, = im =a, im —lim 4 
—F 2 ° 


Nn non 


] a 
= @)|——= 0 | 1S = 
l—r l-r 
1 1 
1 Find the sum of first 15 terms of the geometric sequence 1, "3? 9 Sawecdusbey 
1 J 
Sol. re 
#4 


COL AT 35-1 





1 

4 =hrade5 <hn=I5 

sg ar") _ 3) "14348907 _ 143489071 3. 

cee Pepe gd 3 14348907 2 
3 2 


__ 14348906 - a 7172453 
~ 14348907 ~ 2 ~ 4782969 


Sum to n terms, the séries_ . 
ie 2 + 22 + .222 + 





ieee ’ Faisalabad 2007, Multan 2007 


Sol. S, = .2°+.22 +.222 FT sessseranesnes +n terms. 

= 2(0.1+.114.0114.0000.. +n terms) 

= 2.94.99 +.9994 Gantaisteetan +7 nice « 99 | 999 jan +n term) 
i 910 100 1000 . 
2 ye ee ont 

So=—|| 1-— |+} 1—-—— |4+] 1-——_|+.......... to n terms 

9 10/7 \ 100) 1900 

a2 (1+1+1+..... 10m rms) Citas! see seeatiee n ter) 

9 10 100 1000 


2 iia. oe ) 
=—i R-| —+——+-—-—— + ....... 47 Ferm 
2} a 100” "7000 * een, } 


10 

ded 
2} a(i=r")}_ 2) 10 10) 
—_ =e Rre——_—_— 
9 i-r 9 1 





Sol. 


Sol. 


ti 3t 

2; 104 10” 2} 10 Al =I 
=| > [S| px | ] -—— 
9 o 9 9 10] 10° 


Sone 


3+ 33 +333 4... _ Sargodha 2008, 2010, 2011 
34334333 boaccccccnset £0 n term 


3 +11+1114........ ton term) 


-5(9+ GP 4 99 tcc sivins to n term) 

. s{0o- 1)+ (100-1) +(1000—1) +...n. 0 n term)] 
=1{a0-+100+1000+ saaddtsaetyne +nterm)— ~(i+14+1+...., itera 
= (10 #100+ 1000+... to n term—n| 


a=10, NO rei n=n 
10 


oa, (ort ifs eft 
ite fe -D-»] 


Sum ton terms, the series. 
1+(a+b)+(a" +0b+5)+(a? +07b+4b? +B) + cseseeon 


: panel) ete: +ab+b*)+(a@ +a°b+ab’ $B) ecctecneet -ton terms 


ae ’ by (a—b) 
—[(a—b)+ (a? -8)+(@ Sica 





 (a-B) 





[a+a’ AO: Fiiscsis nterms—(b+8' +8) + .....1 terms) | 


COLLEGE MATHEMATICS! 0! SEQUENCE AND SERIE 
a ee 
(a—b)| a-1 b=] 
1 eectne De] 
ee =) (a-1Kb—-1) 
_ a(b—INa" ~1)~Ha—1Kb" -1) 
7 (a—bXa—1\b-1) . 8 
ii. PALER) +L tH RW? + crssssere Sargedha 2006, Multan.2007 
Sor t(ltk)r? + tk +k?) +.00........ tan terms 
Bie sae ~k) we get. , 


—_[a- —k)r+l-k yr? +(- ~k yr +. nett forms | 





“d= k) 

ins a 5 [> +rgy7 # oss cha n terms} (kr +h? Bosnia n term | 

5 rr. , we, A key? 

First series a, =r,r=~—=r,n=Nn_ , Second series a, =hr,r =——_ = 

r ; 
__1 [re"-) e(ey'- ; 
. = r-i kr—| 
4 Sum the series 2+(1 ae }. iseaeas to 2 terms. 


fon AS ae 1~-i 
Sol = 2+ (I Si hao 8 terms a4=2r= > =8|r| <I cleatty. 
i eae 


_ad-ry_ 7A {= Sp. 


l-r 1 l-i 






Note (1—i) =[ ~iyT 
{= (1+i?— 25)" =(I-1-2/)'= (-2i)' 
| = 16H =1677 = 16(-I-1) = 16 






_ 2(2*--a%) | 256-(I ~ i) 
(5) . 64(1 +2) 
oy 
256-16 _ | 240 1S. 
640143) +i) 641+) +i) ae 





5 = 





5.7 Find the surn of the following infinite geometric series: . 


i. — +—+ Soe y + awaavues . 


so, = 


ili. ie + = + 1 eo pti 





iv. 2 + 1 ~} 0.5 + Sense Sargodhs 2009, Faisalabad 2008: 


- 4 
Sol. a etrs 


v. 4+2/2 +242 2+1+... Muitan 2007, 2008 : 
Sol, dpe . 











= W224) « 44.J5) 


vi. 0.1 + 0.05 + 0.005 + secsasseee 


Sol. e20lre = 05 
0.1. 
as 0.01 0.1 


=—L =——=—— =02 


‘=r 1-05 — 0.5— 


LA 


a 


6. Find es fractions equivalent te the following ee — 


i. 1. 34 . Multan 2009 
Sol. = 1.343434... 
-1+0. 343434... cacensinautiide 
=1+(0.344 0.0034 + ee 





“Tor 1-001 
a 3499434 133 
0.99 99 99 99 





ee a f= 


HH. 0.7. | 2 Multan 2010 
Sol. O.7 77 Teecersescceasse ie 
= 0,7 + 0.07 +0.007 +.....00.. 
0.07 


= (0.7, r=—,.=0,] 
oe 0.7 


i =690.259 | ‘ 
“Sol, eae oe 7 








ee ee 
= = 


iv. 1.53 
Sol. = 1.535355 Sccityesiza 


= 0,53, r= 0 sista = 0.01 
0.53 





we know that S., =A 
r 

9.53 jas =|+ 0.53 

1-001 = -0.99 








vi. 


Sol. 


0.159 
= 0.1591 59159. .sccssseee 
= 0.159+0. 000159+... 


Federal 


= 0,159, r 





eof 


1.147 
= 1,147147147.....3.... 





=0.147,r 





a 147 _ 999+147. 


999 999 


= 14 (0.147 +0.000147+.......) 


_ 47 


Find the sum to Infinity of the series; 


en v and k being proper fractions — 


r+(iekr +(tk+he yr + 
r+(thkyrt+tkek yr Fsrvecsios 

x - ' by (- k) 

i —+fa- —kyr+(- +key +(1-k r+. : ha 





Sol. 





“d= —k)* 


For second series a, = Ar, r = kr 


pre +r. 


“HTS 
(l-&)il-r “l-r 


| | ar 
ae l-r l-ir 
2 als kr)-kr(1-r) 

(l-rX1l—#) 


“7! oS kr + Wf”) 


(l—k) 


| 


For First series a, =r, r=r 


(1-r)-#) 


SS eee 


at ty eC) 
(4+) 





a 
ea =>(2—x)y =x => 2p—xy—-x=0 


2 


= ae kr) 


2y=xy+x=x(1+y) 


=>x=2y/(1+y) 


ao 


if y= =o+y aete gt ~-andif 0<.x<2,than prove that = oe 


? 
* 
+y 
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367 SEQUENCE AND SERIES 
9 If x+ wage’ dtc ece how that x 3y 
5 =— ms ~~~ XE ccctoce i = e = 
y 7 an >? n show tha 1+y) 
Sol y= ia 
ol, J 37 9° 7 eae eree rake 
4, 
2 9” 4x” 3 2x 
a= >xX,r=S— =—x—= 
3 2. S 2x 3 
3 
2 2x 
oe eee 
= = l= = 
nT |_2x 32x 
3 3: 
2x 3 2x 2x 
= X = > y= . 
3 3-2x 3-2x 3-2x 
Y(3-2x) = 2x => 3y-2xy = 2x => 3y = 2xy+2x > 3y =2x(p +) 
2p = eles x= ay 





i 2(y +1) 

10. A ball is dropped from a height of 27 meters and it rebounds two third of the 
distance it falls. If it continues to fall in the same way what distance will it travel 
before coming to rest? Sargodha 2009 
Sol. 


2 oe 
According to given Condition we have 27,2x27x—,2x27x—x=,........ 


2 2e2 
S,, = AT EERE REA AKA REM 


Pr 
=27+2(18 +124... ),|@ =18r=—=— 
18 3 
=2742{ 4.) ' 
l-r 
=27+2 e =27+2 te =27+2 S =27+2x18x2 
1-2 3-2 1 | 
3 3 3 
= 27+108=135m 


COLLEGE MATHEMATICS. Ez ‘SEQ 1D SERIE 
11. — What distance will a ball travel before coming to rest if it is dropped from a height 
(of 75 meters and after each fall it rebounds 2/5of distance it fell? © Multan 2007 


2 Zaz 
Sol. According to the given condition 75,275 re s2Xx75 ar x = 


Se ee ee 
5 5 $s 
= 75 + 230412 +. esscens 1G =0-3575) 
30 30 30 5 
S.=75+2{ A+ = 75+2} — — a: = 75+2 5-2 = 75+2 3 etre 
= iS 
= 75+100=175 meters. 
42,0 if p=l1+2x4+4x7 48x? tenes 
y-l 


(i) Show that x ae 
2y 


{li} Find the Interval In which the series Is convergent. 
So. =y= 1+ 2x+4x” SS a 








For interval series will be convergent if 
Pi/<t=laxt<1o|x<t a\-tex<t 
. 2 2 2] 
13. oy 14=4% 4 a 
* ' 2 4 senrerie 


4 Si 
(i} Show that r= 2) 


{li} Find the interval in which the series Is convergent 
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Sol. 


14, 


Sol. 


x 
14 Fetes 
= 
x 
a, xirseec 
be <2 
y=S,=4 2+ 
2 
hes 
a2ay 4 
. 2 2-x 
=> y(2-x)=2> 2yp-xy=2> 8 2y-2=xy 


2y-1) 2G=D) 
aS : 


Series will convergent if 


|r| <1>|x/2) <1 >|x]/<2 >L2<x<2I 


The sum of an infinite geometric series is 9 and the sum of the squares of its terms 
is 81/5. Find the series ? 


Suppose in finite series 4, +@r +ar’ Perspect 


a 

ConditionI => S,, Ree =9 >a, =%Al-r)—/ 
2 bee 9 81 . 81 5 5 

Condition Il >a +a;r" +ar* Fn TO ; are Sa; =81(1-r*) 
; =n 





§.81(1-ry =811—r)\(1+r) (use!) 
S(l-r)=1+r = 5—Sr=l+r > 5-l=Sr4+r 9 4=6r |r = 2/3] 


[putr = in 1| a,=9(1-2)-9( 2} [aaa 


2 
ar=(@)(2)=2 and ar’ =) =| -3(2)=$ 


4 
So infinite series is 3+2 +3 ch a 
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Sol. 


Sol. 


Sol, 


Exercise 6.9 
A man deposits in a bank Rs.8 in the first year, Rs.24 in the second year Rs.72 in 
the third year and so on. Find the amount he will have deposited in the bank by 
the fifth year. 


Given8+24+72 +.......... +a, 
Pee oe eee 

8 
S= oe ae p> 


ware ~ * _ 8(243-1) 
3-1] 2 

A man borrows Rs,32760 without interest and agrees to repay the loan in 

installments, each installment being twice the preceding one. Find the amount of 

the last installment, if the amount of the first installment is Rs.8, 


Given S, = 32760,r =2, a, =8, a, =? 
6 40 -) 
"+ | pad 


32760 = 62 —) 


S, = = 4(242) = 968 





=> 32760 = 8(2” -1) 
=>2"- | = 2700 4095 
2" = 4095 +1 = 4096 
=> 2" 22° =n =12 


“a 
Now a, =ar" 


ay = 8(2)” ! = 8(2)!! 
= 8(2048) = 16384 


The population of a certain village is 62500. What will be its population after 3 
years if it increases geometrically at the rate of 4% annually? 


= 62500, n=4 
r=144% =14—+- =140,04=1.04 
100 


a, =ar"' = a, = 62500(1.04)""' 
a, = 62500(1.04)° = 62500(1.1249) = 70304 
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4, The enrolment of a famous schoo! doubled after every eight years from 1970 to 
1994, If the enrolment was 6000 in 1994. What was its enrolment in 1970? 


Sol. According to the given condition 1970,1978,1986,1994 are a,,a,,a,,a, 
n=4,r =2,a, =6000,a, =? 
a=ar” 


a, =ar"' => 6000 =a,(2)° 


= 6000 = 8a, > 4, -““= a, = 750 


5. A Singular cholera bacteria produces two complete bacteria in 1/2 hours. If we 
start with a colony of a bacteria, How many bacteria will have in n hours? 
Sol.  Givenin 1/2hours = 2 bacteria 


3 
—+—=Ilhour = 4A 
en 


“~ 


8A 


- 
| 
HI 
| 

> 

° 

Cc 

~ 

"i 


—+—=2hour = 16A 
2+—=—hour = 32A 


=3hour = 644 


So in 1, 2, 3, hours 4A, 16A, 64A, ......... n=n 
a =a 


a, = 44(4)"" 


= A4" = A2*" bacteria 

6. Joining the mid points of the sides of an equilateral triangle, an equilateral 
triangle having half the perimeter of the original triangle is obtained. We form a 
sequence of nested equilateral triangles in the same manner described above 
with the original triangle having perimeter 3/ 2 What will be the total perimeter 
of all the triangles formed in this way? 

Sol. — According to the given condition perimeter of AA4BC =3/2 
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1 
Perimeter of triangle GHI = ; (perimeter of DEF) 
4(3)-3 
2 4) 8 A 
So series is 
523 
ee 
24 8 
3 
Ff ee 3828 3 F . 
GS RS eee 
2 3 43 2 
2 
2 2 ae B a C 
& ett et Joes 
Bos 


(ol eho ee Ae 





Theorem: Prove that A, G, Hare inG.P or G? = AxH or = -= 
Proof: We know that Multan 2008 
Gee Gude Heke. 
2 at+b 
Then G? =(Vab) = ab-—— 
ae ato. 2ab 








= ab——> I] 
a+b 


Comparing! & Il 


[@ = AxH] or GxG= AxH 


; 
=> }— = — |It is clear that 
A G 


A,G,H Herein G.P 
Theorem: prove that 4>G>H 


Proof: A>Gif > Jab 


Squaring both sides 


COLLEGE MATHEMATICS-| RTs} SEQUENCE AND SERIES 


2 
= Or > ab 


=> a’ +b’ +2ab>4ab 

=> a’ +b? +2ab—4ab >0 

=a’ +b’ -2ab>0=>(a-b) >0 

Which is True if a & b are distinct real Therefore 4 >G—>/ 


Now Gs Hat wad so 
at+b 

4a°b? 
(a+by 

4(ab)(ab) 
a’ +2ab+b° 
=> («b)(a’ +2ab+b’) > dab(at) 
=> a’ +2ab+b’ —4ab>0 
>a +b?-2ab>0 =>(a-by >0 


=>ab> 





=>ab> 





Which is True if a & b are different, therefore G > H I 
Combining J & J/ 
1. Find the 9" term of the harmonic sequence: 
je ae , 
i. 3°53 ‘D? abceentes Faisalabad 2008, Sargodha 2009, Multan 2010 
Sol Given i in H.P, a, =? 
( salen ( 
7 
Then Ege vanes are in A.P 
B44 
ORES Vira are in A.P 


a, =3,d =5-3=2,n=9 
a, =a,+(n-l)d 
© ay =3+(9-1)2 
=3+(8)(2)=3+16=19iM AP >a, = agin HP 


-1 -l 
ii. —,—,-,......... Multan 2008 
5 3 


EL 


§ol. 


Sol. 


: Soi. 
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era ca dee arein A.P or —5,—3,-1..... arein AP 
a, =5,d =-3-(-5)=-3+5=2,n=9 a 
a, =a, ee ld: 
=5+(9--1}(2) 
Sse le 
a, =-21inAP=2a, => in HP 


Find the 12” term of the harmenic sequence: 


ws seatias Faisalsbad 2007, Multan 2009, Sargodha 2008, 2011 


5 
2 inH.P,a,=2 
“5 2 geteveaene , a = f- 
2,5, B, cesvecsan are in A.P 

a, =2,d=5-2=3,n=12 

a, =a, +(n—-l\K@) 

a, =2+(12—-1}3) 


» =2+(11)G)=2433+35 


A, =35 in AP=> a, =35 in HP 


124 

3'9’6°" oe 

1210 

Tae rp teeeaoen, i HLP, &@ =? 

396 a 

22 Bis eauesnuceee are in A.P 

12 

paige aot) pcs 

2 2 2 


a, =a, +(n-1Kd) 
a, =2+(12—- -v(3 


-——_ — 
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-3011(3)=3+3 
2 es 


6+33 39. 4s 
= =—inAP > 4, =—iaAHP 
2 39 





ay 
: 2 
3. insert five harmonic means between the following given numbers, 


- 


Sol. let H,,H,,H,.H,,H,, be five 


H.M between an ae | 
aes 
—2 


FSH Hy Hy Hy Hy ate in HP ‘Ss 











“= fie hee WS Mo ee eee in A.P 
Sh OM He ee 
ate Wan a dacs 
2 
a vee 
a 
dey sae sae a ae 
2 2 6 2 
me =? 
seegsgect ee & ceil pes 
A, a 2 2 2 
ng Paige es 3|-2+$-S46.1 
H, 2 2\ 2 2 2 
runs id= i332) 5,32 2549.4_ > 
H, pez 2 2 2 
~ -5 12. -5+12 
J eels 38 3)-3,42- so 
Hi, 2 2 dertouse 4 2 





1 
li. 4 and 7 


Sol. 


Sai. 


Let Hy Hay Hy, Hy Hs, H.M,5 between 7 and then . 


2 es Fala in H.P 


=> 4,—,— ,— . — ,— , 24 are in ap 


[a, = 4] a, =a, +6d =24 
446d =24=>6d=24-4 
= 6d =24-4=20 od =20/6=19/3 

















. Now 
ea =a +x = 4,20 _ 12410 _ 22 
i, 3 an 3. 
a= a, =a, +2d = $422 tet’ oe 
H, . 3 3 3 
fee 2) 8 
A, 3 3 a 
Jy sa4ddeacs 2}. 12440 _ 52 
Hi, 3 . 3 3 
nna +Sd=a4es{ 0) 24% =e 
H, 3.) 3. 3 
Therefore - 
Mee, Ho: He 
22 * a2 42 
ey , age, 
152" > 62 
Insert four harmonic means between the following given numbers, 
1 1 
— and — 
3- 23 


Suppose /7,, H,, Hy, Hy, are Four H.M,s between cen and a 


Then > EB, sate ini 
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bee a 


=> 3,—,— .— ..— . 23 are ina.P 
MBs fF, 
a, =3,a, =a,+5d =23 
3+5d=23 


=> 5d =23-3=20>|d=4] 


— =a, =a,+d=34+4=7 


i, 
a2) #4, 42d = 3424) =348=11 
mag Mae id wal Shee ois 
Hi, 
= ide wed el Ba Wla Sea tS 
H, 
Hence four H.M,s are 

] ] 1 ] 

H,=-, pers es ee 

ge eR pees ha ae 

il Tete 
3 


7 7 
Sol, Let //,, 7,, H,, H,, are Four H.M,s between 7 and — — 


Bo Dank ba 





Then => >-.—~,—,—,—.,— are in AP 
POT Pi oy 
3 a 
OF Sa ot ee wars 
Stigae pagal 2 
7 7 
idee ong se else 
Ae ae 
| 3 8 15+8 23 
— =4,=a,+d=—+—= =— 
ees 3a 35> 35 
pena tdars Roi: 
H, SS ).5-4 288 





15+16 31 


35 


SEQUENCE AND SERIES 


Sol. 


Sol. 


THEMATICS: ps7?) 
1 najnas3inbsif 8) a3! 
HA, 353° 7°35." 
ase =a,+4d=—+4| — 
iT, aa 7 35) 7-35 
Hence required H.M,5 are 

35 k > ae ae _35 
A, => fi, ==, H, ==,H, = 

23 3} 39 47 
4und 20. Sargodha 2010 


15+24 _ 39 


35 


3 Cee ee 


35 


Suppose H,,,,H,, H,,are Four H.M,s between 4and 20 


Then 4, H,, H,,H,,H,,20 are H.P 


- 
ai oe fae f cel) os 2a. in AP 
4H,’ H,’H,'H, 20. 


a, =a, =a, +5d=— 


Sd eiee Seda: 


4 20 20 4 





; (3)- 12 
=—+2} — 
. 25 4, 5 


4 25 


iT 
Hence required H.M,s.are 
1,2 1,100 es 


a See ape ag 


. ‘ 
If the ” and 10°: terms of an HP are = and = 


| 
a, oe & a. =, a= 7in H.P 


21 


1 _ 25-8 
4 
4 
z 


jena najsddatea( at) 14 25216 
: 4 5) 4 25° 


“100° 


pe 





100 


25-16 


100 


8 


7 
~ 100 
13 

~ 100 


9 


~ 100 


yy respectively, fi find its 14" term, 
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a,=3&a, = inaP 


> a, =a, +6d =3—>] 


ay, =a, +9d=2—s1 


II-I] 
a+ Od ==! 
5 
_a, t6d =3 
sq = 213 21-15 _ 6 
5 5 5 
a d=$xb oda? 
Sea 5 
Putin| 


4+6{2}=3-04+12 -3 
5 5 


See ee ee 


a, =a,+(n-l)d : 
ai -3+04-0(2] =3413{2|=2428 _3+26 _ 29 


oe Sees 
ay, soy AP>!a,, es in H.P 
5 29 
6. if the First term of an H.P is — 1/3 and the fifth term is 1/5 Find its 9” term? 
] 
Sol. a, aah a, =< a, =? in H.P Multan 2008 
a,=-3——/ i, a, =Sin AP 


a, =a,+4d =5 =>-34+4d=5>4d=8=>[d=2|  use-I 
a, =a,+(n—ld 

a, =-3+(9-1)(2) 

dy =-3 +8(2) =-34+16 =13 


dy =13inAP=>|a, =1/13.in H.P 





Sol. 


Sol. 


ee -— SEQUENICE AND SERIES 


If 5 is the harmonic mean between 2 and b, find b? 


Given a=2,b=6, H#M=5S— 




















Zab | tn i | 

HM = ath Sed, 2010, Fsd 2008, 2009 Multan 2007, Lahore 2009 
Put values . 
5= ee =>§ sue 

 2+6b 2+6 
> 3(2+6)=46 
=> 10+5b=4b - 
=> 10+5b-45=0 
>10+b=0> 
If the numbers a —~and - are in Harmonic sequence, Find k. 

A 2Zk+1 4k-1 
1 : 

= : are in H.P Sargodha 2008, Fsd 2009, Multan 2008 
kK 2k+1] 4k-1 ' 


k,2k+1,4k -ltare in a.P 

=> 4k -]1-(2k +])=2k4+1—k 
4k -1-2k -1=k+1 
2k-—2-k-1=0 
>k-3=0>|k =3 





' nel n+l 
+ 
Find nso that ps may be H.M between a and b. 
ae a” +" 
iad +p" é . 
ae be H.M between a & b then Faisalabad 2008, Lahore 2009 
a+ ; . ; 
a’ 4 prt! : ab . 
a” +6" a+ b 


(a +6" \(a+b) =(a" +b")(2ab) 
a +a’ "b+ ab"! +h"? = 2a" 4+ Dap" 
qn +p" — Iah™ + er n+l —a"'b—ab™ 


: ge +h"? =a""b+ab"" 


age aal't, = ab™ _p*? 
a’'\(a—b) = b""(a-b) + hothsite by(a—b) 


nil Stet a . 0 
portss(S) -[5) 2net=0 faz “now (2) 
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10. If a’,b’ and c? are in A.P. Show that a+b,c+a@ and b+ are in t.P. 
Sol. a’.b’, care in AP 
Then b° —a@ =c? —b?> ——] 


Now a+h,c+a,b+careinH.P 


1 1 1 ; ] 1 l 1 
are in A.P=>—— -—— s+ 
ath c+a bte b+ce ct+a ct+a ath 


(cta)-(b+c) at+b-c-a 
(b+e\c+a) (a+b\e+a) 
fr+a-b- ft+a-b-£ _Atb- Atb-c-4 
(o+eXe+a) (a+b)\ic+a) 
x' both sides by (c+a) 








lf ———,——_, 


eee (a—b) es (6-c) Sor b-e 
(btw ~~ (atby(era) bre "ath 

By cross multiplication 

(a+b)a—b) =(b+c\(b-c) 

pchckton 

'x' both sides by (—1) 

b-a@=c-P >b-@=b-a (use!) 

Hence proved. 

11. The sum of the first and fifth terms of the harmonic sequence is 4/7 if the first term is 


1/2 Find the sequence. 








Sol. a +a,= -, a =—inHP 
7 2 
] 4 4 1 8-7 1 
=>—+4,=—->a, =--—=—_ = — 
> aoe 7 ‘2 14 #14 


ads =1/14,a, =1/2in H.P. 

a, =14.a, =2in AP 

ad, =a,+4d =14 

d; =2+4d =14=> 4d =14-2=12>[d=3] 
Nowa, = 2,4, =a,+d=2+3=5 . 

a, =a, +2d =2+2(3)=8 

iy Sy Ey bothouateses inA.Pand 1/2,1/5,1/8, ......in HP 


‘Find 4,G,H and show that. G’ = 4H. Hf. 


a=-2,b=-6 - Multan 2010 


Gz Ja = t(-2X) =+V12 
=tVJ2x2x3=+2N3 
Hw 288 _ 2-2-6) 24 
‘ath 2-6 -8 
G =(4V129 =12———_ 
Ax H =(-4-3) =12 
From | and H\G = AH} 
@=21,5=4j 
Ant puta 8 oy 
2 a 


G=+Vab = See ae 





H 





ath 244i = x 
G? =(+¥-8) =-8—-J 


an =(3i{ $8 )=-8 a | 


From I and |G? = AH] 


a=9,b=4 


G=tJab =+J9x4 =+V36 = +46 
__2ab _ 29K4) 72 
a+b 9+4 13 

13.72 


G? = (46F = 36 and i Sas Vi and | 
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13, 
i. 


Sol. 


Sol. 


14, 


Find A,G,H and verify that 4 >G > H(G > 0), if 


a=2,b=8 Federal 
get h2th 
2 2 2 


G=+Vab =+J(2\(8) = +vi6 = +4 = 4(G > 0) 
1 = 2a _ 2(2N8) _ 32 _ 16 
a+b 248 10 5 
16 


Hence A>G > H because a 


2 8 16 4 4 
G=+tVab =+,/—x— =+,]J/— =+—=-(G>0 
Nab cs Ves 
22 El Se 
2ab 5)\5 95. 96 | 32 $4086 
Hee = = Se > 
a+b 2,8 8+2 10 25 10 25 
SiG 5 5 
A=1,G=2,H =o Therefore |A>G>H 


Find A,G,H and verify that A<G<H (G <0), if 


a=-2,b=-8 Sargodha 2009 
4a S88 Ls 
2 2 


G=1Vab ue. =+V16 =-4(G <0) 
y= 2ab _ 2-2-8) _ 32-16, 
G46: 2-8 -210-. 3 


~§ <4 <-3,2 or 





SE 


ERIE 





COLLEGE MATHEMATICS-1 TT 
3 2 
ii a=—,b= == 
5 5 
rae = iss or 


Oo : 

Ie NOS Sie tos a 

web 2 8 Bee te 
5 § 5 = 


A=-1,G=-0.8,H =-0.6 >[4<G<H] 


15. 
numbers. 


H.M=4,A.M =5 ayb=? 


HM=— ac ih et 
a+b at+bh 


ath 9 ath 
>-=— 

2 2 2 

=> at+b=9—_35/]/ 


Sol. 





AM = 


(Put Uinl)=> 4==2 = ab = 36 


oe 
* 


SEQUENC 


0° 
25 


=-0.6 


lf the H.M and A.M between two numbers are 4 and 9/ 2 respectively, find the 
Multan 2009 


=> ab = =° = 18 = ab =18 ——I] from II a+b=9=>a=9-b 


Put value in III 
(9-b)b =18 => 9b-b’ -18=0 

=> b° -9b+18=0 

=> b? -3b-6b+18=0 

=> b?(b—3)-6(b-3) =0 

=>b-3=0 or b-6=0>6=3 or b=6 
When 6 =3then a=9-3=6 


When b= 6then a=9-6=3 
Numbers are6,3 or 3,6 


IES 


= 
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16. 


Sol. 


17. 


Sol. 


If the (positive) G.M and H.M between two numbers are 4 and 16/5, find the 
numbers. Sargodha 2008 


G.M =4, H.M Bd a,b=? 
5 


G.M =Vab = 4=Jab => ab =16 ——_1 


4 

AY pe 8 eR 

a+b 5 atb 

16 2(16) ] 2 

> =— > - = 

5 ath 5 a+b 
By cross multiplication 
a+b=10—>I/ 


From If a=10—b—>//] 

I become (10—6)b =16 => 10b—b° -16=0 => b° -106+16 =0 
=> b’ -2b-864+16=0 . 

= b(b-2)-8(6-2)=0 

=> (b-2)(b-—8)=0 

=>b-2=0 or b-8=0 

=>b=2 or b=8 
When b=2 then a=10-—2 
When 6=8then a=10-8=2 
Numbers are 8,2 © or 8 





1 4 1 « 
If the numbers 2 js oe 36 , are subtracted from the three consecutive terms 


I 
of G.P, the resulting numbers are in H.P. Find the numbers if their product is 7 


a 
Suppose three numbers in G.P are —,a@,.a,r then 
r 


a ] 
Condition Il => (4 Je Mar)= 4 Faisalabad 2008, Sargodha 2009 
Fr 


ae (+) 1 
>a, =—=|=| >a =- 
27 \3 3 


ve a | 4 l 
Condition] >—-—,a, -—,a,r -— are inHP 
Po” 21 36 





——— ‘in H.P 


36 
=e ——— in A.P 
"12r-1 


-J=7- 6r 
~ 12-1 2-3r 


Sy ae ——— =74+7=14 
ial 2-3r 


x" both sides by (127 -1(2—3r) 
36(2~3r) + 6r(12r -1) = 14(12 -1(2~3r) 
72 —108r +72r? ~ 6r = 14(24r —36r? -2 +37) 
72r? —114r +72 = 14(-36r? +27r —2) 
72r? —144r +72 =—504r? +3787? ~28 
72r? —144r + 72+ 504r? 3787? +28=0 
576r? ~ 492r +100=0 
144r° ~1237+25=0 ('+'by 4) 
1447? — 757-487 +25=0 
- 3r(48r —25)~ 1(48r —25) =0 
(48r —25)(37r—-1)=0 
48r-—-25=0 or 3r-l=0 
25 a) aad 
r=— or r=— 
48 : 3 
1 


25 
When r=— & a, =— 
enr 4g 4" 3 


2- 








1 4 16 1 (3 )~ 25 


Oe 148 _16 a, ar — 
r 3°25 2s 3 3h ag) 144 


&|Rlei— 


wwe 
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Required numbers are 
1 25 ca 


— iv cathe 


F242 0 
25 3°144 39 


Sigma Notations 





a ] 
1+ 2434 rcccccccceees +n= dk = ue ) Multan 2008, Faisalabad 2007, sgd 2008 
k=} 
P+P4F ei ote ee) 
k=] 6 
P4243 ccm ti = ad 
fal 2 
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Exercise 6.11 


Sum the following series upto n terms. 
4, 1x1+2x3x7+............ 
Sol. bd 12 3907 + oes n term 


T, =[1+(k-1)()]x[1+(k-13)] 
T, =(1+k-1)(143k —3) = k(3k —2) =3k° —2k 
S, =>, =) (3k? - 2k) =3 2H k 
+4 3 n+ 1)(2n +1) Ss 2.2(n+1) #n(n+1)(2n+1) . 2n(n+1) 
6 2 2 2 
e mnt Dons i -2] 2 n(n+1)(2n-1) 
9 2 


2. UX3+3XKO4+5X YO. creceeeee 
Sol. 1X3 4+3x6459. n term 


T, =[1+(k -1)2]x[3 + (k-1)3] = (1+ 2k -2)(3+3k =3) 
= (2k —1)(3k) = 6k* —3k 
5, =>7, =(6k? 3k) =69°K? 39K 
k=l k=l k=l k=] 


xf RR est) =n(n-+b) 2n+1-3] 


2 
ge = 
nine] | n(n+1)(4n—1) 
2 Z 
3. 1x4+2x7+3x10+........... 
Sol. 1x4+2x7+3x10+-.......... term 


T, =[1+(k-Il]x[4+(k-1)3] = (1+ -1)(44+3k -3) = kk +1) =3k +k 


S,=>7,=30 + dk 
kel k=1 k=l 


q n(n +1)(2n +1) F n(n +1) r n(n+1)(2n+1) < n(n+1) 


6 2 2 2 
n(n +1) n(nt+1)(2n+2) 2n(n+1)(n4+1 i 
= ena t]= Me DCn st?) _ wt = n(n+1) 
4. 3x54+5x94+7x13 +... 


Sol. 3x5+5X94 7 KIS 43d n term 


COLLEGE MATHEMATICS-| 


Sol. 


Sol. 


————_——— ——— 


SEQUENCE AND SERIES 
T, =[3+(k-1)2]x[5+(k—-1)4] = (8 +2k-2)(5+4k —4) = (2k +1)(4k +1) 
= 8k°+2k+4k +1=8k? +6k 41 
S, = >°T, =) (8k +6k +1) 
k=1 


k=] 


=8 > 46 Skin 
k=l 


k=l 
os 8n(n+1)\(2n+1) : 6n(n+ 1) a 





6 2 
oe seen) xine) +t]=n 4(2n° +n+2n4+1)+9(n4+1)43 
3 "a 
[87° +12n+44+9n+94+3] on, 
= 1A>—_—_—_——_— = — (8n" +21n +16) 
3 3 
VF? 4S csssneece Multan 2009 
Ped cas +n term 


7, =[1+(k-1)2] =(14+2k-2)° =(2k-1 


T, = 4k’ —4k+1 
S,=¥T7, =¥ (4k -4k +1) 
k=l : k=l 
=40 K-43 k+n 
k=l k=l 


_ Antn+ Ifans) nin+ ly 


6 2 
= n| 20ND nist] =n 4n° +6n+2 4) 
3 3 
= 4n’ + 6h +2- ph ~3 =" (4n? -1) 
3 3 
4S £2 hicks Multan 2008 
Pas oe +n term 


T, =[2+(k-1)3] =(2+3k —3)' =(3k=1)? 
T, =9k? -6k +1 | 





$oi. 


Sai. 


_ 2 Petarer Sn(2n*+2n+n+1) 
6 


S,= 37, => @F 6k +1) = Sp ken 


kel kat Kel zal 
gt IX(2n+1) Sant). 
6 2 


2 
Teste app etal 


Sy eee eee cae oe 
2x1? +42? +6%3? + .cecarne < 
xP t4X2? +637 #occccscece + nterm 


=[2+(k~2].[1+(«-If 
= (242k -2)1+k~1) = 2k(k?) = 212 
S.= >7, = S20 =25 =2( med) 
ko} hs] ke] 
_2n' (atl? (ntl? 
4 2 


3x27 + 5x37 +74 + ssecseees 
- 3x27 45x39 4704 Foc +n term 


7, =[3+(k-1)2]x[2+(k-DI} 
= (342k -2)2+k-1)P =(2k +1 4+1Y 
= (2k +1) RP +2k +1) = 2k? +48? + 2k +? +2k+1 =2k? +5k? +4k4+1 


S, =>7 = = = 72h +5k? +4441) 


kx! k=} 
= 20K +53 +4°k +n 
k=l kal k=] 


=2( Me) Ss Vane , Anne), 


4 +2n(n+l+7 








COLLEGE MATHEMATICS-1 
2 2 
=| oe eS cane 2] 


"| ets ees 
— nena: 


6 
== Bn? +161? +30n+23) 
9. 2x4x7+3x6x104+4x8x134+........... 
Sol. 2x4x7+3x6x104+4x8x13+4........... tonterm 


T, =[2+(k-1l]x[4+(k-1)2}x{7+(k—1)3] - 
=(2+k—-1)(4+2k-2)x(7+3k-3) 

= (k+1)(2k +2)(3k +4) = (k +164? +14 +8) 

= 6K? +14K? +8k + 6k? +14k +8 = 6k? +20 +22k 48 


Bx : t Lor +20k* +22k +8) 


=6k +200 +229, k+8n 
kx] k=l 
a6 al 4 2n(n+Qn+l) , 22n(n+1) 
2 6 2 
§2 6.4 (n +1)" 20n(n +12 +1) A Zerhrel). 
4 6 2 
2 2 
=| Sms +2n+1) | 10(2n? +3n+1) 
3 
=n| Gr +3 n+6n° +3n | 20n* +30n+10 
3 


=| +180? +9n+40n? Caramel 
2 ren tant Wn’ +00n+ 20+ 66n+66+48 


Hiensys8] 


Hint 


6 


=F (On +58n° +135 +134) 


10. 1X4xK6+4x 7x 104+ 7% 10% 14+ ccc 
Sol. 1x4x6+4x7x104+7x10x144.......... +n terms 


T, =[1+(k-1)3]x[4+(k—1)3]x[6 + (k-1)4] 


EQUENCE AN 


RIES 





11, 
Soi. 


= (1+ 3k ~3)x (4+ 3k —-3)x(4k +2) 

= (3k —2)x(3k +1) (4k +2) 

|= (3k ~ 212k? +10% +2) = 36k? + 30k? +6k - 24k* — 20k 4 
= 36k +6k? ~14k —4 

S, =>7, = 3) 6K +64 ~ 14k 4) 


kx] kn} 
=36 0 +6rR “149 k-4n 
=39( 22D) Brin +i2n+}) l4n(n+l) _ 
oO ge ag 


= 36 a a(n+])(2n+1)—Tn{n+1)—4n 


=n| Onl? +2n+1)+(2n? +2n+n4N~Tn+l)-4 | | 
= (On? +18? +9n+ 2n? +3n4+1—-7n-7-A4) 
= n(9n’ +20n’ +5n—10) 





1+ (14 2)+ (14243) + cessneen 
1+(1+2)+(14+243)+....0.+ 4 ferm . 

T., H14 2434 nononst= O 2 =" (2a #(n-1)d) =" (2(1)+ (nM) 
7, - e+) =F Q+n-y= Te) 





2 
s.= 37, = +h) 


ile 

bs 24> ‘|= 1 Mechen i) 2020) 

Lest k= 2 6 2 

ne Dot 41) mene (Bel3) 
2 3 4 3 

_Antl2n+4) _n(n+1)Z(n+2) = Mens IYn+2) 
4x3 — xIx3 6 











22,0 1740? +27) 4 (1° $2743") tecrecccnene 
Sole P+(P 42°)4(F 42°43?) 4 +n term 
T= 42 +3 pss ean TTY 
- eke oR yy n+ D2n+1) 
es ee Ae, ) Pa, _ nt ent) 
3 6. 6 





T= {Mak +2k+k+1)]= 52" +30? +k] | 


$=37, 428 P43 ye rf Se 


1 of ete DT Salat an); eo " 

6 2 “ae Ge 

: anes n(n+l) 2+] 4 : 
6 | 4, a 


- see +n+2n+] +}: 


= +3n+2] 


13. Z+ (24+ 5) 4+ (2454 B) + ceierceccrsssones 
Sol. 2+. (2+ 5) 4+ (24548) 4. t a ferm 
T, =24+5+8........ +" term 
. =2, d=3,n7=an 


na" +(n—-1)d] = B2@+- -93] =" 3] 
ego Gk a 











a 5 =r, 
5-37, -5 3E +E 
‘k=l &-1 2 





14, 


Sal. 


Soi. 


Sol. 


_ 1 3atnt1Qn+h)' (ntl +1 a 
~ | Paetbee mA mE Mans 4 


oe | 
= nt] Zen 


_mntlintl) _ nfatl? 


2 4 
Sum the series 7 
V2? +3? 4 tree »+(2n-1)' ~(2n)? 
T, =(2n—1)? -Qny =4r° <aneh 4n* anal 
=~4k+] 
S.= soBnefeansnn- fe 
kaj é=1 ke] 
re) 


oe =| = -8[n(n+1)- n|=—8(n" +n—n)= 2 


? 


1 
7 


“=4+ 


1 


a . 


. =—an? omens 


P48 P+ + (AN 


OD TM antl tn 2a —2Qntn 


~3y- ~(4n+1)? 


oe 3)’ -(4n—1)? = 16n? — 24 +9~-16n? +8n=1 


muna —&(2n—1) 
=8(2k -1) 


_—s 425 4- =n] 


k=l 





+2) P43 
2 2° 

OF Po? 43 
1+1 - 1+1+1 ¢ 





+e tM term 


P42? 43? toes +nterm 


1+14+14 0... n term 


= = 


6 





Gah + D(2K+1) _ oe 
» ag RAV QR+N) _ BRE + Sk +1 
6 


=, = He ss$ev 


ke] 
estan a 7 
6 6 | 2 
1! n(a+1\(2n+1) 4 dmlnt)) n[-2 , n| Qn’ 43ne ins 
5 3. - 2 63 
_ fl an? +6n+249n+9+6] nf 4n? +15n+17 
6 6 6 6 
_n(4nt +15n+17) 
36 


15. Find the sum to.n terms of the series whose nth terms are given: 
i. Bn + n+ 


Sol. Given 7) = = 37? +n+1>7, =3h+k+1 


S =D TBE Skane ,etDentd. [2] 





- 


Rt. kat 6 2 
(at+tX2n+]) n+l. Qn? + 3nt1endl42 
= al $$ ++ f =| SS 
2 2 2S 
_nQr’ sant) mae +2n+2) 
ii. w+d4nt1 . 
Sol. Given T, =3n? +n4+1=>TR=30 +k 41 
S=37, “SP 4S kon 
ket k=} 
_nn+DQn+h) Anat), m+ansntl yaaa]. 
6 Zz 6 
-1|™ + eee enePH | aan 150219] 





SEQUENCE AND SERIES 
16. Find the nth terms of the serles, find the sum'to 2n terms. 

i. 30? +2n4+] _ Multan 2008 

Sol. Given?) = 3n? +2n+1=5T, =3k Tate) 


S,= =>, =D, (34 +2441) 


3K 425 bon 


amt 


3 asia: 1) < Zinn +1) aes 


6, 3 CN 
2n? +n+2n4] 
=n ag a 


7 312" +m 14 2n+2+ 2] 
S.= 5 [20° +5n+5] 


Ss, ~ LY a¢ar? )+5(2n)+5] = me +10n+5] 


it. wi 42043 


_ Sol Given) = n° +2k+43=7, = +243 


S, =¥7, =D +2k+3) =yeLS k+3n 
asl : toe : . 


7 kal, 
| »y 2n(n+1) i 
2 2 
= pf OA 2HD sy via] MEP 420 tn+4n+4+12] 
4 41 

RY 3 wea | 
= alr +2n° + 5+] 6] 

2n ‘ a ae , . 
= [ny +2(2ny* +5(2n) +16] (Replace nby 2n) 


= =| 80° +8? +10n + 16 | = nf 4n? +49 + 5n+8| 





COLLEGE MATHEMATICS-I ety SEQUENCE AND SERIES 
Q#1. Select the Correct Option (10) 
i. A.M between 3V5 and 5/5 is: 
ay. 45 b) v5 
c) 10 d) 25 
ii. The series 1+ + x Pet acta ont is convergent if: 
a) xeR b) xe[-2,2] 
c) x €(=2,2) d) xEeZ 
ili. The sum of an infinite geometric series exists if: 
a) Ir}<1 b) Ir|>1 
¢) r= d) r=-| F 
iv » hay a Se 
a) n(n+) b) na (nt I)" 
2 4 
/ 9 
Cc) een d) None of these 
bmg 
Vv. a te ata ere Is 
2 2 2 
a) An A.P b) G.P 
c) HP d) None of these 
a’+ 
vi, if; = 2) IS A.M between a and b then n is: 
a" +b 
a) 0 b) | 
| 
Cc) > d) —| 
| | | ne : 
vii. —_ ,—, o nterm is: 
1-Vx 7 1-x14Vx 
a) A.P b) GP 
c) AP d) Geometric Series 
viii. The sum of cube of first n natural numbers 
nr *(n+ly 
a) (n+) b) n (n+) 


4 4 


Ses 


COLLEGE MATHEMATICS-| RY}: SEQUENCE AND SERIES 

! n(n+ 1\(2n4] n+l 

cy) M@FDAn+) nln 41) 

6 2 

ix. If Ir| > | then infinite geometric series is 

a) Oscillatory b) Decreasing 

c) . Convergent d) Divergent 
x. The 8” term of the sequence 3, 6, 12. ......... is 

] 
a) —- b) —48 
48 
1 
c) -— d) 48 
48 

Q#2. Short Questions: (10 X 2 = 20) 


i. Which term of the A.P —2,4,16,...... is 148? 
ii. Find the 12" term of the sequence 1+ /,2i,-2 4 ices... 
iii, Sum the series up ton term 34334 333 4......0cc00. 








iv. if 5 and 8 are two A.Ms between a & b. Find a and b. 

Vv. If 5 is-H.M between 2 and b, find:b? 

vi. If «@,_, =2n—5S find the nth term? 

vii. Find the sum of the infinite geometric series 2+1+0.54+......... 

viii, Find the 9" term of harmonic sequence. ,—, easiness 

fth 5 ; ae are in H.P find K? 

ix. UNG RUMORS 8 eT aol . : 

x. Sum the series —3+(-1) 414345000000. + A, 

Long Questions: (2 X 10 = 20) 


Q#3. (a) Find four A.Ms between V2 and 12/2 
(b) A ball is dropped from height of 27m, it rebounds two third of the distance 
it falls if it continue to fall in the same way what distance will it travel before 
coming to rest? 


Q#4, (a) if the numbers ae are subtracted from three consecutive terms of a 


: eed 
G.P, the resulting numbers are in H.P. Find numbers if their product is a9 


~ 


(b) if fmn are pth, qth, rth terms of an A.P, Show that 
ig-r)+m(r- p)+n(p-q)=0 


COLLEGE MATHEMATICS-I BBE) PERMUTATION. COMBINATIO & PROBABILITY 





PERMUTATION, COMBINATION 





AND PROBABILITY 








Theorem: 0!=1 





n'!=n(n-1)! 
Proof: we know that 
(putn=1)1!=1(01-1)! >1=0!> 0!=1 




















1. Evaluate each of the following. 
i. 4! 6! 
Sol 4!=4.3.2.1=24 Vi. 313! 
ede 6! 654.3f 65.4 
Sol. 6!=6.5.4.3.2.1=720 BA teen a OO ng 
x 8! 313! 3.2.1.2f 6 
iW. — 8! 
" vii. a 
sj! 8.74 ; 4!2! 
ore aah ee | 87.65.41 8.7.6.5 
nA Sol. SI 8765.41 _8 8-9 _ g40 
10! 412! af! 2 
ns eae 11! 
BEN viii. St uae 
gg cua 10.9.8.74 nye 21415! 
PO ANA Te 10.9.8.7.6.54 
Th yaaa = je 8 10.9.8.7.6.,51 _ 
11! 21415! 2.1.4.3.2:1, 91 
: 417! ix. eee 
cad 11.1098.74 219-2)! 
"MT 43.2074 so ORS 
11.10,9.8  249=2)1" 2.71 
= = 330 a 


4.3.2.1 


COLLEGE MATHEMATICS-| Zoe 


Sol, 


Sol. 


Sol. 


Sol. 


15! 


151(15—15)! * 


Js! I 1, Sol. 


y5-15)! 0! 1 


xii. 


Sol. 


PERMUTATION, COMBINATIO & PROBABILITY 


3! 
0! 
! 
at 321 
Oo! | 
4!.01.1! 
4!.01.1!=4.3.2.1.1=24 


Write each of the following in factorial form: 


6.5.4 
Multiplying and divided by 3! 


6.5.4.3! 6! 
Saami Sa. 


12.11.10 

12.11.10(«' & '+' by 9!) 

IZ IT IO9! 12! vii. 
9! _ 9 Sol. 

20.19.18.17 

20,19.18.17 (‘x' & '+' by 16!) 

20,19.18.17.16! _ 20! 


ao viii. 


16! ~ 16! 
Sol. 


vi. 


10.9 


2.1 
10.9 
31 (x! & +" by 8!) 
10.9.8! 10! 
eS 

2.1.8! 21.8! 

8.7.6 

3.2.1 x. 
Bab re eo i 
gat Tee Sol. 
8.7.6.5! 8! 


3.2.1.5! 315! 


Sol. 





52.51.50.49 


4.3.21 
i eer a ar 
52.51.50.49.48! 52! 

“~ 44st 44g! 

n(n —1)(n-2) 

n(n—1n—2) (‘x' & '+' by (n—-3)!) 

nn—-l(n—-2)(n-3)! an! 
(n-3)! ~ (n-3)! 

(n+2)(n+1)(n) 

(n+2\n+1)(n)'x! & '+' by (n—1)! 

(n+2\(n+1)\(n\(n—-1)! _(n+2)! 





(n-1)! ~ (n-1)! 
(n+ 1)(1)(n-1) 
3.2.1 Sargodha 2006 
(n+1)(n)(n—1(n—2)! _ (n+1)! 
3.2.1.(n—2)!  3'(n—2)! 
n(n—1)(n—2).....(n-—r+1) 


n(n—1)(n—2).....(a-—r +1) 

‘x' & '+' by (n—r)! Multan 2008 
nn—1)\(n—2)......(n—r+1\n—r)! 
(n-r)! 

n! 
(n—-r)! 





COLLEGE MATHEMATICS-i re PERMUTATION, COMBINATIO & PROBABILITY 





Example 1:- How many 4 digit nos can be formed by 1,2,3,4,5,6 when no digit is 
repeated 
Sol: n=6, r=4 








' S 2 v1 
No of 4 digit numbers = 6p, = Be eo eee = 360 
(6-4)! 2! 
Example 2:- How many signal with 4 different flags can be given when any no of flags 
can be used. Multan 2008, Faisalabad 2009 
Sol. n=4, r=1,2,3,4 : 
No of signal using lflag=4p, = 4 
No of signal using 2 flag=4p, = 12 
No of signal using 3 flag=4p, = 24 
No of signal using 4 flag=4p, = 24 
Total noof signal=4+12+24+24 =64 
"P= , - I (Formula for Permutation) Sargodha 2011 
n-r)! 
x Evaluate the following. 
. 20 
i. Py 
30 20! 20.19.18.)7! 
Sol. 5 p=—20!__ _ 20.19.18, _ geo 
> (20-3)! yw 
ii. “P, 
6 16! 16.15.14.13.}2! 
Sol. rE - 16! __16.15.14.13,)2t _ 3695 
(16—4)! yz 
iii. "Pp, 
‘is 12! 2.10.9.8.7! 
sol. "R= —= 12.10.9.8,74 = 95040 
(12-5)! n 
1, 0p 
0 10! 10.9.8.7.6.5.4.3! 
Sol. "P __10!_ _10.9.8.76.5.4,31 = 604800 
(10-7)! x 
v. eA 
! 9.8.7.6.5.4.3.2." 
Sot; SR ke Oe Baeaaep 





~ (9-8)! x 


COLLEGE MATHEMATICS-I PT a, PERMUTATION, COMBINATIO & PROBABILITY 


2. 


Sol. 


Sol. 


Sol. 


Sol. 








Find the value of n 
"P, =30 Multan 2007, Sargodha 2008, Faisalabad 2008, Lahore 2009 
n! = 30 
(n—2)! 
n(n-1) (p25! is 5 
nn-1)=6.5>n=6 
"P =11,10.9 Sgd 2009, Fsd 2007, 2008 Lahore 2009, Multan 2008, 2009 
I! 11.10.98! 
(-Hie ae 
I! al! 
(ll=n)! 8! 
>11l-n=8>11-8=n>n=3 
"Ri aol Faisalabad 2009 
"RP 9 
Eg 
n! 
(ARES 
(=D 


(n-1-3)! 
! 
nip! = ee 


ee el 
| ety! 

Prove from the first principle that: 

"PB =n”'P., 

R.H.S=n."'P_, 


DL aG@-DiS, at rn 
"Ta-l=@—D]t_ @aiaeadt acs! (er 


"P=""'P+r"'P Lahore 2009 
RWS=""'P+r.""P 





























COLLEGE MATHEMATICS-1 403 PERMUTATION. COMBINATIO & PROBABILITY 
n—l)! r(n—l)! n—l)! r.(n—l)! 
=e GD DP Gen 


~(n-l=r)) [n-1-@=D]! Ga-1-nl (nf —r 4! 
4 (n-I)! ra-Vt _ (n—I)! y r.{n—l)! 
(n-1-r)! (n-r)! (n-1-r)! (n—r)\(n-r-1)! 


__(n-))! |. (n-1)! eer 
% n (u—1l—r)! 





(n—-l-r)! —r. A-r 
n—-l)! n- ni{n—-1)! n! Ps 
= OU (2) Dt ttt is 
(n-l-r)!\n-r) (n=r\(n-1-r)! (n—r)! 
4. Howamany signals can be given by 5 flags of different colours, using 3 flags at a 
time: Rawalpindi 2009, Multan 2007,2008 
Sol. A=3 723 
Number of signals = °P, 
5! §.4.3.24 
= eee eg 
6-3 2 | 
se How many signals can be given by 6 flags of different colours when any number of 


flags can be used at a time? 
Sol. n=6, r=1,2,3,4,5,6 














; 6! 6,4 
Pes = 
(6-1)! wx 
ip (el _65A1 _ 3, 
(6-2)! f 
! 
p= 6 5.5431 _ 15 
(6-3)! 3f 
! 
‘p= 6! 6.5.4.3.2f ae 
(6-4)! af 
! 
‘pe 6! _ 6.5.4.3.2.4 sie 


(6-5)! H 

6! _ 6! _ 6,5.4.3.2.1 
(6-6)! 0! 1 
Number of Signals. 


= 6+30+120+360+720+720 =1956 





"R= =720 


COLLEGE MATHEMATICS Tr) PERMUTATION, COMBINATIO.& PROBABILITY 


6. How many words can be formed from the letters of the following words using all 
letters when no letter is to be repeated: 
i. PLANE 


Sol m=5, r=5 
Number of words = °P. 


5! 24321 120 





——_ —=120 

~(-5)! Ol i 
ii. OBJECT 
Sol. n=6, r=6 

Number of words = °P, ‘ 
! 
6! _ §.5.4.3.2.1 _ 12D _ nop 

~ (6 6)! - Of 1 

iif, FASTING 


Sol ”=7, r=7 
Number of words = ’P, 
_ 7! _ 7.65.4.3.2.1 5040 








a = — = 5040 
~ (7-7)! 7) 0! } 
7, How many digits numbers can be formed by using each one of the digits 2, 3, 5, 7, 
9 only once? 
Sol.  2,3,5,7,9 3 digits numbers = ? 
3-digits numbers = se 
_ 5.4.3.2! _ 60,24 
—- =60 
5-3)! af 
8. Find the numbers greater than 23000 that can be ‘soins from the digits 1, 2, 3,5, 
; 6, without reneating any digit. 
Sol. = 1,2.3.4,5,6 #w=5, r=5 
Total numbers = °P.. 
5} §.4.3.2.1 
—— = ————- = 120 
ie 5)! 0! 
For less the 23000 If 1 is fixed at extreme feft then permutation of 2, 3,5,6 
ee eae 
ee = 
(4-4)! 0! 


21 is fixed at extreme left then permutation of 3, 5, 6 


s 


COLLEGE MATHEMATICS-! gis PERMUTATION, COMBINATIO & PROBABILITY 


oe ota = 3.2.1 & 
* (3-3)! 0! 
Less than 23000 = 24 + 6 = 30 
For greater than 23000 
= Total — less than 23000 
= 120-30=90 
9. Find the number of 5-digit numbers that can be formed from the digits 1, 2, 4,6, 8 
(when no digit is repeated), but 
(i) The digits 2 and 8 are next to each other; 
(ii) The digits 2 and 8 are not next to each other. 
Sol. 1,2,4.6,8 permutation of 1, [28] ,4, 6, is ="P, 
4! c 4.3.2.1! 
(4-4)! 0! 
Now 1,4,/821,6 


Permutation = “P =24 


= 24 





(i) 2, 8 are next to each other = 24+24 —> 48 

Total permutation of 1,2,3,4,6,8 = ‘Pp. =120 
(ii) 2, 8 are not next to each other 

= Total —-48 =120-48 = 72 

10. How many 6 digit numbers can be formed, without repeating any digit from the 

digits 0, 1, 2, 3, 4,5? In how many of them will 0 be at the tens place? 
Sol.  O1,2,3.45 Multan 2008 

6! 6.5.4.3.2.1 
Total 6 digits number = °P. = =——_ = = 720 





(6-6)! — 0! 
When 0 at first place then = *P. = 120 (because when 0 is at first place (not count)) 
Required 6 digits number = Total — 120 = 720-120 = 600 
5.4.3.2.1 
ro. 
11. How many 5 digit multiples of 5 can be formed from the digits 2, 3,5, 7,9, When 
no digit is repeated. 


Sol. ay oe 7,9,[5] (Multiple of 5 , 5 at unit place fixed) 


120 


When O at tens place °P. (Because 0 is fixed at tens place) = 


4.3.2.1 
No.of 5 digit multiple of 5 =*P, =———— =24 
12. \n how many ways can 8 books including 2 on English be arranged on a shelf in 


such a way that the English books are never together? Sargodha 2008 


COLLEGE MATHEMATICS-! ze PERMUTATION, COMBINATIO & PROBABILITY 
Sol. Suppose FE), E, are two English books and B, B,, B,, B,, B., B,, remaining books. 


13. 


Sol. 


14. 


Sol. 


8! 8.7.6.54.3.24 
(8-8)! 0! 
English books are Together 
case! B..B,,B,.B,. B., B,. [EE] 


ip toa aay 


Total = “P= = 40320 


=  P, = ——— = 5040 
(7-7)! 
Case Il B,, B,,B,, B,,B,. B,, |E,E,| 
=’P, =5040. 


English books together = 5040 + 5040 = 10080 

English books not together = Total —- Together = 40320-10080=30240 

Find the number of arrangements of 3 books on English and 5 books on urdu for 
placing them on a shelf such that the books on the same subjects are together. 


E,, E,, E,are English and U,,U,,U,,U,,U,, are Urdu books. Federal 
5! 3! 
Case! U),U,,U,,U,,U,x£,,E£,,£,=°R xP, 


= —— Kk ——————_ 
* (5-5)! (3-3)! 
a 5.4.3.2.1 = on _ 120.6 =120x6=720 
(S—5)! (3-3)! O!. 0! 
Casell £,.F,,E£, CORO SO SOG: = ‘P. x *P, 
3! 5 
= OE OO 
(3-3)! (S—5)! 
=6x120=720 
Answer= 720+ 720 = 1440 
In how man ways can 5 boys and 4 girls be seated on a bench so that the girls and 
the boys oc. vy alternate seats? 
B represent Boys and G girls 





=3.2.1«5.4.3.2.1 


Total no of ways B,G,B,G,B,G,B,G,B.G, Alternate sol. 
="Px'Px"Phx?Px?Px?Px'Px'P =P, x*P, =120x24 
=5x4x4x3x3x2x2x1 = 2880 =2880 


Circular permutation Lahore 2009 


The permutation of things which can be represented by the points on a circle is called 
circular permutation. 


COLLEGE MATHEMATICS-| 





PERMUTATION, COMBINATIO & PROBABILITY 


SS 


How many arrangements of the letters of the following words, taken all together, 


i. 


Sol. 


can be made: 
PAKPATTAN Fsd 2008, 2009 
Total letters =y=9 iii. 


P repeated time = 2 Sol. 


A repeated time = 3 
K repeated time =1 
T repeated time =2 
N repeated time = 1 


Total arrangements 


9! 


~ 23h 2h 


_9.8.7.6.5.4,4 


“21H 1211~ 


Sol. 


= 15120 


PAKISTAN 
(Sargodha 2009, Fsd 2008,03) 

Total letters =n =8 
P repeated =1 

A repeated =2 

K repeated =1 
lrepeated =1 
Srepeated =1 
Trepeated =1 

N repeated = 1 
Total arrangements 

8! 


~ TI2MLMMILI 


= SISSMS A” sn i60 
A 


Sol, 


_13.12.11.10,9.8.7.6.5,44 
3.212M 212111 


MATHAMETICS 
Total letters =1] 
M repeated = 2 
Arepeated =2 
T repeated =2 
H repeated =1 
E repeated =1 
i repeated =1 
C repeated =i 
S repeated =1 
Total arrangements 


212nQn bien 
_il. 10.9.8.7.6.5.4.3.2.1 


a A212 AAA 
Ji. 11.10.9.8.7.6.5.4.3.2.1 


8 
= 4989600 
ASSASSINATION 
(Sargodha 2006, Multan 2007) 
Total letters =n =13 
A repeated = 3 
S repeated = 
| repeated =2 
N repeated = 2 
T repeated =1 
O repeated = 1 


13! 
Total arrangements =——__ 
e oe eStAPQIOLII 


= 43243200 
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ze 


Sol. 


Sol, 


Sol. 


Sol. 





How many Permutation of the letters of the word PANAMA can be made, If P is to 
be the first letter in each arrangement? 
PANAMA 


if P is first letter then ANAMA, #7#=5 
A repeated time =3 


N repeated time =1 
M repeated time =1 





5! 5.4. 
Total arrangements = Shin - ts 20 


How many arrangements of the letters of the word ATTACKED can be made, if 
each arrangement being with C and with K? 


ATTACKED IF C is first and K is last letter than Ic] ATTAED IK], n=6 
A repeated time =2 
T repeated time =2 
E repeated time =1 
D repeated time =1 


see 6! _ 6.5.4.3.24 _ 360 = 
otal arrangements = sh “DLA Ll 5 

How many numbers greater then 1000,000 can be formed from the digits 0, 2, 2, 
2,3,4,4,? 

0, 2, 2,2,3,4,4, n=7 

O repeatedtime =1 

2 repeated time =3 

3 repeated time =1 

4 repeatedtime =2 


MW FH 5A 
M382! 13hL21- 





Total = 


6! 205421 _ 0 
31,112! 121 








For less than 1000000 fix 0 at extreme left lo}, 2,2, 2,3,.4,4= 


Number greater than 1000000 = 420-60=360 

How many 6- digits numbers can be formed from the digits 2, 2, 3, 3, 4, 4,? 
How many of them will lie between 400,000 and 430,000? 

2,2, 3,3,4,4, n=6 Faisalabad 2008, Multan 2009 

2 repeated time =2 

3 repeated time =2 

4 repeated time =2 
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Sol}, 


Sol, 


Sol. 


Sol. 


10. 


Sol. 


6! 6.5.4.3.2.1! 
Total 6 digits numbers = rant = 212121 = 


For numbers between 400,000 and 430,000 fixed 42 at first place then numbers = 
42) ,2,3,3,4, n=4 
2 repeated time =1 


3 repeated time =2 
4 repeated time =1 





4! 4.3.21 
Total numbers = . _ 43,24 =12 
oN oh 


11 members of a club from 4 committees of 3, 4, 2, 2 members so that no member 
is a member of more then one committee. Find the number of committees? 
n=l) 
4 committees have 3, 4, 2, 2 members 
11! _ 11.10,9.8,7.6.5. 41 
3141.21.32! 3.2.1.40.2.1.2.1 
The D.C.Os of 11 districts meet to discuss the law and order situation in their 
districts . in how many ways can they be seated at a round table, when two 
particular D.C.Os insist on sitting together? - 


= 69300 


No of committees = 


Number of ways= “P. x *P (when 2 particular D.C.Os sit together ) 


9! 2! arr 
: — = 9x 2!= 725760 


Note for Round table 
x——. = — x 
(9-9)! (2-2)! oO! oO! 












Jormila=(n-1)! 


The Governor of the Punjab calls 3 meeting of 12 officers. In How many ways can 
they be seated at a round table? 

No of ways when one chair is fixed for Chairperson =(12—1)! =11!=39916800 
Fatima invites 14 people to a dinner. There are 9 males and 5 females who are 
seated at two different tables so that guests of one sex sit at one round table and 
the guest of other sex at the second table. Find the number of ways in which all 
guests are seated. 

Male = 9 & Female = 5 

Number of ways = "Px "P. =8!x4!= 967680 

Find the number of ways in which 5 men and 5 women can be seated at a round in 
such a way no person of the same sex sit together, 

Male = 5 & Women = 5 

Both are sitting at one table so one chair is fixed then number of ways 


; ; 2—] 
="P x *P, = 4k 5! = 2880 Not Circular permutation = e : 





COLLEGE MATHEMATICS+ PERMUTATION, COMBINATIO & PROBABILITY 
11. —_ in how many ways can 4 keys be arranged on a circular key ring? 
So. =n=4 _ Faisalabad 2007, Sargodha 2009, Multan 2008) 
: e (n— It _ (4-1)! 313 21 
oO OT ways Se eS aS a 
. o> ee ee 
12.. How many necklaces can be made from 6 beads of different colours? 
Sol. =n=6 Sargodha 2010, Multan 2008 
(m-I)t _ (6-— {6-Dt_ st 120 
Number of necklace 39 =———— — =60 
Ce De Be Oe 
COMBINATION - 
THEOREM "Ce C 
Proof:R.HS = "CC 
n} ni n} ni! 


a Ho ae I 2 eS 
(n-r)i[n— -(n— ry} (n- rn - fAtr) (w—r}ir! ri{n—r)! , 
Example 2, How many diagonal can be formed by 6 sided polygon. 
Faisalabad 2067,. Muitan 2007, 2008 
6! 6.5.41 5.4! 


: No. of di I= °C —-6=———— -6= -6=15-6=9 
oe eee ee ROS Oral | 
Example3. 7 'C,+7'"C_, ="C. Federal , Sargodha 2010, Faisalabad 2008 
Sol: LH.s= "'C + mC. 

_ (ft)! (n-1! (n-1)! (2-1)! 
es ep 
rin-l-r)! @—-DWa-J-r+J)! ri(n-1-r)t (r—I)n—r)! 
fa Ilo 6 (n—})! 


AP —Ia-l-r)! (r-Dn—-r\n—r—-1)! 


ttf, | ol [nites] 


(—Dkn-l-nilr nor) (-Din—r—b!] rar) 


_ (n-I)! n 
 (r~Di(a-1—r)! (ar) 





a(n—1)! a! 
a pe ON a oie 
r(r—Din=rKn—r-I)tori(n—ryl 
THEOREM: Provethat "C.ri="P Faisalabad 2008 
{ 
Proof: — LAS "Curt= ——— yl= —_" _="P=RHS 
| ea ry (n—r)! 
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n! 





Formula "C, =———— 
oe "  r\(n-r)! 
z; Evaluate the following: 
i. me 
eS i21¢ = 1 498 -12.9; 12.11.10,9f 
Sol. ah = 220 
312-3)! 319! 3.2. 3.21.98 
ii, ae Multan 2009 
i 20! 20! 19.18.1711 
Sok. TE pee eee i019. 18 ap 
1720-17)! 1713! 773.2.) 
iii, "e., 


ni Rens n(n—l\(n—2)(n—- 3) (nay! _n(n-l\(n- 2)(n—3) 





Sol. as 
4'(n—4)! N(p—ayp 4! 
2. Find the values of n and r, when: 


i. "C= "6, Multan 2008 
Soh °C; = "CST 

We know that 

"CS Coes "C a, 


n- 





| become 
Cos = C, =n-5=4=|n=9) 
i peat 
ii. Cy = 2 Multan 2007 
. _ 12x11x10! 
Sol. "Cy = (‘x'& = by 10!) 
2!10! 
weal 12! i 
2 apy a *S ~ s 9 
"“Fn0! 1Old2zIo!~ Ce "Go= "Gy>" wai 
iii. Cae: Multan 2009, Sargodha 2008, Faisalabad 2007 
so. "C, = "EG —— >) 
ne CS ee 3 | become 


a 


Cae: a cue n=18 
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3. 


Sol. 


So}. 





Find the value of n and r, when . 
"C, =35 and "P. =210 Sargodha 2008, Multan 2009 
"C =35 &"P =210 
Findn&r =? 
We know that 
Sane "Pi 210 
C= ar —aor'= °C eee seri 3i2.1=3tr=3 
Also "P. =210 


n! n! 
=> =210=>——— =210 (putr=3) 
(n-r)! (n-3)! 


n(n-1n-2) (p39! oe 


n(n-1\n-2) =7.6.5 [n= 7). 
IC 3"C.:""'C_,=3:6:11 Federal, Sargodha 2009, Faisalabad 2009, 
6 8 














= °C. = Gm C. 7 Lahore 2009, Multan 2008 
_ oe! n! 
(r—I)(n-L-r+f)! 1 r\(n—-r)! 6 
EE = & 
Ro 7 (n 2+1)t 11 
r\(n-r)! (r+)n+A—r -{)! 





yr & n! FDI! 6 
(r-IN (oF) . ° pr (n+l)! 
p-Hrerye-tl 1, ata 6 

vue (2° Alm+hh 


ae, PD 6. 


& llr+ll=6n+6—Il 
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Sol. 


Sol. 


Sol. 


Sol. 


Put lini 
llr +11=6(2r)+6 


=> lir+11=12r+6 >11-6=12r-1lr >S5=r putinI=> n=2(5)=>n=10 
How many (a) diagonals and (b) triangles cab be formed by joining the vertices of 
the polygon having: Sargodha 2008, Lahore 2009 
5 sides 
n=§ 
For Diagonal ="C,-n 

‘Ss 


No of diagonal = < =o 
For Triangle = 





! 
oe 5-543! -~§=10-5=5 
25! are 
Spy She ee es 
No of Triangles = C, = 35-3)! 3 AE 4 
8 sides Sargodha 2008, 2009, ae 


n=8 ,No of diagonal = °C, —8 


8! 8.7.6 





* —§= -~8=28-8=20 
2"8-2)! 2.1.68 
in 9 8! 8.7.65! | 
No of Triangles= C, = “318-3! 3) 321 42 
12 sides Rawalpindi 2009 


n=12 , No of diagonal = me, -12 
. ee 12.11, J6t 
212-2)! ~ 21,6 
12) _ 1211.10.91 
3412-3)! 3.2.1.9f— 


The members of a club are 12 boys and 8 girls. In how many ways can a committee 


-12=M 


= 220 


No of Triangles = "Cos 


of 3 boys and 2 girls be formed? Multan 2008 
Boys: n=12 . r=3 
Girls: n=8 : F=7 


No of ways = "C,x °C, 


Ee 
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12! ence | 
3112-3)! 28-21 
12! 8! 
=— KX ——— 
3191 26! 
_ 1211.10.91 | 8.7.6! : 
3.21 9f 2.1.6! 
= 220x 28 =6160 
6. How many committees of 5 members can be chosen from a group of 8 persons 
when each committee must include 2 particular persons? 
Sol 8=4=8, r=5 . 
For 2 particular person n=6,r=3 
6! 
31(6-3)! 


6! 654.21 6.5.4 
=> = ee = 90 
313! 32120 6 
7. in how many ways can a hockey team of 12 players be selected out of 15 players? 
How many of them will include a particular player? 


Sol. ax=15,r=1] 


No. of committees = Cs = 





iS! 


4s 
No of ways hockey team is selected =~ P, =———_____. 
Peay " VHUS-1D! 


_ 15! 1514.13.12, a 


114! ya 3.21 
If we inctuded one particular playerthen 2=14,r=I10 © 
I . 5 4 

___|4 M412 
1014-10)! 1.4! 
8. Show that “C+ “C=C, Sargodha 2011 - 
Sok LH S= "C+", 
-_!6! i! 

1116-11)! 10!(16—10)!- 

16! 16! 16! 16! 

MUS! 10!6! 11.1015! 1016.5! 


No of ways = C 
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——_——o—O——— eet 


Sol. 


Sol. 


10. 


Sol. 








_ 16! fae 16! (att) 16! ( 7 | 
~10'stti1 6) 10!5! 11.6) 10!5!\ I1h6 
P 


17.16! 17! 17! 7 
Fie aaa ee Cre RS 
11.10!6.5! 116! 1 117-11)! 
There are 8 men and 10 women members of a club. How many committees of 
seven can be formed, having: 


4 Women 
Men = 8 and women = 10 


Wer 8 
No of committees= ~C, x C, 


= 210x55=11760 
At the most 4 Women 
No of committees= "C, x C+ YC "C, + ay "C, + oe x*C + nO oh a 
=1x8+10x28+45x56+120x 7042056 = 22968 
At least 4 Women 
a NC: x "e + a x a + ne x ‘C 4 eS % eS 
= 210x56+252x28+210x8+120x1=20616 
Prove that "C,+"C_,=""'C_, Sgd 2009, Faisalabad 2008, Multan 2007 
LHS ="C.+"C_, Gujranwala 2009, Rawalpindi 2009, 
n! n! 
r\(n—r)! (r-1)"n-r+l)! 
n! n! 

Se 

r(r—1)\(n—-r)! (r—I)(n-r+1\(n—-r)! 





n! |; ] 
= —+——— 
(r—l)'(n-r)!i rr n—r4+] 


t nl eee 


(r=Dn=r)l| r(n—r+) 


: n! n+l 
(r-I)n-r)!\ r(n-r +1) 





: (7+1).n! 
r(r-I)\n-r+1\(n—p)! 
= ee “"CZRHS 


rn—r+l)! 
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Example 1: A die in rolled what is the probability that dot in the top is greater than 4. 
Sol. S={1,2,3,4,5,6 },n(s)=6 


A={5,6 },n(A)=2 « | 
n(A) 2 1 - Multan 2007, Lahore2009, Fsd 7008 


Example 2: What is probability that slip of numbers dividable by 4 picked from the 
numbers 1,2,3,.....10. Multan 2007, 2008 


Sol. S={1,2,3,4,5,6,7,8,9, 10},n(s) = 10 
A={4,8 },n(A)=2 


—MAR> 2.4 
nS) 10 § 
Exercise 7.5 
Probability: Sargodha 2008 
Probability is the numerical evaluation of a chance that a particular event would 
occur. OR Measurement of uncertainty. 
Sample Space: 
The set S consisting of all possible outcome of a given experiment is called a sample space. 


P(A) 





An event is a subset of the sample space. 


Formula P(A)= oe 


Total numbers =n(S) 


For the following experiments, find the probability is each case: 
i Experiment: 
Form a box containing orange flavoured sweets, Bilal takes out one sweet without 
looking. 
Events Happening: 
i. The sweet is orange falvoured 


A) 1 
Sol. ‘A’ represent sweet is orange P(A)= ae Se at 
nS) | 
ii. The sweet is lemon falvoured 
WB) 0 
Sol.  ‘B’ represent sweet is lemon P(B)= ae) =—=0 


mS) 1 


ee 
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2. 


Sol. 


Sol. 


Sol. 


Sol. 


Sol. 





Experiment: 
Pakistan and India play a cricket match. The result is: 
Events Happening: 


Pakistan wins Sargodha 2010, Faisalabad 2009 
MAS)=3 
A’ represents “Pakistan wins” (A) =1 
n(A) _ 1} 
P(A)= * 
nS) za 


India does not lose 
‘B’ represent ‘India does not lose’ (B) =2 


P(py= 2 - 2 
nS) 4 
Experiment: 


There are 5 green and 3 red balls in a box, one bali is taken out: 
Events Happening: 
The ball is green Sargodha 2009, Lahore 2009 


Green balls =5, mS)=8 
‘A’ represents “green balls” ”(.A)=5 


n( A) ke 
P(A)=—— nS) 8 
The ball is Red 


Red balls = 3 ,m(S)=8 
‘B’ represents “Red balls” (B) =3 


mB) _ 3 
AB) =—— nS) 8 
Experiment: 


A fair coin is tossed three times. It shows: 
Events Happening: 
One tail Lahore 2009 
Sample space of coins 3 times 
= S's {| HHH, HHT, HTH ,THH,TTH,THT, HTT,TT1 | ,n(S)=8 
A’ represents “ one tail “ 


A={THH, HTH, HHT} n(A)=3 


P(A) = 4 3 
nS) 8 


-_ 
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Sol. 


Sol. 


Sol. 


Sol. 


Sol. 


' Atleast one head 


‘B’ represents “at leant one head” 


B= HHH, HHT, HTH, THH,TTH, THT, HTT} n(B)=8 


; 7 
pBy= 9-1 

WS) 8 
Experiment: 


A die is rolled. The top shows 
Events Happening: 
3 or 4 dots 


S={1,2,3,4,5,6! n(S)=6 
‘A’ represents “3 or 4 dots” 


= {3, 4} WN A)=2 
(A= AO oat 
WAS) 6 3 
Dots less then 5 Rawalpindi 2009 


‘B’ represents “dots less then 5” 


i tl, Bye 4} JX(B)=4 


Pepys 8 2 
nW(S) 6 3 
Experiment: 


From a box containing slips numbered Th ittienssics »9 One Slip is picked up. 
Events Happening: 
The number on the slip-is a prime number 


— fl, 2,3,4.5 } WS) =5 Lahore 2009, Sargodha 2009, Fsd 2008 
A represents “Prime numbers” 
A= {2,3, 5} HMA) =3 
nA) _ 3 
nl nS) 5 
The number on the slip is a Multiple of 3. 
‘B’ represénts “multiple of 3” 


B={3} n(B)=1 
n(B) I 
MS) 3 


P(A) = 


P(B) = 
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a. 


Sol. 


Sol. 


Sal. 


Sol, 


Sol, 


3ol. 


Experiment: 
Two dice, one red and the other blue, are rolled simultaneously. The numbers of 
dots on the tops are added. The total of the two scores is: 
Events Happening: | 
(i) 5 (ii) 7 (iii) 11 
Sample space of two dice is 
S={(1,1).(,2), (1,3), 0, 4), (1,5), (1, 6), (2, 1)(2, 2), (2,3), (2,4), (2, 5), (2,6), 
(3,1), (3,2), (3,3), (3, 4), (3,5), (3, 6), (4,1), (4,2), (4,3),(4, 4),.(4, 5), (4,6), 


(9,1,6,2),(5,3),(5,4),(5,5),(5,6),(6,1),(6,2),(6,3), (6,4).(6.5),(6, 6)} m(S) =36 


5 Faisalabad 2009 
A represents “sum of dots is 5” 


£ . ‘ 3 MA)_ 4 1 
AEC NEN A ate ae 


7 
B represents “sum of dots is 7” 


mb). 6 4. 
B={(1,6),(2,5).(3,4).(4,3),(5,2).(6,1)} .n(B) = 6 => PCB) Woes 
11 
C represents “sum of dots is 11” 

; es MC) 2 1 

C={6,0)(6,5)} (C) =2 > P(C)=— oa 

Experiment: : 

A bag contains 40 balls out of which 5 are green, 15 are black and the remaining 
are yellow. A ball is taken out of the bag. Faisalabad 2008 
Events Happening: 

The ball is black 

mS) = 40 

Green balls 75 

Black balls =15 

Yellow balls = 20 

A represents “black balls” nA) =15 => P(A) = ae = o = 2 


WS) 40 .8 
The ball is Green 
8 represents the “ Green Balls” (3B) =5 


P(py = 3} 
mS) 40 8 
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iil. The bailis not Green 
Sol. C represents the “ Balls is not green” ”(C) =35 


(ee nC) & 29 er 
mS) 40 8 
9. Experiment: 


One chit out of 30 containing the names of 30 students of a class of 18 boys and 
12 girls is taken out at random, for nomination as the monitor of the class. 
Events Happening: 
Boys =18, Girls =12 
Sol. S={1,2,3, Sseseiaets 30} ,S)=30 
i. The monitor is a boy 
Sol. Arepresents “monitor is Boy” (A) =18 
nA) 18 3 
P(A)= “2 . — == 
nS) 30 5 
li. The monitor is a girl 
Sol. _B represents “monitor is girl” m(B)=12 


P(B) = mB) _12_2 
nS) 30° 3 
10. Experiment: 


A coin is tossed four times. The tops show 
Events Happening: 
(i) All heads (ii) 2 heads and 2 tails 


Sol. Coins Tossed 4 times n(S) = 2” =2* =16 
S =| HHHH, HHHT, HHTH, HTHH,THHH,TTHH, HTHT,THTH ,HHTT 


THHT, HTTH,TITTH,TTHT,THTT, ATTT,TITI } 
i. All heads 
Sol. Arepresents “all heads” A= { HHHH} 
P(A)= ntA) = i 
WS) 16 
ii. 2 heads and 2 tails 
Sol. B represents “2 heads 2 tails” 
B={HHTT, 7THH ,THHT, HTTH, HTHT,THTH} ,n(B) =6 
n(B) 6 3 


a nS) 16 8 
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<. A fair coin is tossed 30 times, The tops show: 
Events Happening: 


Event Tally Marks Frequency 
Head Ht +H Ill 14 








16 








i. How many times does ‘head’ appear? 
ii. How many times does ‘tail’ appear? 
ill. Estimate the probability of the appearance of head? 
iv. Estimate the probability of the appearance of tail? 
Sol. (i) Head appear = 14 
(ii) Tailappear =16 
(iii) Plead = ee cae SE, 
nS) Api 4 ia 
my “Pra ees 
nS) 30 15 


2. A die tossed 100 times. The result is tabulated below. Study the table and answer 
the questions given below the table: 


Event Tally Marks [Frequency] 
| Se ee Wee fe tg 
op NL Nea a 
Pe A eee 
aac ee 
oes oe faire natee Se ¢ 
eee, See aa 






tA HH 
tH HE HH 


i. How many times do 3 dots appear? 

ii. How many times do 5 dots appear? 

iii, How many times does an even number of dots appear? 
iv. How many times a prime number of dots appear? . 

Vv. Find the probability of each one of the above cases? 
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Sol. 


Sol. Eggs broken in week= I%+ 2415 M4 YO+ 1% 2%+1% =F = Moa 


Sol. 


Sol. 
iil. 


Sol. 


(i) 3 dots appear = n(3) = 20 
(ii) 5 dots appear = (5) =15 
(iii) Even dots = (Even) =17+18+16=5] 
(iv) Prime nos=*( prime) =17+20+15 =52 
9 
P(3) = sone 


nS) 100. 5 
p=) 1 3. 
MS) 100 20 


. ; 1 ‘ ted 
P(Pr ime) _ prime) _ 52 _ 13 a ARs AO) Dee 
nS) 100. 25 nS) 100 
The eggs supplied by a poultry farm during a week broke during transit as follows: 
1%, 2%, 15% =% 1%, 2%, 1%. 


Find the probability of the eggs that broke ina day. Calculate the number of eggs 
that will be broken in transiting the following number of eggs: 
(i) 7,000 (ii) 8,400 (iii) 10,500 


9 


Eggs broken in one day= a x ; = = 

7,000 

Eggs are 7,000 then Broken eggs = 7000%—— = 90 
8,400 

Eggs are 8400 then broken eggs = 8400 =108 


10,500 


9 
Eggs are 10500 then broken eggs = eae = 955 
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P(AUB) = P( A)+P(B)—P(AMB) Gujranwala 2009 
If sample space S = { BZ Si ccccesace 9} »Event A= { 2, 4,6, 8} and Event 
B={1,3,5} Find P(AUB). - Sargodha 2009, Faisalabad 2008 
SS Ronis 9}. n(S)=9 


Sol. 


Sol. 


Sol. 


A={2,4,6,8}, n(A)=4 
B=}1,3,5}, n(B)=3 


ae N 
Pay T= 5PB= ==! ote ey 
ni ot a | P(AnB)="4409) _9_ 5 
P(AUB) = P(A) + P(B) ="; 
4 1 443 7 
el 
¢ 3. KH 9 


A box contains 10.red, 30 white and 20 black marbles. A marble is drawn at 
random. Find the probability that it is either red or white. 

Red = 10, White = 30, Black = 20 Sargodha 2011 
ACLS) = 60 

A represents ‘Red’ and B represents ‘White’ 


n( A) =10, n(B) =30 


oh PF = 
Me —- [ANB=¢) 


P(B) = 48) _ 301 
mS) 60 2 

P(A or B)=P(AUB)= P(A) + P(B) 
SBD +343 


ee le eee ae 
A natural number is chosen out of the first fifty natural numbers, What is the 
probability that the chosen numbers is a multiple of 3 or of 5? 


S={1,2,3,4,,.20.0000550} Multan 2007 
nS) = 50 
A’represents “Multiple of 3” 


A= |3,6,9,12,15,18 21, 24,27, 30, 33,36,39, 42, 45, 48} 
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Sol. 


Sol. 


nA)=16= PCA)=— 
B represents rvsaltipte of 5” 
Bs {5, 10,15, 20, 25,30, 35, 40, 45, 50} 
n(B) 10 
B)=10=> P(B) =—— = — 
n(B)=10 => P(B) AS) 50 
AB ={15,30,45}, n(AMB)=3=> P(ANB)= = 


P(A or B)= P(AUB)=P(A)+ P(B)- P(ANB) 


63 3 

a6 50 50 50 
A card is drawn from a deck of 52 playing cards. What is the probability that it is a 
diamond card or an ace? Sargodha 2008, Multan 2007,2009 


nS) = Total Cards = 52 
Diamond Cards = (A) =13 
Ace Cards =n B)=4 
nA B) =1 (Because in diamond also one card is ace) 
P(AUB)= P(A)+ P(B)- P(A B) 
A), n(B) MAB) _ 13.4041 


AS) nS) v(S) 52 52 52 





_13 +4-1 .. 16_ es 
52 aa 13 
A die is thrown twice. What is the probability that the sum of the number of dots 
shown is 3 or 11? Faisalabad 2009, Multan 2008 


ms) = 36 


2 
A represents “sum of dots is 3” => A={(1,2),(2,1)}, n(A)=2 > P(A)= 36 


B represents “sum of dots is 11” 


= {(5,6),(6,5)}. n(B)=2 


PB)= Tag 4OB=0 
P(A or B)=P(AUB)= P(A)+P(B) 
2:eds) Ayaed 


~ 3% 36 36 9 
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6. 


Sol. 


Sol. 


Two dice are thrown. What is the probability that the sum of the number of dots 
appearing on them is 4 or 6? 


nS) = 36 
A represents sum is 4. 
B represents sum is 6. 


= {(1.3),(2,2),,D}, (A) =3 
B=}(1,5).(2,4),,3).(4,2),,D}, n(B)=5 


Rijn a 
nS) 36 


mB) _ 3 = 
P( pe - ANB=9 
2 sae 


( =e +} rr 
P(A or B)= P(AUB) = P(A) + P(B) = a 36°36 9 
Two dice are thrown simultaneously. If the event A is that the sum of the number 
of dots shown is an odd number and the event B is that the number of dots shown 
on at least one die is 3. 
Find P( AUB) 
nS) = 36 
Arepresents “sum is odd” 
8 represents “one dice is 3” 


Az {(1,2), (1,4), (0, 6), (2, 1), (2,3), (2, 5), (3, 2), (3, 4). (3, 6), (4, 1),(4,3) 
(4,5),(5,2),(5, 4), (5,6), (6, 1), (6, 3), (6, 5)} 
n( A) _18 
- AS) 36 
= {(1, 3), (2; 3), (3, 1), (3, 2), (3, 3), (3. 4), (3, 5), (3, 6). (4, 3). (5, 3). (6, 3)} 


B) 
n(B)=11=> MB) = 36 


ANB =}(2,3).(3,2).(3,4), (3,6).(4,3),(6,3)}, nM AMB)=6 
MANB) 6 1 
nS) ae 6 
P(A or B)= P(AUB)= P(A)+ P(B)—P(AMB) 
_18 iH .6 3 


[a 36 36 36 


nA) =18=> P(A) = 








P(AN B)=—™ 
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8. There are 10 girls and 20 boys ina class. Half of the boys and haif of the girls have 


blue eyes. Find the probability that one student chosen as monitor is either a girl 
or has blue eyes. 


Sol. Girls =10, Boys =20, n(S)=30 
A represents girls —> (A) =10 
B represent students have blue eyes > (B)=15 and n(AMB)=5 


_(A) ,B)_rAMB) 


P(AUB) 
WS) nS) v(S) 
_10,15_5 _20_2 
30: 3... 3 33 
Note: “Playing Cards” 


Total 


(opie 


Heart Diamond Club Spade 
Each Type (Heart, Diamond, Club, Spade) 
Consists of one — Ace 

one — King 
one — Queen 
one — Jack 
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Formula: 
P(A and B)= P(ACB)= P(A).P(B) 

1. The probability that a person A will be alive 15 years hence is 5/7and the 
probability that another person B will be alive 15 years hence is 7/9. Find the 
Probability that both will be alive 15 years hence. 


5 7 
Sol. P(A) = qe =, 
5 . 
e 
2. A die is rolled twice: Even E, is the appearance of even number of dots and 


P(AAB) = P(A).P(B) = - 


even E, is the appearance of more than 4 dots. Prove that: 
Sol. S= {(1,1), (1, 2), (1,3), (1,4), (1,5), (1,6), (2,1)(2, 2), (2,3), (2,4), (2, 5), (2,6), 
(3,1), (3, 2), (3,3), (3, 4), (3, 5), (3,6). (4, 1), (4,2), (4, 3), (4, 4), (4, 5), (4,6), 
(5, 1), (5,2).(5,3),(5, 4), (5, 5), (5,6), (6,1), (6,2), (6,3), (6,4), (6,5), (6, 6)} MS) =36 
E, ={(s2),(2,4), (2,6), (4,2), (4,4), (4,6), (6,2). (6,4). (6, 6)}, mE)=9 
E,= {(5, 5), (5,6), (6, 5), (6, 6)} , ME,)=4 
E, OE, = {(6, 6)} 


P(E) =A ang P(E, =) - 4 





WS) 36 nS) 36 

P(E, ).P(E,) eee pane ite oe 
36 36 36x36 36 

PE AB) = MB OE) od yy 

F n(s) 36 
From I & Il 
P(E, VE;) = P(E,).P(E3) 

3. Determine the probability of getting 2 heads in two successive tosses of a 

balanced coin. Gujranwala 2009, Rawalpindi 2009 


Sol. S={HH,HT,TH,TT} , n(S)=4 
Let A represents 2 heads. 


A={HH), nd) =1=9 (4) =" at 
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4. 


Sol. 


Sol. 


Sol. 


Sol. 


Two coins are tossed twice each, Find the probability that the head appears @the 
first toss and the same faces appear in the two tosses. 


S ={HH,HT,TH,TT} ,™S)=4 
Let Arepresents “head appears first” 
={HH,HT}, n(A)=2 
Brepresents “ Same faces” 
B={HH,TT}, n(B)=2 
P(ACB)= P(A).P(B) 
_ mA) mB) _22_1 
~ nS) “n(S) ar 4 4 
Two cards are drawn from a deck of 52 playing cards. If one card is drawn and 


replaced before drawing the second card, Find the probability that both the cards 
are aces. 


nS) =52 
Let Arepresents “aces” 
B represents “ aces” 


mMA)=4, nB)=4 


mA)_ 41 
mA a §2 13 
pias. 

mS) 13 


yaar 
PNET PLA)P(B) === 13 169 


Two cards from a deck of 52 playing cards are drawn in such a way that the card is 
replaced after the firs draw. Find the probabilities in the following cases: 
First Card is king and the second is a queen. 
LetArepresents “King” 
nS)=52, nA)=4 
B represents “Queen” ,7(B)=4 
P(A B) = P(A).P(B) 
_ + 4 I dy. was 


“39 2 13° i. 169 
Both the cards are faced cards i.e. king, queen, jack. 
A represents face Cards 
B represents face Cards. 


SSS 
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Sol. 


Sol. 


ol. 


mM A)=12,. n(B)=12 
P(AQB) = P(A).P(B) 
ies 


52°52 1313 169 
Two dice are thrown twice. What is probability that um of the dots shown in the 
first thrown is 7 and that of the second throw is 11? Federal 
ns) =36 
LetArepresents “sum is 7” 
Brepresents “sumis 11” 


HEDGE SGD) MA= 6 Ale MA =5. 
; n(B)_ 2 
={(5,6),(6,5)}, (B)=2, P(B)= WS) 36 
P(AMB)= P(A).P(B) 
@ 2s As 
” 36° 36 108 


Find the probability that the sum of dots appearing in two successive throws of 
two dice is every time 7? 

nS) =36 

Let Arepresents “sum is 7” 

B represents “sum is 7” 


A={(1,6),(2,5),(3,4).(4,3).(5, 2),(6,1)}, nA) =6, PlA)=5 


la gla 


B={(1,6),(2,5), (3,4). (4,3).(5, 2), (6,1)}, n(B)=2, P(B)= 


1 
P(ATB A).P(B me ea eme 
( ) = P(A).P(B) 6" ; 36 
A fair die is thrown twice. Find the probability that a prime number of dots appear 


in the first throw and the number of dots in the second throw is less then 5. 
= (1, 1), (1,2), (1,3), (1, 4), (1, 5), (1, 6). (2, 1)(2, 2), (2. 3), (2, 4), (2, 5), (2, 6), 
(3,1), (3, 2), (3,3), (3.4), (3.5), (3,6), (4, 1), (4,2), (4,3), (4, 4), (4,5). (4,6), 
(3,1),(5,2),(5.3), (5,4), (3,5), (5.6), (6, 1), (6,2), (6,3), (6,4), (6, 5), (6, 6)} 21S) =36 
= (2, 1), (2,2), (2,3), (2, 4), (2, 5), (2, 6), (3, 1), (3, 2). (3,3), (3, 4). (3,5) 
(3,6), (5, 1), (5, 2), (5,3), (5,4), (5, 5). (5, 6)} 


3 


an 


EEE 
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E nA) _ 18 
n(A) =18, P(A) = ah =\, 


B=\(1, D.C 2), (1,3), (1,4), (2,1), (2,2), (2.3), (2,4). (3, 1), (3,2), (3. 3), (3, 4), 
(4,1),(4,2),(4,3), (4,4), (5, 1), (5,2), (5,3), (5.4). (6, 1), (6,2), (6,3), (6,4)} 
2 
n(By=24, P(py= 22) 4 _ 2 
nS) 36 3 
ie E: : 
PLAMB) = P(A)P(B) = 5.5 = : 
10. A bag contains 8 red, 5 white and 7 black balls. 3 balls are drawn from the bag. 
What is the probability that the first ball is red, the second ball is white and the 
third ball is black, when every time the ball is replaced? 


i 8 5 a, 
Hint: 5 0 20 20 is the probability. 


Sol. Red =8, White =5, Black = 7 
n({ Red) = 8, n (White) = 20, n(Black) = 7 
P(Red, White, Black) = P(Red). P(White), P(Black) 


(=o as 25) 
20) 20 )\ 2 8000 200 





COLLEGE MATHEMATICS-1 431 PERMUTATION, COMBINATIO & PROBABILITY 
TEST YOUR SKILLS Marks: 50 
Q#1. Select the Correct Option ‘ (10) 


Vi, 


vii. 


Vili. 


I 
For two events A and B if p(A) = P(B)= a then PAB) =is: 


I l 
c) l d) 0 
If "Cy =" @,, then n= 
a) 4 b) 8 
c) 12 d) 20 
If A and B are disjoint events then P(AUB) =? 
a) P(A) + p(B) b) P(A) p(B) 
c) P(A) + p(B)— p(An B) d) None 
me y =_ 
a) oe b) hee 
c) i, OER qd) "C, 
For an event E, the range of its probability is: 
a) -l< p(E)<1 b) 0< p(E) <1 
c) O< p(E)<1 d) -l< p(E)<1 
Value of 5 is equal to: 
a) 12 b) 4 
c) 6 d) 8 
The set consisting of all possible out comes of a given experiment is called 
a) Events b) Sample Space 
c) Combination d) Probability 


What is the probability of an ace from 52 cards: 


a Me b) 
5 do Woe 


Pakistan and India Play a cricket match then number of possible outcomes are 


a) 1 b) 2 

c) 3 d) 4 

P(E) equals 

a) 1+ P(E) b) P(E)-1 


c) 1— P(E) d) 2—P(E) 
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Q#2. Short Questions: (10 X 2 = 20) 


i. Define permutation and write formula of "P : 


ii. How many triangles can be formed by joining 8 sided polygon. 
iii. A die is rolled what is the probability that dots on top are greater then 4. 


iv. A box contains 10 red, 30 white, 20 black, marbles, A marble is drawn. Find the 
probability it is either red or white. 

Vv. How many necklaces can be made from 6 beads of different colours. 

vi. A card is drawn from deck of 52 cards, Find probability card is king. 

vii. Find when ''P, =11.10.9 

viii. How many arrangements of the letters of PAKISTAN taken all together can be made: 

ix. if P, "| P, =9:1 Find n? 

x. Pakistan and India plays a Cricket match What is the probability that match is 
draw: 

Long Questions: (2 X 10 = 20) 


Q#3. (a) Showthat "C,, +'°C,, =" C,, 
(b) Showthat "'C,+”'C,, ="C, 
Q#4. (a) Find nand rif ”"C,,"C,2""C,,, =3:6:11 


(b) How many signals can be made with 4 different flags when any number of 
them are to be used at a time? 
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Mathematical Induction and 
Binomial Theorem 











Exercise 8.1 
Example:6 showthat 4" >3" +4 for n>2 (only for n= 2,3) Multan 2007,09 
Sol. S(n): 4" >3" +4 
Forn=2 
S(2):4 >3? +4=316>137rue 
Forn=3 
S(3):4 >3°+4>64>31 True 
Use mathematical induction to prove the following formula for every positive integer n. 
1. 14549 + .rcccccees +(4n—3)=n(2n-1) Multan 2008, Sargodha 2008 
Sol. S(m):14+54+9+4......... +(4n—3)=n(2n-1) 
C-1: Putn=1 then S(1): 4(1)- 3 =4-3 = 1=1(2(1)-1)=2-1=1 
C—lis satisfied 
C—2:Let it be true for n=k € N then 
S(K) 145494... + (4k —3) = k(2k —1)——>( A) 
For n=k+ 1 statements is 
S(k+1) 1145494... +(4(k+1)—3) =(k+1)(2(k +1)-1) 
. or 14+54+9+4........ +(4k+4—3)=(k +1)(2k+2-1) 
or 1454+9+4.......... +(4k +1) =(k +1)(2k +1)——~B) 
Adding both side 4k +1 in (A) we get. 
145494... +(4k -3)+(4k +1) =k(2k-1)+4k +1 
=2k? -k+4k+1 
= 2k? +3k4+1 
= 2k? +2k+k+1 
= 2k(k+1)+1(k +1) 
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Sol. 


Sol. 


—— 


=(k+1)2k +1) 
Which is B, so it is true for n= kK +1, C—2is satisfied. 
Hence given statement is true for every +ve integer n. 
14+3+5+......... +(2n-1)=n’ Multan 2008 
S(#yi1+345+......... +(2n-l)=n" 
C—1: Put n=1 then S(1): 2(1)-1= 2-1=1=(1)? =1 
C —lis satisfied 
C—2:Let it be true for n=k EN then 
S(k) 2143454000000. +(2k—-1) =k? —( 4) 
For n=k +1 statements is 
S(K4+1) 1434-54... +(2k+1)-1) =(k +1" 
14345400000. +(2k+2-l=k? +2k41 
143454... +(2k +1) =k? +2k+1—»(B) 
Adding both side 2k +1in (A) we get. 
143454... +(2k-1)+(2k +1) =k? +2k41 
Which is (B), so it is true for every +ve integers n. 


1444740 +Gn—2)= "R29 


C—1: Put n=1thenS(1): 3(1)-2= 3-2-1 

\(3(1)-1) 3-1. 2 
a ea => C-—lis satisfied 
C’—2: Let it be true for n= k € N then 


S(K)NVA44T + crssssee +Gk-2)=-“S— Da 
For n= k +1 statements is 


SCK4+N) 1444-74 csc +(E+)=2)= E*VOED=) 


444 7H +k+3-2)=E°DEESS=) 


bidet ace + Gk += LOCE*2) 


— > (B) 
Adding both sides (3k +1) in (A) get. 
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14447400000. +(3k-2)+Gk+)=“S =P Ge +n 


_ 3K -k+6k+2 3k? +5k4+2 
Hoge e pa yew N tage 
eigen. +Gk-2)+ Gk) =A? SE HE 2 
3k(k+1)+2(k+1)  (k+1)(3k +2) 
oe eg Peg 
Which is (B) so it is true for n=k +1 
C —2is satisfied 
Hence given statement is true for very +ve integer n. 
4. 14+24+4+ .cccoot 2") =2"-1 Sargodha 2008 
Sol. = S(m):14+24+4+4+ - 42"'=2"-] 
C-1:+Put n=1thenS(1): =2'!=2° =] =2! -1l=2-l=1 
C —lis satisfied 
C-2: Letit be true for n=keN then 
S(k):14+2444...0..+2°7 = 2-14) 
For n=k +1 statements is 
S(K +1) 2142444000000. ote ott 


142444000000. +2) =2'" ~fesp) 
Adding both side 2‘ in (A) we get. 
L424 Bcc + 2h 14 2% = 9 74.9" 
=2 42-1 
=2.2° —1=2""' _] 


Which is (B) so it is true for n=k+1 _ C-2is satisfied 
Hence given statement in true for every +ve integer n. 


tetany + A =2)1 : It 
5. > 4 se0ereees zl 7" Multan 2009 
FF 4 | 1 
i Soyi1+—see: +— =2|1-— 
- ”) 2 4 zz | 
1 
C-] Put n= 1 then S(1): 5077! 


Sol, 


tse 


C’—lis satisfied 
C2: Let it be true for 7=k € N then 


; 1 1 . 1 1 
| SCA) 14— 4-4. +—— = 2| ]-—- |_-{ A 
#) 2 4 Yl | | ) 
For 2=k +1 statements.is 
411 | 1 |: 
Merle tat dsatueseuay +gt=2|I- 
4 i a I 1 
14—4—4......... — =2} l-—— |=2-2x——-=2 ——_+ 
4 2 | ‘ oF e *) 
Adding both side — in (A} we get . 
I 4 l 1 1 1 
Dt tb aecessees +a thi 21-2}. 
os | 1 
~ eae eo 


Which is (B) so it is true for n=K+1 C—2is satisfied 
Hence given statement is true for every +ve.integer n. 
24 +6 + crcrree + 2 = (N+ 1D). Sargodha 2009 


| S(n): 244464. t2n = n(n] 


C—1: Put n=1 then $(1): 20)=2=1(1+ 1 =1(2) =2 
C — lis satisfied 

C—2: tet # $e true for n= keN ten 

S(K)324+4 464... + 2k = kK +1)—_ (A) 

For 2=k +1 statements is 

S(K+1) 5244464 ...0.4+ 20+) = (k+ Ik +14) 


DAFA G bocce RED =(k-+1\k+2)—¥B) 
Adding both side 2(k + 1) in (A) we get. 


244464. +2k+2k+)= = k(k+1)+2(k +) - 


=(k+1)(k + 2) Which is true 


_ Which is (B) so it is true for 4 = k +LC ~2is satisfied 


Hence given statement in true for every +ve integer n. 
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Te 


Sol. 


Sol. 


24+6+18+......- +2x3"'=3"-1 
S(N) 2246418 + srcccccece egy Ly 
C-1: put n=1thenS(1): =2x3'' =2x3° =2xl=2 =3'=1=3-1=2 
C —lis satisfied 
C—2: Let it be true for n= k € N then 
S(k):2+64+184 00000... +2x3*" =3' -1—(A) 
For n=k +1 statements is 
S(K +1): 246418 4.0.00... 42x31 a3" -] 
DHO+IS 4 ccceeeeee 2x3! =3'*! -1—__(B) 
Adding both side 2x 3° in (A) we get. 
24+64+18 4.0.0... +2x3°'+2x3' =3' -14+2x3' 
= 3 42,3'-1 
= 3*(1+2)-1=3'.3-1 
Which is (B) so it is true for n= k+1 =3**'-1 


C —2is satisfied. 
Hence given statement in true for every +ve integer n. 


1342x5437 enn X(N D) =e 

S(n): 1x342543x7 4 occccsse tnx(Qne1) =n} 

C1: Put n=1 then $(1); =1x(2(1I)+1) =2+1=3 

_ 1 +1X4(1)+5)_ 2) _ 18 

6 6-~.-6 

C -lis satisfied 

C—2: Let it be true for n=ke N then 

S(k) 1X3 +2x543K7+..000000 kx (2k +1) =E EE) —_y 4 

For n=k +1 statements is 

SUe+1) 134254 3x74. cs +(e +9Q(k +1) +1) =< EE) 
(K+1Kk+2\X4k+4+5) 


1x3+2x5+3x7+......... +(k+1)x(2k+24+1)= ; 





1X342543% Tose + (k-+1)x(2k-+3) = — SoM Me 9) (B) 


Adding both side (k +1)x (2k +3) in (A) we get. - 


fen 
=e) ES +2t+9]- teen) ME ssestzb 


2 ; 2 n , 
-e+0) Fee [al Heo 


_ (K+) [Rae e+) 








6 6 
_ (K+) ¢ +2\(4k +9) 
— | ; 


Which is (B) so it is true for 7=4 +1,C—2is satisfied. 
Hence given statement in true for every +ve integer n. 


9 ae 


Sol. S():1x24+2%343x44...c0c¢nx(ntl)= serine 


T@) #2) 2 
C-1: Put n=1 then §(1): rye = —!G+D0+2) _ 2x3 _ 


3 
 C-1is satisfied 
C—2: Let it be true for n= iva 
S(K)1%242%343%4 4.0. vet x(k) = DEY?) 


For n=k-+| statements is 


S(k+1): VDE DNS DA ab AD (E HAD) MET EDET42) 


1x242x343x44.... tk +1) x(k 42)= TEMES) 


—_ - = 
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Adding both side(k +1)x(k +2)in (A) we get. 


if se) aoftsateted 


_ (k+1) 





[#(k +1) +3(k+2)] = Ce +2)(k+3)] 


_ (Kk +1 kK +2)(k +3) 
x 3 

Which is (B) so it is true for 7 =k +1, C —2is satisfied. 

Hence given statement in true for every +ve integer n. 


10. 1x24+3x445x6+..0. +2n—Ixdn = TO) 


sol, . S(n):1x24+3x445x64... +2n-1)x2n= GD) 


C1: Put n=1 then S(1): (2(1)-1)x 2(1) =(2-1)x2 =e 
_ 10.+1)(40)-1) _ 203) S 

_ se Seog 

=> C-lis satisfied 


C—2: Let it be true for n=k EN then 
S(t) :1% 243X445 %64 cscs + (2k Dak = SE NED) 


For n=k+1 statements is 


S(k+1):1%243%445x64.....4(k+1)— Dawe = SE DAE) 
1X24+3X4 45x64 serene +(2k+2— )xXk-+1)= es 244b+4-p 


1x2+3x4+5x6+4....... + (2+) 2(k-+) = EVE ESD) 


Adding both side (2k + 1) x 2(k +1) in (A). 
1x2+3x4+5x6+......... +(2k—1)x 2k +(2k +1)x 2(k +1) 


= ME+DAb 1) ~_ =) + (2k-+1)x2(k-+1) 


COLLEGE MATHEMATICS-1 THEMAT. 


ks pA 1) 


=(k+ +2(2k + »| 


2 _k 





(+1) 4k] = EDTag srk 6] 


- Shae +11k+ +6|= C=) [ak + 8k-+3% +6] 
= OO acd +2)+3(k +2)] 


os ED 4 4244 +3)]= (k+1)(k + 2)(4k +3) 
3 3 
Which is (B) so it is true for =k +1,C—2is satisfied. 
Hence given statement in true for every +ve integer n. 











1 1 1 1 i 
44.0 et tt eee - aoe 
1x2 2x3 3x4 n(n+1) n+1 
| ] l mt } 
Sol. =. S(): —— + —— ¢$ teens + oe 
x2” 2x3 3x4 n(n+1) n+) 
C1: but ha dthensa oes =I ado 
I NR ay tad 
C —lis satisfied 3 
C-2: = it be true for n=k € Nthen 
1 1 l 
SK)! = $$ tierce - = potty 
(*): a 2x3 3x4 (kK +1) k+l wis 
For n=k +1 then statements is 
S(k+)): ees +— re Re ei ae 
Ix2 2x3 sae (k+1)(k +2) k+1+1 
Adding both ie apo in (A). 


i a cg ae lap ee oc 
Ix2 2x3 3x4 k(k+1l) (k+1(k+2) k+l (k+1k+2) 


=|]-+ Be astes aS) =]— _k+2-1 
k+1 (k+1k+2) (k+1)(k+2) 


l l ] ] 


a 
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Spo) ete ie _ be eee 
(k+1(k+2)} | (eety(k+2)| 42 


Which is (B) so it is true for m= +1,C — 2is satisfied. 
Hence given statement in true for every +ve integer n. 


1 J 1 1 n 
. etek SANTEE ans See ATS eeakbnat + —-—_—____ —_. = 
12 1x3. 3x5 5x7 “" Qn-1)(2n4+1) n+l Sargodha 2009 
] 1 1 1 n 
Sol.  S(#):—- + —— + — +... Rt te eet 
Ix3 3x5 5x7 (2n-12n+1) 2n+1 
C—I1: Put n=1thenS(1 : = ; at 
ee Rae ea ten SOY Od) —W20)41) 2-124) 3 


N+ 241 3 
C —lis satisfied 
C2: Let it be true for n=keN then 


] l k 


] 
SK) ttt te ta 7 
Shs 3x5 xf (2k - 12k +1) 2k +1 


For n=k+lL then statements is 


SU ea ea 
1x3 3x5 5x7" [24 +1)—1][2(k+1)+1] (2k +1) +1) 
Jee ] l A+ 
1x3 3x5 x7 oe "GER +3 
ddi ide j 
A ng both side in (A) 
I oa 1 ] 
et + 
1x3 3x5 ea (2k-1X2k+1) (2k +1\(2k+3) 











k 1 | 1 
2 +——______ = k+ 
2k+1 (2k+1K(2k+3) (2k =I 2k | 
_ 1 | 2k? +3k4+1] 1) 2k? 42k 4K41 
(2k+1)| (2k+3) | (2k+D| (2k +3) 





13. 


Sol. 


er 





i an 1 | &+D Qk | kt 
~Qk+i| (2k-+3) ~ (ke| -2k43—«| ka 


Which is (B} so it is true for m= kK +1,C—2is satisfied. 
Hence given statement in trye for every +ve integer n. 





SS i Nae 
2x5 5x8 8x11 (34-1)38+2) 2%(3n+2) ’ 
te eee. 
2x5 5x8° Bxll (Bn-1)3n+2) 2(3n+2) 
1 b%. ° 


CHI: Put n= 1 then S(1): 


(3-3) +2) (2X5) 10 


= 
. ee —_—_—— 


261) +2) 2(5) ~ 10 
C —lis satisfied 
C-2: peas n=keN then 








I 1 Le k 
Sk): soap wrong pe be 
2x5 5x8 8x11 (3k-1X3k+2) 2(3k +2) 
For n= be statements is 
S(k +1): —— at fon TET ec aes 
e 5 ona xl Boe ~1][3(&+1)+2] AHk+1)+2) 
1 ] ‘1 k+} 
ee 
2x5 5x8 8x11 " Bk+3- aS 2(3k +342) 
1 ] 1 1! _k+i 
—— +—— + —— +... +——-_—____ = 
2x5 5x8 &xll (3k +2)(3k+5) 2Gk+5) 
1 
sian in {A}. 
Adding both side (3k + 2\3k+ 5) in {A} 
1 I ] l j 


—— +—— + + 4+ + —_______ 
2x5 Sx8 8x1 - (3k-1X3K+2) (3k +2\K3k+5) 





gas 1 fags ll EE 1 | 
2(3k+2) | (3k+2\3k+5)] Gk+2)|2 3k+5. 


—- 
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cote ud (fake45k+0) ae [32 43k+2849 
(3k+2)} 23k+5) | Gk+2)|  23k+5) 


1 | Sk(k+1)+2(K +1) ]__k+N Gir) ka 
(3k +2) 2(3k +5) ~ 2Bk-* 2) BK+5) \(3k4+5) 23k 45) 
Which is (B) so it is true for n= k +1,C —2is satisfied. 
Hence given statement in true for every +ve integer n. 


Cn oe i a +P" = CD ret 
Sol. S(n) rt? tr ti. +r” aoe 
r 
rl-r) r(l-r 
C—1: Put n=1 then $(1): r=r= ( rar’) _ ( va aa 
l-r l—r 


C’—lis satisfied 
C —2 Let it be true for n= k & N then 


Sires += — A) 44) 


For n=k+1 then statements is 
A+ 
kil rd? ) 
l-r 


prop? 


bs ——B) 


S(K+)) 264° +P toc. +P 





Adding both side r**" in (A) get, 








& 
a rd-r ; 
PEP EP Hoccccies. gpygt st) diy 
l-r 
i pap ae 4 oT? p—ph? 
Se i? l-r 


Which is (B) so it is true for n= k +1,C —? is satisfied. 
Hence given statement in true for every +ve integer n. 


— 
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15. 


Sol, 


a+(a+d)+(at2d)+ cen [a+(n-1)d] = [2a+(n—Da] Faisalabad 2009 


S(n): Let a+(a+d)+(a+2d)+.......{a+(n—Da] =5[20+(n-Dal] 


C1: Put n=1 then $(1): a+(l-l)d=a+0d=a 
l ly" 2a 

= —|2a+(1—1)d|=—|2a+0d|=—=a 
plat l-I)d] = 5 [2a 0d] =— 

C —lis satisfied 

C—2: Let it be true for n= ke N then 


tor #=k+1 then statements is 


Stk+)):a+(a+d)+(a4+2d) 4 oson wtfarthd Ad }= ras (h41-Da] 


Adding both side a + kd in (A) get. 
at+(a+d)+(at+2d)+........ +(at+(k—1)d)+(a+kd) 


=5[2a+(k-d]+a+ kd 


=S[2atkd a) take 


2 “dq - 
Za ek a -KSs 
_ 2ak +k’d—kd +2a+2kd 
ee ee 
_ 2a+2ak +kd+kd 

2. 


_2a(l+k)+kd(l +h) 


2 
= 9 (20+ kd) 


—— 


COLLEGE MATHEMATICS-i Ea MATHEMA’ OR 


16. 
Sol. 


17. 


Sol. 


Which is (B) so it is true for n= k +1,C —2is satisfied. 
Hence given statement in true for every +ve integer n. 


1+ A+ 3. tn =|n+1—1 
S(n): W1+22+3)3.......... +nn=|n+1-1 
C-1: Put n=1 then S(1): Ill =|n+1-1 
=|n+1-1=|2-1=2,1-1=2-1=] 
C-—lis satisfied 

C-2: Letit be true forn=k € N then 


S(k): W1+2]2+3)3..0.0..0 +k|k =|k+1-1——9 A) 
For n=k +l then statements is 
S(K+1): 1+22+3)3.......... +(k+1k+1=|k+141-1 
+2433 Bia +(k+1k+1=|k+2-1—B) 
Adding both side (kK +1)k +lin (A) get. 
11+ 212 +3}3.......... +kK+(k+1k+1=[k+1-1+(k +1 k+1 
=|k+1+(kK+Dk+1-1 
=|k+I(1+k+1)-1 
=|k+k+2)-1 
=(k+2)k+1-] 
=|k+2-1 
Which is (B) so it is true for n= k +1,C —2is satisfied. 
Hence given statement in true for every +ve integer n. 
@,=4,+(n—-Vyd When 4,4, +d, a, + 2d,........ form an A.P. 
a, =a, +(n—l)d 
C—I: Put n=1 then S(1): a =a, +(1-l)d =a, 


C -lis satisfied 
C-2: Letitbe true for n=ke N then 





COLLEGE MATHEMATICS-1 ZZ) MATHEMATICAL INDUCTION & BINOMIAL THEORM 
S(K):a, =a, +(k— ld — A) 


For n=k+] 
S(k+1):a,., =a, +(k +1—-l)d=a,+kd 
LHS=a,,,=a,+d 
=a, +(k—1)d +d(use (A)) 
=a,+kd-d+d 
=a, +kd =R.H.S 
Which is (B) so it is true for 7 =k +1,C —2is satisfied. 


Hence given statement in true for every +ve integer n. 


| 


: 
18. a,=ar When @,Q%,Q7" ,....04 form an G.P. 


Sol. = S(m): Let a, =ayr”" 


Mt ar” =a,(l)= a, 


C—I: Put n=1 then S(1): a,=ar 
-C~lis satisfied 
C’—2: Let it be true for 2=ke N then 


S(k):a, =ar* '—A) 


For n=k+I 
S(k+1):a,,, =ayr""" = ar* —) 
L.H.S=a, =a,P 
sa, r' lp 
? =a.r"=ar' =Rus 


Which is (B) so it is true for 7= kK +1,C —2is satisfied. 
_ Hence given statement in true for every +ve integer n. 


4n’ -1 
io. +P 494i +(2n-1)? _— Sica clea 
Sol. Sn): P 43°45? tse +(2n=1) _ “) 


C-1: Put n=1 then s(1): (201) =17 =? =) = =) 


C’—lis satisfied 
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C'—2: Let it be true for n—k € N then 





Sk): Ea Fist oe +(2k-1) Axa) 
For n=k+I the statement is _ 
S(k+1) P4P 454, S| +(2(k-+1)~1 EVE =D) 
2 > = 
Pas dees oy. +(2k4 219 =D 
4S ak +(2k+1y a 
_(K+IN 4K +8K43) 4 481743444 48k 43 
3 3 
3 9 2 
P+P4P eile ck. +k +p = SUES py 
Adding both sides (2k +1)" in (A) we get. — 
2 
P4343? tecnico +(2k=1) +(2k +1) =k 
ody . 3° 4 2 9 
_ 4k A ae carci k+12k° +12k +3 





4k +12k? 411k +43 
3 


Which is (B) so it is true for n= kK +1,C —2is satisfied. 


Hence given statement in true for every +ve integer n. 


oto heheh ,{7+2)_[ar3 
20. 3 3 a) oe 4 Faisalabad 2008, Sargodha 2009 
Si emnalS)-(7) 
Sol. Let S(n): + + We siscacceete = 
3 3 3 3 4 


1+2 ees {tte rel 
C1: Put n=1 then s(1): 3 SYP OP ge gag = 


21. 


Sol. 


TH Cs-i MATHEMATICAL INDUCTION & BINOMIAL THEORM 


C lis satisfied 
C—2:Let it be true for m=keN then 


ta 32) fon) (43) 


For n=k+1the statement is 


siesn: ()o{3)o(3 (oe: 5-2") 
SOs} 0 


(*5*) 
Adding both sides |, 3 in (A) we get. 
3\ (4) (5 k+2) (k+3\ (k+3) (k43 
<e + WF sskcesecs “ + = + 

3 3 3 3 [ 3 4 3 
A k+3+1 > k+4 
sok - oat 

Which is (B) so it is true for n= k+1 

C—2 satisfied Hence proved. 


Prove by mathematical induction that for all positive integral values of n: 
w+n is divided by 2. 

C1: put 2=1 then ? +1=141=2 is divided by 2. 

C—lis satisfied 

C—2 Let it be true for n=k € N then 





So k’ +kis divided by2 > kK’ +k= 20 (A) 


For n=k +1 the statement is 
(k+l +k+1l=k? +2k4+14k41 


= 4+2k+k+2 

=(k +k)+2(k+1) 
(kK +k) & 2k +l)are separately divisible by 2. 
So =20, C-2 is satisfied, 


Hence proved for all +ve integer values n. 
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Sol. 


iii. 
Sol. 


Sol. 


5" —2" is divided by 3. 

C-1: put n=1 then 5'-2' =5-2=3 divisible by 3. 
C—lis satisfied 

C—2: Let it be true for n= k mean 5* —2' is divisible by 3 


=>5' -2' =39 (A) forn=k+1 





Si! 2 = 56 524 2 = 54(342)- 22 
=3.5' +245" —2')= 3Q0, C-2 is satisfied. 
Hence it is true for all +ve integral values n. 
5” —1 is divided by 4. 
C-1 putn=1 thenS'-1=5-1=4 divisible by 4. 
C-1: is satisfied 
C—2: Let it be true for n=k EN then 
5‘ — Lis divisible by 4=> 5‘ -1=4Q —____/) 
For n=k+I1 then 
5! -1=5*5-1=5'(441)-] 
= 4.5° +5' ~1= 4.5 +(5' -1) which is (A) 
Both terms are separately divisible by 4 

=40 

C—2is satisfied. 
Hence given statement is true for all +ve integral values n. 
8x10" —2 is divisible by 6. Multan 2008 
C—1: putn=1 then8x10'—2=80-2=78 divisible by 6 
C —lis satisfied 
C—2: Let it be true for 7=k mean 


8x10‘ —2is divisible by 6 =>8x10* —-2 =69-__( 4) 


For n=k+l 
8x10" -2=8x10'.10-2 
Adding and subtracting 20 
= 8x10‘ x10-2+20-20 
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=8x10* x10+18—20 
= 8x10 x10—-20+18 
=10(8x10! —2)+6x3 
Both terms Of R.H.S are separately divisible by 6 so = 60 


C’—2is satisfied. 
Hence given statement is true for every +ve integral n. 


v. n° — 1 is divisible by 6. Sargodha 2010 
Sol. .C—1: putn=I then (1) -1=1-1=0 is divisible by 6 
C—2: Let it be true for n= k meank’ —kis divisible by 6. 
For n=k+l then (k+l) -(k+l)=k +3k? +3k4+1—k-1 
=(k°—k)+3k? +3k 
=(k’ —k)+3k(k +1) K(k +1)is even so put kK(k+1)=2m 
=(k> —k)+3(2m) 
=(k?—k)+6m 
Both terms of R.H.S are divisible by 6 separately (kK +1)° -(k-1)=60 


C —2is satisfied. 
Hence given statement is true for every +ve integral n. 


xa ghd qo 
2.0 tg tente oe 


tf 
Let S(n): -+—> 4. +— =—| ]-— 
So (n) 3 3 


; bbe 4 P|. s=l Pi | 1 
C-1: Put n=1 then $(1): 2 a ae 3 ei 5 3 rz 


R.H.S C'—lis satisfied 
C—2:Let it be true for n=k € N then 
] 1 
then S(k): y+ srhehatbhineds eriedeee 


For #=k+I1 then 
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23. 


Sol, 


Dy be, ee44 l 
Let S(k +1): =+—= teoceccccccsees +—— =—| |-—— 
# ( ) 3 ¥ “al 


l bya 4 . 
=—| ]-—— ——__+(B 
| aI 2 63! ) 





] 
Adding both sides eA in (A) we get. 


gb eget (ch) 

a- 293 2 oe 
Se a 
262 ey 

Which is (B) so it is true for =k +1 C—2 satisfied. 


Hence given statement in true for every +ve integral n. 


al 
PoP Pa #4. +(-1)" in? et) 


Let S(n): PP -2°43? <4 4. (Dy yp “Ct tne 


5 


C—I: Put n=1 then s(1): (-1)' PP =(-1).1=1.1=1 

_ GD Ad+1) (1.1.2 
2 2 

C—lis satisfied 

C—2: Let it be true for n=keN then 








=1.1=1 


; kl 
Sk) P2437 4B toc +(-1I)e “Oe _y 


kel~1 
SUDEP 4. CD ry? sO ened, 


2 


UAE AS Wt oa aly = EEE) 


Adding both sides (—1)‘(k +1) in (A) we get. 
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r aes k= ie : 
Par 43 Sse +$(=1) "ke? +I (k+1P =O eye? 


24. 


Sol. 


o (-1)'"k(k +1) 
2 


=Cek+0| Foyasn| 


k-2k-2 
ee 


+(=1).(-1)"'(k +19 


=U") 


= 


kt hn? 
=(-1) (evn? 


“oem 4 | 


a 
mice es) CU Es 2) 


2 ] 
Which is‘(B) so it is true for n= k +1 C—2 satisfied. 
Hence given statement in true for every +ve integral n. 


P4354. +(2n-1)° =n’ | 2n? 1] 

S(n): PHP AS tocccccccce +(2n-1) =| 2n?-1] 

C-1: Put n=1 then s(1): (2(1)-1)? =(1) =1 

=P [20 -1]="(2-1)=10)=1 

C-lis satisf } 

C—2:Let it be true for n= ke N then 

SU) PAP 4S 400.5. +(2k-1) = [ 2k? -1] (4) 

For 2=k+ the statement is 

SCR) PP EPS? + occcscccooe +(2(k+1)-1P = (k +1) | 2k +1) -1] 
ee +(2k+2-19 =(k-+17[2(0? +2k+1)-1] 


P43 45 42.5 +(2k +1) =(k+1)"[ 2k? +4k+2-1] 
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P4345 tose +(2k +1) = (k+1)°[ 2k? +4k+1] 
= (k?+2k +1) =(2? +4k41) 
= 2h +4 +h? +40 48h 42h42F 44k 4] 
= 2k" +8k? +1 1k? +6k+1—»B) 
Adding both sides (2k +1)’ in (A) we get. 
P47 454.0 +(2k+1) +(2k+1) =| 2k? =1] 4 2k-+1) 
= 2k? —k +8k 412k? +6k 41 
=2k* +8k? +11? +6k +1 
Which is (B) so it is true for n=k+1, C—2 satisfied. 
Hence given statement in true for every +ve integral n. 


25. X+1 is a factor of a} (x#-l) 


Sol. X+lis a factor x7" —1 
C—1: Put n=1then 


x) pay? -] =(x-I)(x+1) clearly x+lis factor of x" 154) 
letit betrue forn=k € N thenx+ lis factor of x** ~| 
For A=k+1 thenx-**) —] = x? _) — a ae 
Adding and subtract x 
=x) x x? 437] 
=x°(x —1)4+1(7 -1) 
= x°(x" —1)+(x-1\x+1) 
x- lis factor of both term so (x +1) is factor of RHS C—2 Satisfied hence proved 
26. *—Y isa factor of x" — y";(x # y) Sargodha 2011 
Sol. X—Y isa factor of x" —y" 
C-1:tutine 1 thenx' —y' =x-y clearly x—y is its factor C~lis satisfied. 
Let it be true for n=keN 
X—yis factor of x* -y' ~—iA) 
For n=k+1, kM! —yh = xt y_ yh y 
Adding and subtracting xy' 
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27. 


Sol. 


28. 


Sol. 


= xy +39! — y= x(x —y")+4(x-y) 

So (X—¥) is factor of R-H.S CF 2 is satisfied 

Hence proved, 

X+/y isa factor of x7" ' + yx #y) ' Faisalabad 2008 


2n-l 


x+y is a factor of x" '+y 
C-1: put n=1thenx" +y! =x+y 
So X+¥) isits factor, C—lis satisfied. 


C—2:Let it be true 7=kits mean 
x + y is factor of gels y" ——} A) 


For n=k+] 
yield + yrlbebnt that + yn 
yah + -142 
=x", x+y 
Adding and subtracting x ee we get 
=x tu yet 1 ey =4 yy 


=P ty)? =y) 
=x +3" Qari YN X+ VY) by using A. 
Clearly + is factor of R.H.S C—2is satisfied 


Hence proved. 
Using mathematical induction to show that: 


14242? + .rcccsooee +2" = 2"! —I for all non-negative integers n. 
142! #2? 423! oe eget) 
C-1: for n=0, $(1): 2?=1=2°'-1=2-1=] 
C —lis satisfied. 
C—2 ‘Let it be true for n= kthen 


14242742), +2' =2*"' 1A) _ 
For n=k+Ithen 
1-62) ¢ ere, pt ON os 


P22 42) nt $20 = 2) * JB) 


—_—_—_-_ 
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Adding both sides 2**' in A we get. 


t2 ora +24 4 Det 2 okt 1g ket 
= 2h 4 ee 4 
2 
= 2h? 3 


Which both (B) so it is true for n=k+1,C—2 is satisfied. 
Hence given staterwant is true for all non negative integral. 
29. If A and B are square matrices and AB = BA, then show by mathematical 
induction that AB" = B" A for any positive integer n. 
Sol. Given AB= BA to prove 
AB" = B' A 
C-1:put n=1,then AB’ = B'A=> AB= BA—5] 
C—lis given satisfied which is given 
C—2:Let it be true for n=k then 


AB* = B‘ A> A) 

For n=k+1, ABM! = BX 4 

L.H.S = ABM" = AB’ B 
= BY AB—>use (A) 
= B‘B.A—->use J 
=B'A=RHS 


lt is true for n=k+1 C—2 js satisfied. 
Hence it hold for any +ve integral n. 


30, Prove by the Principle of mathematical induction that n” —1 is divisible by 8 
when nis an odd positive integer. 


Sol. 7° —1 is divisible by 8 (nis odd +ve.) 
C-I:put n=L,then ? —1=1-1=0 is divisible by 8 C —lis satisfied. 
C2 ‘Let it be true for n=kthen k° —1 is divisible 8, 
a ee =80— (A) For n=k+2 then 
x +] is even so put n= k +2 which is odd. 
(k+2/ -l=k’ +4k+4-1 


— 
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31. 
any 
Sol. 


32. 


Sol. 


=k’ -1+4(k+1) k +lis even so Take k+1=2m 
=k? -1+4(2m) 
(k +1) —1=(4° -1) +8mpby using A clearly R.H.S is divisible by 8 
=80,C—2 is satisfied. 
Hence given statement is true for all odd +ve integral. 
Use the Principle of mathematical induction to prove that £n x" =n én x for 
integer 2 0 if x is positive number. 
inx"=nlnx, n>0 
C-1:put n=l1,then nx’ =(1) (nx > tnx = (nx 


C—lis satisfied. 
C —2:Let it be true for n=kthen 


nx skins, <= SoH 
Forn=k+1 

nx‘ =(k +1) (n x —B) 
Adding nx on both sides of A. 
(nx' + lnx=kinx+tnx 

tn (x* x)=(k+1) (nx 

tnx*" =(k+1) nx 


Which is (B) C —2 is satisfied. 
Hence proved. 


Use the Principle of extended mathematical induction to prove that m!>2"—1 
for integral values of 24 Multan 2009 


nl>2"—-] For n>4 
C-I:put n=4, then 4!>2*-14.3.2.1> 16-1 => 24 >15 which is true. 


C—lis satisfied. 
C—2:Let it be true for n=k>4 then 


k!>2* —1—_»(A) 


For n=k+lwehave 


(k+1)!>2**! -1——(B) 
*x' (A) both sides by (k +1) 


(k+1)k!>(k+1)[ *-1] 


_—_—__—_ 
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33, 
Sol, 


Sol. 


(k+1)k!>2(2‘ —1) replace k +1 by 2 because K+1>2 
(A +1)!>2.2* — 

(k+1)!s 24) 1 -] : 
(k+1)!>2*"! 1 (—l Ignore) whichis (B) 


C —2is satisfied. Hence proved. 
n >n+3 for integral values of n>3 Gujranwala 2009 
Ww >nt+3 n2=3 


C-—I:put 2=3,then 3° >3+3->9>6true 


C’—lis satisfied. 
C ~2:Let it be true for n=k >3then 


kK’ >k+3——(A) 23 | 

for n=k+1 

(k+1) >k+143=9(k+1) >k+4-—3(B) 

Adding both sides of (A) 2k +1 

KR +2k+1>2hk+l+k43 

or (k+l) >k+442k 

(k+l >k+4 Ignore 2k because 2k > O which is (B) so 


Itistrue for w=k+1, C—2 is satisfied, ° 
Hence proved. 
4" >3"+2""' n22 


C=I:put n=2, then 4° >3° +2! => 16594+2=5 16>] ltrue 
C —lis satisfied. 

C'—2.:Let it be true for 7= k >2then 

> 242, k >2-—( A) 


ir ie kK +I then 487! 537! 4 2kel4 


4 > 3!" 42! __y py 
'x' both sides of (A) by 4. 
4.4° > 4(3* 42) 

4! 343 p49 

47'S (341) 3* 42? 2 


giv $3. cee 3" +h =142 





3S. 
Sol. 


36, 


Sol. 


37, 


Sol. 





gts git +43¢ +7) 


45 531 49% (Because 2"! > 2 replace 2"*' by 2* and ignore 3 } 


. Which is (B) so it is for m=k+]1 C—2 is satisfied. 


Hence proved. 

3" <n! for integral values of #<6 

"<n! n<6 

C-Il:put 2=7then 3’ <7! => 2187 < 5040 true C—lis satisfied. 
C’—2:Let it be true for n=k : 

3 <3}! k<6——»(A4) 

for n=k+I then 3°" <(k+1!—9(B) 

'x' both sides of (A) by 3. . 

3.3° <3.4! because k+1>3 replace 3 by k+1 


3 <(k+i)at 


sl (k +1)! which is (B) It is true forn=k+1 
C—2 is satisfied. 
Hence proved. 


n> n° for integral values of 2 4. 

nl> n>. 

C=I"put n=4then 4!> 4? 24> 16 Hint: 4!=4.3.2.1=24 
C-lis satisfied. 

C—2: Let it be true for n=k > Athen 

k!>i? k2=4——+(A) 

for n=k+Ithen : 

(k+1)!> (k+l —(B) 

‘x' both sides of (K +1) we get. 

(K+) kI>(k4+ DK? k’>k+1 50 replace KR by k+1 


{k+I)!>(k41Xk+1) 


(K+1)!>(K41¥ which is (8) C—2is satisfied. 
Hence proved 
3+ 547 + sconescssninen +(2+5)=(n+2)(n+4) for integral values of n>-t. 


BHS HAT Hesse tt (Qn+5) = (42044), 2-1. 


C-l:put n= I hen st}: 2(-1)+5=-2+5=3 =(-1+2\-14+4) =(1X3)=3 
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C —1 is satisfied. 
C—2: Let it be true for n= then 


34547 + rece +(2k +5) =(k+2)(k +4)——»( A) 
for n=k+]. 
34+54+74.000.. +(2(k +1)+5)=(k+1+2\k +144) 


B+ 547+... +(2K+2+45) =(k4+3)K +5) 
34547 +0000. +(2k +7) =(k+3\k +5)-——(B) 


Adding both sides of (A) 2k +7 we get. 
34+54+7+4.0..... +(2k +5) +(2k+7) =(k+2\(k+4)4+2k+7 


=k +4k+2k+842k+7 
=k’ +8k+15 
=k? +3k+5k+15 
= k(k+3)+5(k +3) 
=(k+3\(k+5) 
Which is (B) so it if true for n=kK+1, C2 is satisfied. 
Hence proved 
38. I+mxS(1+x)" for 222 and x>-1 
Sol.  (1+x)">l+nx 
C-l:put n=2then (1+x)? >1+2x 
=> 14+2x+x° >142y true 


C'~lis satisfied, 
C’—2: Let it be true for 7=k >2 then 


(1+x)' >1+4¢——+( A) 

for n=k+1(l+x)" >14+(1 +k)x——>B) 

'x' both sides of (A) with (1+) 

(1+ x\l+x) > (14+ x\l+x)=14+hxr+xthe 
(1+x)‘'>1+(1+k)x ignore ke? >0 

Which is (B) so it is true for 2 =k +1 C—2 js satisfied. 
Hence proved 
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Binomial Theorem 


Statement: If a & x are real numbers and n is natural then prove that Sargodha 2011 


(a+x)" = "atx 4 lax + Matty 4 | gi3y3 
0 1 ay. 3 
n 
te aah ae + Je mr yr 4" Je fixed We sctiancs ("late 
r-l r , n 


Sol. Put 2=1 then 
l l 16 l 0.) 
C—-1: §(1): (a@+x) =a+x= 0 ax + ax =at+x 


C —1 is satisfied. 
C —2: let it to be true for n= k € N then 


k i . 
wut (geetles(tere Ge 





k k-(r-1) as kor (k OOK 
F cgicginenagiess + a x + iS ea |, +1 lax ——+(A) 
r-1, ir \k 
Forn=k+l 
(a+ky" = k+l] aby? + k+l qh**';! k+l] they a. k+l att 
0 I 2 3 
k+1 
Hp ear ae gs ests ete eg + oe a’x**! 
r-l r k+1 
k+l k+1 k+1 , (k+l : 
(a+ky*' = : a’"'x° | = a’x! + . a’ 'x?* + ; ak?x? 
0 ia 2 3 
k+l 8 k+1)..* k 
Meena + aba Nato. + ( a’ ee 
r—1 r k+l] 


(at+ky" = — lg 4 “h : 3 POE trestle - re 
0 l 2 r-l 
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. 8 k k k k RNS 
Bo hl ae ee +} lax’ +] latx'4] 0 lat x? 4] [gt 23 
r k 0 1 z 
eee Biel core ie 
it . 





a 
+ 
~ 
i => 
FOE ee Ser ZS 
2 
~ 
x 
‘, S * 
+ 
Pere 
: xX > 
we ree 
Q 
= 
4 
*, 
L 
+ 
a 
Ee, ER 
> 
Sosa re 
2 


roneill Mlle canal e 


f 2 a GN. ZR PLOT PE Ue et 
Ia (&\ (RAL) (kK) (k+1) (FE) (CR) (41 
ole j- > . : a = 
j. OP OUR) (kt1) (0) U. ( 1 





t K+ ; k+l] k+l va k+] 
(a+x)'" aa Jay 4 Jats + aie as S. a Jot 
. a: 2 | : 
(is) fat 
Wrasiataltvese By d jG x ; 
eee 


Whitt is (B) so ite true 2 k+1 C - 2 is caticfied. 
Hence given .tatement ts true for all natural number-n, 
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Exercise 8.2 
Example 3: ~ Find the term involving x° also find fifth term in the expansion of 
aa ay 
Ta) 
Sol. Its general term is 





AE) Trays 
eee a 


i, Compare Exponent of x with exponent of x* 











M-—2r =S=> 27 =11-S$=657 <3 Sargodha 2009, 2010 Multan 2007 
putr=3 
ME af TY: a ; i 
ta ={, (5) (-4} -dee(3} y(t) 
a, 2) 3) 31.8! 2) 3) 
~!. HA098!, 3 165x243 , 40095 , 
Tl, = ——— +’ .—(-1) =-- x =-———-x 
3.2.1.8! 2 256 256 
il, For fifthterm putr =4 Faisalabad 2007, 2008 
(UV) si-auy( 3)" (_1Y 11.10.9.8.7f 5/3) (1) _ 4455 «5 
T,=| x fh —=| = Nea Oo ane 
4 2 3 “43.217 > > 3 64 
a Using Binomial theorem, expand the following: 
i. (a+2b)° Multan 2008 


Sol. (a+2b)' = -{) }e@n (25) + {he (2b)' + en 3 570 (; Jeon {3 *(2b)" 


= (1)a°(1)+5a’ (2b) +10a°(4b7) +10a* (86°) +.5(a)(16b") + (1)(1)(326°) 
=a@ +10a*b + 40a°b +80a°b° +80ab' +326" 
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uaheate x \f 4) (xe) 8 x \( 16 
“0 love S 5 (2) }eas =| ar} a" Bi =}* (5) 
64 


{3[B} om) 


x’ _3x°_ 15 20, 60 96 64 
ME: 


4 84 as 


4 
ii. ( 3a- =) Sargodha 2008 
3a 


(oi) owls) Cos} Gora) 
Cleol-s) Certs 


2 3 4 
- 4(274")| = epecig| 
(1)(8la* (1) + 4(27a° i{-2 = x 6¢94" es +) 460 aa = eaven{ i] 


4 
= $ta! —S6a eine? he 2 


et aon 
mod) et) Col) ee 2) Col) 
‘Glew eo( =) Cae . +) =) ote 








8 
x 


= (1)(128a’ (0) + 7(64a° [== == | 2100 ) 2 ) 35060" (= * 35( ( x 


a 
14 
+21(4a" (= x <= }+7020{ ©} +cnmn{ 2) 
a 


10 iF 
= 128a’ ~ 448a°x? +672a'x? ~560ax" +2802-- gi Me — 
a 


oo a 


acieaga 








a De 
“ a 
xR : Gs 
~ w a lo 
. p NET OR ay a | 
| | + sf = — . 
4 2 —_ 5 o——~ 
— =| oo sis (Sie 
ne N “TN pane 4 w 5, Io? 
qegegs =e ap SS 
| Oo mM CC OO ©, = a ‘ yy 
— = as S ym + [sis + 
oe ~“-_~ 
= Som an, = uu” = “a ‘ , ~~ 
«| & a N 4 Oh Sa = mT /H Se om > Lats [xy oe 
ew ale ale als Ff ‘sl <1,” @& es er Lets 
era ON I =~ ay CA q + Pl 
— SK YY ™ oa IS j eo w—""_4 , 
“© om ° ATR J ~N & ie a) 

i} f N 4 NF ‘ we = 1S ; Pars 
oe > ~ a o/s SLR Jal 
c—— | «|G Ree { + 

oe . ty — ab » ee ("> — a ie ( x / 
ms CaN Nee iN “> es Ly i ee TN OR. 
Gl wo a wm we le Mo Ra Oe. om oe 
‘w + + S mM SY 7 Bi * + =—— 
+: = « 6 — * - ” * 
ON OTN Ne tS . (oS 
XQ > Ste of ; + ah oo ais KIS 
ON TR ANS => > a fo. \o > ’ 
‘ il peti pt so A 1g Loess cee Z| * a 
= Ca Some ae “ale ale Re ae a a 
= ~ ox ws as 
yo So SS eo lls isis &S 


= cn’ ety 


Ho 8 s & 


Se 


COLLEGE MATHEMATICS-! MATHEMATICAL INDUCTION & BINOMIAL THEORM 


Sol, 


Sol. 


Sol. 





-( 4) a+e{S| {=} 4152) (2) +20{ 4) cS sy +13(4] (=) 
x x a x ad x ) x) \a, 
1/2 5/2 3 
(2) (S} +00) 
x a 
a 72s 1a 


a a yl? a 3/2 0 x? V2 §/2 3 
aha pe ge SG — 20a 5 2 2) 6S: ot Gee 
x? a a 


2 2 2 3 
ad x a x ; ; i 





dé Jris$-200152 6845 
x x d a 


Using Binomial theorem, expand the following: 
(0.93)° Faisalabad 2008 
(0.93) = (1—0.03)' 


={5 |e(-0003 (Nor (-0.03)' {> Jaco «| Je«-0.003) 


= (1)(1)(1) + 3(1)(—0.03) + (3)(1)(0.0009) + 1(1)(-0.000027) 
= 1—0.09 + 0,00027 - 0.000027 
= 0.0910243 


(2.02)' Faisalabad 2009, Multan 2008, 2009 


(2.02)* =(2+0.02)" =|) Jetcoay +{ Narcony +[) Jar cooy 


4 4) i. 
(3 Joruy (3 Joricory 


= (1)(16)(1) + 4(8)(0.02) + 6(4)(0.0004) + 4(2)(0. 00008) + (1)(1)(0.0000006) 
= 16+ 0.6400 + 0.0096 + 0.000064 + 0.00000016 
= 16.6496 


(9.98)" Sargodha 2009 


(9.98)' =(10—0.02)* -[5 oo-o0ny «(M0070 { 3007 (-0.00) 


4 _ (4 | 
[00-009 +{ $000.09 


= (1)(10000)(1) + 4(1000)(-0.02) + 6(100)(0.0004) + 4(1 0)(—0.00008) 
+(1}(1)(0.0000016) 
= 10000 — 80 + 0.24 — 0.00032 + 0.00000016 = 9920.2397 
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iv. 


Sol. 


Sol, 


Sal. 





(2.17 | . 
5s 5 (jie 5 a ( 4 I () 3 2. 
(2.17 =(2+0.1) =| ~ 1(2) (0.1) +{_ ((2)"(0.1) + > (2) (0, 1F 


+(SJerour+{} Jor (0.1) “(5 Jer (0.1)° 


= (1)(32)(D+ 5(16}(0. 1) + 10(8}(8.01) +10(4\(0. 001) + 5(2)(0.0001)+ eas 00001) 
=32+8+0.8+0.4+0.001+0,00001 = 40. een 
Expand and simplify the following: 


(a+V2x)* +(a—-V2x)! 
=(0 {} Jeans (} Se (V2xy¥ i se vaar (t ‘\ a (/2x)' 


{Spires he (yet fet 
= (Ia* 1) + 4a°V2x + 6a"(2x”) + 4a(2V2x°) + (4x4 + (a*(1) + 4a" 
(~¥2x)+6a7(+2x") + 4a(-2V2x*) + (IKI 4x") 


=a! + 4a? fix +12a?x? + 8a f2e + 42° +a! —4a Se +120x? Badr 44x" 
= 2a‘ +24a’x? +8x4 
(2+3)5 +(2-J3)° 


-(j Jordy +(Hloro5+()oresr flor (3) 
(jusr-frar 

f ser (-v3)° +f "ors ‘ (3 Jar (V5) (3) (2) 
+ Fores + orcviy | | 


= (1}(32)(1) + 5(16)(/3) +10(8)(3) + 10(4 3/3 3) + 5(2)(9) + (1KD(9V3) 
+(1)(32)(1) + 5(16)(—V3) + 10(8)(3) + 10(4)(-3/3) + 5(2)(9) + (A(-9V3) 


es: god +240- 12675 +90- 95 


= 64+ 4804180 = 724 


——_— 
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Sol. 


Sol, 


Sol, 








(2+) -(2-i)* (=P i=(-li=-i Similarly =1&i =i 


(5 +f Tat (3 {he (te fer 

0 l 2 3) 4 \5 

i 5 S7_ 0 P| iy ns 5 3/_ 2 5 2¢_ 3 Or 
(ope i) fe i) pe i) of i) () ec i)" {5 Je i)’ ; 


= 32 + 5(16i) + 10(8)(-1) + 10(4)(—i) + 5(2)(1) + ()(1\(’) - 32 — 5(-167) - 
10(4)(+7) — 5(2)(+1) — (1) )(-) 

= H2 +80i- 90 —40i + WS +i— 34 +801 + 86 —40i- W +i = 82/ 

(xt+yx?-1)' +(x-Vx?-1) 


-(o}rol ir (ely 4} }e (Vx? =1) G }" (Vx? =1) 
fo reser eer 


= (Dx (0) + 33261) + 3x(0° -1)+() Dee=T)? 


+(I)x° (I) = 3 x81) + 3x(x? =1) = (DEPT 1)” 
= 2x? +6xVx"-1 


Expand the following in ascending power of x: 
(2+x-x’)' 


(2+x-x’)' =[2+x)-«] 





4 ‘ 4 sun §4 ‘ j 
-[SJern'ce r f Jew ) fleet y 


§ (2+x)'(-x’?)' + 2 (2+x)°(-x’)' 
3 x 4 x 
= 1x(2+x)*(1) +4(2 + x)'(—x?) + (6)(2 +x)’ (x4) 44(2 + x)(=x*) + (I(I(x") 


4 4 Sirs (4 4 
-[o)es4(; jw s(lee o(s)ae+(f ee *—4x°(8+12x+6x7 +°) 4 


6(4+4x+x° (x*)—8x° —4x7 +x° 
=16+32x+24x0 +8x +x! -32x7 —48x° ~ 24x! —4y° +244 +240 +6x° Bx —Ay? 43 
=16+32x-8x" —40x° +.x7 +20x° —2x° —4x7 4x! 


COLLEGE. 


Sol. 


Sol. 


Sal. 





THEMATICS4 
(l- x +27)! 
(l-x+x7)' =[d-x)+2"] 


40 ‘ i}. 2 
4 by 2y3 4 4 07,2540 
{FJa-n (x") +(fJa-» (x") 


= Il x)'(1) + 41 — x) (x?) + 61 ~ xy x? + 41 x)x*) + ()A)x*) 


“(pte {) }re x) “fs JF ; Jie {; JP +$42(1-3x437 —2) 


+6x*(1—- 2x4 x7) +4x°(1—x) +28 

=1-4x+6x* — 4x3 4x4 +.4x? —1207 +124 46x" -127 +6x° +4 ~ 4x? 4.24 
=1-4x +10x" ~16%° +19x* —16x° +10x° -— 4x7 +x° 

(l1~x-.x’)' | 


(l-x-x*)' =[(l-x)-7] 
= 4 ~x)4(-x?)? 4 xy {—x2)}! 4 wy 
-(5 a x)" (-x") No xy (-x’) (a x)’(—x’) 


= I{1—x)" (1) + 4 —x)?(-x?) + 61 — x)? (x) + 41 — (x8) + Dx) 
1—4x +4 6x? —4x° +4 —4x7(1-3x + 3x? — x9) +6x' (1 -2x 42") -48(1—x) +x" 
=1—4x+6x? —4x° +x" ~4x7 +129? ~ 12x" +4x° + 6x4 — 12° + 6x® —4x° 44x? 4.24 
=1-4x4 7 > 48x? -5x*-8x° +2x°4+4x7 +3° 
Expand the following in descending powers of x: ~ 
(x? +x-19 


(x? +x-1) =[x7+(@x-D] 


-{ aero (Jerre {Jerre +(3Jorre—v 


= (1)(x°)(1) + 3¢0 x — 1) + 32)? 2x + D+ IKDC = 3x? +3x-1 ) 


= xh 43x — 344 30 63 + 3 4? — 3 43-1 = x8 43x55 43x-1 
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Sol. 


Sol. 


Sol, 


. 
[x-1-2] -|o-n-4] 
x x 
3 Pes 1) 7(3 phy tS otmE y 
-[pJe-9 (=) {Peo (= «(leo (=) (o Joy (=) 
4.2 2 (=) % ( | pt =] 
= (Ox -3x° + 3x-1)(1) +3(x -2x+1) = +3{x~-1) a FO 


=v oar 431-36 46-2} 31 
Tene, ae 
=x? -3x° pee 
ee 

Find the term involving: 
x" in the expansion of (3-2x)’ Faisalabad 2007 
(3-2x)’ 
Its general term is 

7 qr r I 7-1 ak 

=| (3) "(-2x)" =| |(3)"""(-2)' x" — 

r r 
Compare exponent of x with 4 so r=4 put r=4in / 

7 7 
7" was c+ yy a > =D} yt 
7, = 35(27\(16)x* =15120x4 


13 
x” in the expansion of [» - 2) 
x 


Its general term is 


re) 
-(' ‘Jo (2y *) 


{hs we RE 2 ay |" }s ete =3y eg 
r 





Sol. 


Sol. 


Compare exponent of X with power —2 
3-3 = 29134 2=3r 915 =3¢ r= =Sor=5 


Put r= Sin J 


ft ' 


13! asia ,_13 A098. 


= ~32)}x7 
i 8! 5.4.3.2.1.3f Ce 
T, =-41184x7 - 
a’ in the expansion of (2 = «| Sargodhs 2008 


y : 
(2-2) gh a?® Ss Ne 
x 


‘Its generaltermis 


mol eof) ewe 
PAX *, 


Compare exponent of @ with power 4- => r=4 


si ONO PS ee) Om ‘ 
wl ee Rat a) 


_ 2:8.7.6. 3.2 a — 1032 4 
“432te 
y” in the expansion of (x-Jy y" 


(x- Jy)" 


Its general term is 


i -(" ‘eo "(-Yyy 


-(' a crror" tS 
r : 
Put Power of ¥ equal to 3 sc - 


5 a3 =6 50 Put r=6 





COLLEGE MATHEMATICS-1 MATHEMATICAL INDUCTION & BINOMIAL THEORM 


Sol. 


Sol. 


6 
11! 

Le ey 
eae 10.98.74. 
5.4.3.2.1,66 


Find. the Coefficient of: Faisalabad 2007, 08, Multan 2009, Sargodha 2009, 10 


I] 1-6 6 6/2 
=f Ma Ady ye 


xy’ =462x°y 


( 3 w 
* in the expansion of ,?_ .) 
\" 2x 


Its general term is 


20-3; ~3 y 
= ——->/ 
\r] \ “e4 J | Ss rive 2 | =. 
Compare exponent of x with x° => 20-37 =5—-3r = =$-15 = r=$ 
re 10 ve S 3) — 10! 2045/ —243 ) 
ot lg 3) "Sig 32 J 


_ 10.9.8.7.6.54 / (- -243° \s 


_{ 10) x arr fssy _{10 
p 





x 
° $432.19 \ 32) 
Coefficient of x° is 
1 ln 
x" in the expansion of ( x? -+) 
x 


Its general term is 
/ \ vr 
=I 2n ee |: I | 
: op x 


} 
f 4 
(2n\ ,,> | 
Cherrer(d) 
r ee 
2n ,_{2n) ; 
(2 Jerrey y-(? ot ee -1) I 
r 


\r 
Put 4n—3r =n=>-3r=n-4n 


COLLEGE MATHEMATICS-1 C¥gamg MATHEMATICAL INDUCTION & BINOMIAL THEORM 


Sol. 


Sol. 


=>-3r=-3n>r=n 
Putr=nind 


2n 4n-3n \n Got 4“ x" =o n x” aa n x 
ane =_ =} ——__—_— |(-] 
nice A. 2n! <=] 
Coefficient of x x Gaye (-]) 


iW 
Find 6" term in the expansion of ( x -3) 


2x Sargodha 2006, Multan 2008 


Its gibt term is 


ra={ (Pee rye( 
Put r=5 


ez) 
f= (] (2) 


10 2\5 x | 
“si ? (2) ¥ 
10.9.8.7.6,54 (38) 1 
§.4.3.2.1.394 32): 
=~252x— = e 
32 
r=- 15309 ce 
Find the term independent of x in the following expansions. 
Ww 
( x2) Multan 2007, Sargodha 2011 
x 


Its general term is 


( <2) 
e. =P loa (=} 
r ee 
10 W-r I 
= (x) F (2) 
oF x 


(rhea 


r r 
Put power of x=0 so 10-2r =0 
=2r=WSr=5 
Put r=5 in J 


COLLEGE MATHEMATICS.-1 473 Bly HEMATICAL INDUCTION & BINOMIAL THEORM 


es ! 
T;,, = }er9(-2)' = 2 10! gro -32) 








5 515! 
T, = -252(32)x° =-8064(1) = -8064 
1 10 
(east) 
Sol. Its general term is 
f ] y ex 1 \f2 r 
i ss a Jv (= +) 
e -(; "oe 3 / [ x" 5 
10\ Wor ar f (1y 0) a (2) 
-( 3) -( hs (4) 
1) Rey 
rg 
r 2 
Put wa =0=910-Sr=0=95r=10 =r=2 
Put r=2 in / 
, we 1o- se a7 ay 
T,., = tie 
ake ees 
1 1-19 
= 10! MP1 10.9.8 e(2) 
218! 4 api” (4) 
45 45 
,.=—(h}=— 
=F (1) 4 
1 4 
iii. avery (+4) 


1 2\4 

Sol. aesy(x4) eS, 
a x 

os ft )" eye ee y 

“tie Dee ee 


fy 
7 7 
1 2 2 _8 7 7 
_| 1+% -| 1] x [see ‘ -(+*”) (x74 | 
x x x x 


—- + —— 
8 a 8/7 
a . x 


7 








x 
Its general term is 


7 sf 
nerd) 
yr 





7 42-67. tr Sees ; ro 
= yes 
Tj a x! . = 
rj : 


10. 


Sol. 


Soi. 











ut OI oa 4r=0 
=>l4r=42=r=3 
Put r=3in f 
7) sea yp BHAT 
ha =|, |% 7 eh as i 
3 ~ 3L4} 
265M ¥ = 35(1) = 35 
“321A 


So term independent of x is 35. 
Determine the middie term in the following expansions: 


12 
(! -=| ; Faisalabad 2008, Sargodha 2008, 2009 
eo 
“Its general term is If power it is 12 thon it has 13 term so middle term is 7 





AE 


Put r=6 


] 
(TEE) 
mye) 


12.11.10.9.8.7,64 1 {= 
°C 
"65.43.2168 x 


ye 
_974X 21x" 
cc 16 














So middie term =7,= 


: ul 
(2 3) Federal - 
2 3x 


its general term is 


mE 


It has twelve (12) term in expansion so middle terms are 6" & 7" for 6" term: 





COLLEG 3 


Put r=§ : 7 


(ETB 
leg 





_11.10.9.8.7,64 ( 729%" ( al . 
5.4.3.2.1,66 : 64 \2432°, ; 
3x 693x 
=-462x— =—-2* . 
6432 


For 7™ term put r =6 
_(l 3x It -y 
mF) 
6)\2 3x 7 
3xVf 1 243x° \f 1 \ 231. =«77 
= 462} ~- ; | ——— |= 462 —— |= =— 
3) ase) a 32 |e} 48x 16x 


see 


Sol. — Its general term is 


2 2mnt+] a 2a Le I , 
Thy -{ . Jas +) 
Pe wa ake -ly (4 ] | ss 4 


rs fata -(" + ‘ (2xy"** "(1 1y" i 


for (m+1) th term Put r= mthen 


T= er a —])" 








= (2a + 2) } (2x) 8 (- ty” 

mares oa) _Qm+l41 , 2m+143 
_QOm+i)t Cm 5 ye . | | middle terms are ate a 
~ (m+n)! 


_2m+2 4 2m+4 Amst) , Am+2) 


oe 





For (7+ 2)th term 
Put r= art] 


11. 


Soi. 


12. 
Soi. 


Se ox 


a. 


Pio (my Jas nr res Wy" 
i+ 


as (2m+1! 
(m+ l)!(QQm+t~m 
geet (2m +1)! yng d ml 
T= (2 -l 
med (m+ Iyimt xy) 
(2m+1)! 1 


gate, H+] 
(ar +l) Mom)! 2x uy 


7 Qe (- 1"! 


‘ Set 
Find (2#-+1)th term from the end in the expansion of ( 2) : 


.. 3a 
For (27 +1) th term from beginning, the question become [-2+ r] 
2x 
its general term is 
L 


3n 4 on-r . 

Put r=27 . 
3H -] 3a-2n Pa 

to (SZ) 


“Bint s) OF 
=a Ma) Ge 





(37)! " 1 xe 
taint ) y* 
_ Gr)! (-1)" x 
Qnijnl 2”. 
Show that the middle term of (1+ x)?" is 235 aD a”) 2x": 
nt 


Its géneral term is: 


Power 2n is even so middie term 
T 2n (a? ¢ 
= > 

ral r = = = + > ry 


Put r=n 





MATICS-1 JB veneer accuse nm 
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2 ln ! 
Ta i Po Oe ee 
n nl(2n—n)! 
nm! _ 2n(2n- Bs. 343.2.] x” _ 123.45... .(2n— ).2n » 
an nin! nal 


_[13.5.......(2n-D][(2.4.6.........2n) vet = FB Soneeenn( 2 = IM1.2.3...20)2" x" 
nin! +l nin! 
* Esa Mae (2n-1)]2".n1x" SEES... ce eT) ae 


nln! ren 





Hence proved. 


1 srowina {Tel} {i ee 


Sol. We know that 


(roy [jones torme (Slur ee(*\ur end Jory 


toate Gee 
ero en Ger Gere ers)en 


}: ) 
UGH) t 


Sc 
a 
ae 
Nm OS 
ft 
4 
a 
= 
| 
Rae 
= is 
eee 
+ 
ua 
a 
+ 
Sore 
> 3 
| 
| 


Now put x =linI 


" 
on oC) ae "eC 


efOyte JoOHCH—CIE 


orae ale 
me (aa ts} eG tale) a 
vsselealtb ala) —eaail) 


(nya bmn Dhr= Zt (n= Dlnr- an-n-2) (oS ai 
3 Qn-Zy 8p nt 


t 
2 
a. n(n -l) , Harn - 2) eae 








=1+— 


=l+— 


[ 6 BE ‘n+t 
‘x! & '" by (n+) 
__! [cues (atbn r+ Dna- 1), (a+ lat IXn-2) | pal 
(n+1) ‘2! 3 4! n+] 
-— I" PCA Coe she ess +" Coes | —t 
(i i xy" + C,(1)""¢ x)’ ae C, ay"'(x)! 4! C, (1y"*? x? 


+! C, ay 3,3 , a C a 








Consider 
Put x=] 
Che yt a" Cy CHC HC teste eC 

aie! =14""€, yt! Cc, antl C, + he ae Rae pel c. 


pert -} aed Cc 4 €, perl C, pie eee Go >i 
Use II in IthenI become | 


che) ye 4 


Hence proved. 








eesti ceeen mel 


COLLEGE MATHEMATICS-| MATHEMATICAL INDUCTION & BINOMIAL THEORM 
m Faisalabad 2008 . 
Example 7:- If mand n are nearly equal Find value of —-__— = 
m+2n Sargodha 2009 
Sol. Put m=n+h (where his very small that its higher power can be neglected) 
m — nth nth.» (nth) 








m+2n n+h+2n 3nt+h . ( * | 
3n Ps 
In 


<nriv fist) =(S oh ltrs +nesiee 
3n 3n ) 3n 3n 3n 

foe h beck: bs Hey 
=| -+— || l-— |=-- — +—~—~(neglect) 

3 3n 3n) 3 9n 3n 9° 


ol RR Sa ER 
pea a 


“3 Sat On 13 Sn |} On 





a Expand the following upto 4 terms, taking the values of x such that the expansion 
in each case ‘is valid. 
i. (l-x)'? Sargodha 2006, Faisalabad 2007, 2009 
coe Deop AES 
V2 py ea Te A Ek EE ENS Fs 8 ep aD 
Sol. (1—x) air x)+ 7 (-x) + 2 (—x)F Hc 
a*a-a)a} salah} a) 
=1-~+=| —= fl = |x +—] = |] —= |] -= J(?) ten. 
22 Shy BINS 3.2\2 2 2 
2 3 
me 
=]-—-—- Sr es geodacdensnanecds valid if |—x| =|x\ <1 
28 1 Cae Tae 
ii. (1+2x)' Faisalabad 2008, Multan 2008 


Sol. (1428)! =1+(-12x)+ PO 2 ep? + DEI-VEI-2) 


3! 
= 12x 4 VE) (442 4, CDCI) (9,3), S4z3. + 
2! 3.2:1 


Zz 
Z 


=1-2x+4x° -8x° to. (valid if x|<1=>)x|<>) 


6 


=1-2x+ xp Gu} Shes 


co 


re 
iii, 


Sol. 


Sol. 


Sol. 





GE ATICS-1 Ey MATHEMATICAL INDUCTION 


Ic), ce, 


(lt xy"? =1 {i}: Fp 
3 2! 


3! 
atal-a} aaa? 
=f af ee Poe yt ge oe ee. 
a 2h. 3 3 32N3 3 3 

2's oe 
= 1 4x? 9 ces valid if \x| <1 
3 9 81 ( fl ) 
(4-3x)'? Multan 2007 


/ v2 4 V2 
(4-30) =484(1- 3) =2 *(1-) 
i 4 








If] lf 1 ] 
ctr). 212. Heae¥, alaction2 3x) 
i (Pe) (as) meigad 
2\ 4 2! \ 4 3! 4 
HOG) HIS) 
S 20-2 2/)\ 16 Eat? 2h. 2 64 
A. 3. aoa : 
= 6) = 0 
8 128 1024 
x? 2733 Faisalabad 2008 
<§22,4 9 ia: valid if | <I=3x1<4 bie 3 ; 
4° 64 «572 4 3) Sarg adhd 2009 
(8—2x)" Faisalabad 2009 


at” -] 
(8-2x) '=8'(1-25) 41-2) 
8) sl 4 


“g iso(e) eee) ect -a-) aoe 
g 4 2! 4 3! 4 


“gine (Era), a | 
8 4 2 16 3231 64 





COLLEGE MATHEMATICS-1 FES MATHEMATICAL INDUCTION & BINOMIAL THEORM 
2 3 
i See = : wa gr <lax{< 2h} <4 
8} 4 16 64 8 2 
-2 
a Grin Sargodha 2009 


Sol. (2-3x)? =27 (1-2) 


<2+2-Hf- —2\-2 -1(-2-2)/(- 
=p toca So MAD( Be) ahaa ay | 


: jar DE), CICY( 20), ae | 
4 2 a 














4 $2.1 
1 Ie? | 27x 7 _, (3x 2 
-yfts +3x+ Tes We iccibss seat <1>h{<5 
. (I-x)' 
vii. (+x) 
so £2 -¢-9 043) 
(l+xy 
=| 14-1294 PEED ay ee as 
2! 3! : 
ftetane MED 4 ANA DIED 9 
-| 14+ DO) + YEAAK3) a $5k.2 } 
3.2.1 
par BB pe CAA) 


false Meee cte ][1-2x+3x? -4x° + WOE: | 
=[1 —2x+3x° —4x7 +x-237 +37? —4x! 4.2 —2 +3x' —4x° +7 2x4 +3x° —4x" | 


=I £42 FF ta cies ( valid of |x| <1) 





vill. _ _ Sargodha 2011 
a ws = (1+2x)!"(1-x)" | 
ootGDoy SOL), 
= he A 3 - 
= [ao ae an A recuse 
i IX- xy DEI) ~ ae De xy + CHM, 9 ee | 
1/1 1)\(-1\f-3)..3 1 
-[i+sea(d Gi ae )+ alse) oe x 
| flexed (- 1-2)" CI 2H-3N-2 Feiss 
© ed 
-[tex S45 wMdtart A? se ) 
2 2 
f 2 3 2,3 4 x q x ww xt 
=| ltxtx° tx txtx tx +x°-—- fF -— 4+ 6 4-424... 
piles |  Dfo 8 2 ae 
merry de 42H Mat, seine 
2 I 2 . 
(4+2x)'? 
it. ” fae 


Sol. Gees “etre - (2-x)' 
2-x 


aed eal 


es 


COLLEGE MATHEMATICS-i | MATHEMATICAL INDUCTION & BINOMIAL THEORM 
| WW ah, 3 (AVAL Vico) 
iy Sy 
eco EDOM (mY CCI Dea) | 
2 2! ! 2 
+O} OO) 
15 (a}encalS {Sn-acal-S}] 


x 
128 
2 3 2 3 3 
peg yee BSB Rng stilt (Ignore x‘and higher) 
2 4 8 4 8 16 32 64 128 
ee Oh Pe ge ax eck: 
=1+—+—4+— 4+—-— 4 — 42-2 44 


+ + +——+ 
4°48 32° 816 64 128 


2x+x 8x7 +4x°-x° 16x? +8x°-2x7 +2? 
= | +-—— + —______ 5 en 








4 32 128 
2 3 ; 
bp tel Paks Valid if \~ <1>|x|<2 
4 S32 1 2 
x. (l+x-2x’)? 


sol. (14x 202)!? =[14(r-28)]" 


1), oy 
SDS x 2rty 2 2 Nasty 


] 7 
=1+=(x-2x° 
se x )+ 


riser es(FlS ‘Jo —4x' +4x a(S) 
2 2\2 HAANZI\.2 J 2 


(x° — 6x7 +12x° <8x°) + ooocccees 


oleae ates -4x° +4xtj acy ~6x' +12x° -8x°) + occas 
2 8 16 


COLLEGE MATHEMATICS-1 EQ MATHEMATICAL INDUCTION & BINOMIAL THEORM 


= pk =e a 
2 SFA Be 2 
Ne. gee ee ae ee te x Ox? 0s? >. Jae" 
al po ste eee og, wig ee 
Z Re 2 16 “22-8 2° s 16 4 
=1+ x ieegule? [vaiaiy <x Becase saip|x 23° <1 
2 eS 16 2 
xi. (1-2x+3x’)'? 
sol. =[(1+(-2x43x°)] 


ae ali 
n14(5](arv3y+ 22 2 area 22 2 1 eae 


#3 oe e-nn( GI a 





3x: Roe , 36x" _ 54x 27x° 
by pple oe 3 -— a 5. 
ei ade e.'2 2° 16 16 16 
3x°-x? 3x3-x*? 36x*-18x' 54x° 27x° 
= | — x +4—@————  +$ + ————_ — _ - 4+ = +... 
2 2 16 16 16 
=l-x+x° +x +o oe +x +. {vata —<x < | Because|- 2x 43x | < 7 
2. Using Binomial theorem find the value of the following to three places of decimals 
i. /99 Rawalpindi 2009, Multan 2009 


V2 
sot. 99 =(99)"? =(100-1)” =100"*(1--1.) 
1 (3-1) 
=10(1—0.01)'" =10 b+ 0 ey + bau 


= 10| 10.005 + OK) 


(—0.0001) 4.0.0.0... | 


= 10[1-0.005-0.000125 +........... |=10(0.9499) = 9.499 approx 


c MAT TICS-1 TICAL INDUCTION 


li. (0.98)"" —__Sargodha 2008, Faisalabad 2009, Federal 


5-1) 
Sol. —_(0.98)'* = (1—-0.02)"” =1+5(-002)+ 2.2 19029 tices 


=1-0.01+2 2X20, 


=1-—0.01- anes 0.989 = 0.990 (approx) 
ii, (1.03)? ~—s Mutttan 2008 


iG") 
-|--] 
Sol. 1.03)" = (1+0.03)"? 14(5 Je 03)+ = 2003) + ateae 


=140.01 {55} Jce.0000) eee 
233 


=1+0.01-0.0001+............. = 1.010 (approx) 
iv. 165 Sargodha 2008 


V3 
Sol. /65 sai (65) = (64+1)'° a 64" (i +z 
! 
= 4°3(14.0.015625)"2 


(37) 
to 
al Vase 5 (0.015625) +3\3_ Ti (0.001562)? + cocccccccecoee. 


= af +o.00s20835(2/ § }ooonzass 


= 4[1 +.0.0052083 - 0,00027126] 
= 4(1.005181173) = 4.021 (Approx) 


v. V17 Faisalabad 2009, Sargodha 2011 
! 


V4 
Sol, Vi7 =n)" =d6+" =16"(14-2 =2"4(1 40.0625)!" 


Cc 


vi. 


Sol. 


vii. 


Sol. 


CS- Eco MATHEMATICAL INDUCTION & BINOMIAL THEORM 


( a) 
5 21 + (0.0625) }+ (0.0625 Pee 


- o{1+0.15625+5( +) -2 }aons90625) 
2\4)\ 4 


= 2(1+ 0.015625 —0.00036621 +........... ) 
= 2(1.0525) = 2.31 (Approx) 
V31 Multan 2007 


Vs 
$31 =(3 1" = (32 1)" Bs (32)" i <3 | 


fa 


5 


As) 
| : 
=2°5(1+(—0,0321))"" =2| 14— =(-0,031) +25 * (0,031)? 4 cessnsee 


= 2(1—0.00625 — 0.000077 +......... ) = 2(0.9936) = 1.9873 (Approx) 


1] 
Jog Federal 


1 “W : 
—__(998)""? = (1000-2) 


Yous | aa 


-W3 
= ooo)” (1-—2-) ee oh aes 
1000 (1000)""(1+(—0.002)) “ 





ri tiie dh 
~ 1+ (0.002) += 3 (0,002)? 


10 3 





- ol +0,00066 + 0.00000088 +.......]= 
= ().100 (Approx) 


COLLEGE MATHEMATICS-I 


MATHEMATICAL INDU MIAL THEORM 





1 
ii. > 
r 5/252 


Sol. 


é 


Sol. 


l 


l ‘ a 
Tia say Or” OB 49 


-W5 
=(243)"° i + a # ae ey +0.037)"" 
243 (243)'" 


% 


ees 
‘ _ 1+ -2 (0037+ S45_Loo37)s aves 





2! 


K 


35 


= 5 (10.0074 + 0.000167 + ab 


= 0,331 (Approx) 


Shee ee ewes 


= 1—0.0625 — 0.001953 
= 0.935 (Approx) 
(.998) 


(.998)"' = (1-0.002)" =[1+(-.002)] "" 


ie 
= (Heaney hiss Yea fees 


= 1+ 0.00066 + 0.00000088 +........... = 1.0006 (Approx) 
=1.001 (Approx) 


THEMATIC BED MATHEmaricat in T 
1 
xi. OY carers 
{1/486 
l 6 -1/6 1/6 
Sol. —— = =(486) ” =(480+6 1+0.0104)" 
Tae ee eK ye 


-1\f 1 
— || -—-1 
1 | al 6 } 
1+{[* oo109 +A § a or04y Wate. 


weenie 0.0017 +0.00001051+.......... ) 
2.7981 


= 0.3573(0.9983 1051) = 0.3566 (Approx) 
xii. (1280)'" 


V4 
-16 
Sol. 1280)'* = (1296-—16)'4 = 1296)" 14(=18 = 
( y" =( yo" =( | ie 


1 
=6 ‘[1+(-0.0123)]" 


a) 
=6 cf Yaatey AAS aha Seah 





* =6(1-—0.00208-0.0000142-........... } = 5.981 (Approx) 
3. Find the coefficient of x” in the expansion of: 
1+x’ 
2 (+x) 
l+x 
Sol, a att (1+ x" (1+ x 
= (49 1+(-2yr¢ ED pNP D2-2) gai 
=(lex? f1+- <0) COD) = a) OO) + Oh: ) 


=(1+x° (1 +(-1)'(2)x' 0p Bx? (1) (4+ noes (-1)"°*(n-1) 





24D me” 4D (nt) : . 
=1+(-D2x+...... (HI) (n+ Dx" $274 (122? tout (-D)? 
(n—1)x” +N o" + (1) (n+1)x”"*? : 


Sol. 


Coefficient of x" are = (-1)” (nt+(-1)""(n- -i) 
=D) +C DCI) » 


“CMD HY Ord 


= Cpr + (a ~))= (-1)"[n+1+7-1] =(-1)’(2n) 








(l+xy 
(1—xy 
a “2, =(1 a 7 
HC 2e42)] 14-24) AY op es 
6 
=42ree)| bape B22 VO) Bos | 
= (142x427) 14+ (1)?. 2x4 (-1)'3x? 4-140 + hd +(-1)"")(n-1) 
P+ (IPP + (-1P(n tx | 
‘1+(-1?2xr-+..... coeee#(—1)""(n tI) x" +2x4+(-1)° 4x? 4... ee 
$x° + (-1P 2? to. +(-17? (nT) x" 


Coeffi cient of x" are = (-1)""(n + 1)+(-1)” D>, + (-1"" “(a- -1) 


(+ 1y""(n +1) +(-1)"?2n 4 (-1)""*(n- 2) : 
SD" (4+ D+ (DC ae y’"(- oie 1) 


7 3 2n+(-1) c r 


=(-I"(nt)4(-1" Ses 1" 1) 
== "[n+Z esis ae = 47 isaiye es 





=(-1)"(nt+ DES (2-1) 
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7 (1+.x) 
it. 

(1-x) 


Sol. = (1+x)'(1—x)” 


=(1+3x7 + seer (14-29) ¢ PED (ay Sr e..| 


=14+2x+....+ (2+ Dx" +3x4 6x" +... 430" +3x° +x? $....43(0- Dx” 
+x? 42x" +....4(n=2)x" 

co-efficient of x" =(n+1)+3n+3(n-1)+(n—2)=n4+14+3n43n-34+n-2: 
=8n-4=4(2n-1) 





(l+xy 
iv. (i-xy 7 
Sol. =(1+x)’(l—x)" 


=(1+2x+x° {1+ eg at ze5 Soe x) ee ea) 














= (1+2x+x’) rele zeaks 
2.3.4 22345 5 : 
=(1+2x4+x ea eT + 741 dee sien (x&+by2) 
! f 2 ty?! ty? 
=(1+2x+x*) i522. arp Bk Shy Reto } geORT Orr ees: 
aia = 2.3! 2(n-2) 2.4n-1)! 2.n! 
! +2)! tx? +1)h.x" 
aicoeee Tie ee oy Se sayteve Bie: 
2!1! 2.n! l! (n—1)! 
ke nix” 
+x" +—— 4... 


Le 
2!.1! 2(n—2)! 

(+2 (ne)! n! 

2.n! (n—-l)! 2(n-2)! 

_ (n+ 2+) LED) 1 n(n— n(n=1) (a 290 
Fig ge sau AT gate ot yay 


Co.effecents of x" = 








EO 
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2 2 
w+n+2n+2 4 n-nh 
= ———— + ++ 
2 

2 2 2 2 2 5 

_ AW +3n+24+2n +2n+n°-n _ 4 +4n+2 
2 2 


Sol, 


Sol. 


- £ (Qn +2n+l) 


Z =2n’ +2n+1 
(L407 $0? + srrcccsees y 
(14.07 — 9? $ rccerreee y 
Suppose 


(ex) eta pes DEED 2, COC DEI-2) 5 
2! 3! 


(1+x)' of ep ee CE) SY ete 
2 3.2.1 

(l+x)? =l-x4x? =x? 40.0000 
Squaring both sides 
(14x)? =(l-xtx? =? Hocus. y? 
So (l—x+x7 =x" +... y? =(14+xy" 
= 14-2) ¢ ITED 2 4 CCID) 2 peecok 
=14+(-2)e4 Sapa ee, ssitawvis 

2.1 3.aA 


= 1+(—2)x + (-1)?3x? + (-1)° 4x? 4.0000... +(-1)"(n+1)x" 
Coefficient of x” =(—1)"(n+1) 


If Xis so small that its square and higher powers can be neglected, then show 
that: 





1-x 3 
#1~—x Multan 2008, Sargodha 2010 
Vv1+ 2 


—* =(1-x\(1+x)"” 


] 
Tee ee 
=(l- oft(Z at neglecting & higher paver | 
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x x 
(=x 1-3 = 1-2 —x+— (neglect) 


x 3x 
= re ae, R.H.S 


l-x e 
Hence ue 5 
Mp eS 
(  VIRx 

(1+ 2x)" 
(=3755 


= 1 + + (2x) +neglecting x° & higher power it + [F}e + neglect 








Sol. L.H.S= —~ =(1+2x)'?*(1-xy? 


x x x 
<(l+n(142) ~ 14x to + (neglect 
Se 3e 
= ] 1 ae = R.H.S 
v1l+2x * 3 es 
He —— ee nea 
ence dre9 2 
7 (9+ 7x)" —(16+3x)"" 1 AF Kc ee 
es 4+5x a oe 
= 6 yo } 
Sol. L.H.S-—————_—_— (9+ 7x) AA6+ 38)" =[(9+7x)"" —(16+3x)"* |(4+ 5x) 
SS 


-|»*{ os) ) -t6*(143 “a (1.58) 
xa(, 1/3 l 5 ; 
3 145 2x ip (5 a} bd{ eof $s enter 
3x \}1 5x 
“a2 -af 14 (125) (1-2) 


> 
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eSHea 





[ 
| 
[1 Beet) 
| 








192 4 16 
3 =) ( =I =) 
= 1 Se - =a ace 
192 \\4 16 96 /\\4 16 
5x 103x 3 
=—-——— +—— — neglect. x" 
4 16 384 
“7 Ee) 
4 \16 384 
7 (a 1, 17x 
4 384 4 384 
at ste s | 
re xp 4 Multan 2007 
Facile ‘ V2 
Sol. LH.S= = =(e0-x* 24144] (lx) 
(i= x) 4 


at V2 
=23(142) (I-x)? 
= a1 (3 Jeet 3)(—x) + neglect] 


2] 1+ 7 ee ahve, =| 
8 8 


2/14 24eex + neglect | 2|1+238| 24 + ans 
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(1+.x)'?(4-3x)” 5x 
eee oe 


(1 + zy (d= 3x)? W2 43/2 ss)" a ss) 
, Ks — = (145) 4 | b= fe" | 
ee (8+5x)!? iy 4 8 


3 3/2 i -W/3 
=(1+x)"?.2 (1-2) 23 (+= 
4 8 
“| +50) meget | i +3( Esme [2 [ (5) Ge | 
~[1+5}sf1-2) 21-3) 
2 8/2 24 


Federzt 





= 
- 

of) S22 
2 24 2 24 


ne 


| 
4 on 


(I= x)""(9-4x)"? 3.3 61 
(8+3x)'? “2 8 
\-V/3 


2 
Sol. Lis=(-y)!29"( 1-2] 8 “(1.3 


{fem nl 22 


2 3 


x =) ( ee) 
+~-—— |=4) 1+——— 
2am 24 


vi. 


bapa) 
2 2 8, 2 3A2 16 
-(t-3) 3-8 -£42) -(0-2) 24-281] 
2/A2 16 3 2A “ (D4IKe 48 
x\f3 25x\ 3 25x 3x 
I —-—— |=—-— -— +neplect 
(3) ae a 
Ee: 3, -25x~-36x 3 .6lx 


ye ——__.. 


48 2 48 


2" 
V4—x+(8—x) 1 


2-— . 
8-3" 12” ey 
so, WAreH-3)" 4s 
ete > (8--3x)'? 12 
V4-x+(8—x)_ (4-x)"” +(8—x)? ; 
See sau (8—3x)!? 


Wo xv? od x8 
a 3) SN Ak BY 


e a a ae . (8 Ps x)? 


L.W.5 = 





12/\2 48 3/A2 48 





1 4x x x —2x x 
=4x-—+— -~~—-—(neglect 2 =2-— RH. 
ot ae 6 144 RR RAH 2 0 
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5. If x is so small that its cube and higher power can be neglected, then show that: 


i. ; Vi-x=2x8 #1-5 2-20 
Sol. ae ete 


2 ces 
=I+ (4Hx+2x7 ye) peraeyy +neglect x° +higher power 


1 2 | | 1 2 3 4 
=1-——(x+ 2x +3(5 (se +4x° +4x") 


No 





=1 ae —— +neglect 
x -8x°-x x 9x’ 
et =]1-~-—=RHS 
Z 8 > 23 
1+ 
ii. Setexeo 
l-x 
l+x : 
Sol. re (1+-x)!(1-xy? 


2! 


| Ge), + neglect o-oo th22),., + neglect 
nba Ha) 
( x 2 ae te? 


l 
l+—x+ 
2 


¢’ ohh! re 
: x 
=]+—+—+— +— ~—+ Ienore 
228 4 8 
SEX Se 4237 =x? 2x c ; 








6. if x is very nearly equal 1, then prove that px? — qx! =(p— gx" 
Sol, px” ~gx? =(p—g)x"" Lahore 2009 
Take x =1+A where A is-very small , 
LHS= i +hy —g(i+hy’ 
= pil + ph+ ignore|~q[1 +gh+ ignore] 
= pil+ ph}—q[l+qh] 
=p+ph—-q-gh 
=(p-g)(p-' yh 
=(p-q)+(p-gpta)n 
=(p=9)[1+(p+ Qh] 
R.H.S =(p—qXl+h)?" 
=(p—q)[1+(p+g)h+ Ignore] 
=(p-q)[1+(p+q)hl 
SO L.H.S = 8.H:S 
7. lf Pp — gis small when compared with p or g show that 
Va 
(2n+Vpt+(2n—-Vq | p+q oe 
(Qn—1)p+ (Qn+ lg -( 2q ) Gujranwala 2009 
(2n+1)p+(2n—Dq ~(24) 


Sol, 


(2n—-1)p+(2n41)¢ 2q 
Take p-~g=h=> p=q+hwhere his very small 
(2n+1Xg+A)+(2n-lg 
~ (Qn—IXq +h) + (2ntl)g . 
_ 2ng+2nh+ § +h+2ng— gf 
| 2ng+2nh— 4 —h+2ng+ g 


sol 20h . 


_4ng+2nh+h_ ‘Ang 


& Bh nh- 
4raq+2nh—h bil ‘| 





ae 





COLLEGE MATHEMATICS-| QE MATHEMATICAL INDUCTION & BINOMIAL THEORM 


Set eh -bey 


4ngq 











(2 A) E (- ps 2 neg ihr pve 
4nq 4ng 


SSH 


2n+1 2n- 2n+1\{ 2n-1),, 
=| h- h- h 
+ 4ng ) [ 4 4nq I 4nq ) mee 
7 








-|t 
=| 














1 
ng 
2 = 
n14{ 222 p[# l 
4nq 4nq 


ni tz), 








4ng 
5 
siahe be 
4nq  -  2ng 
lin Vn 
+ +h+ 
nnse( 8) (ri) 
2q 2q 


Pe) Be) os 
2) “\2q° 24) “2g 


l{ h h 
=| 1+—| — |+neglect W* | =14-—— = RH. 
(2) gi ong So L.H.S = R.H.S 











1/2 
8 Sh h 2 = = Rises gts dN t I 
; ow that An+ N) on—-N 4n ere nan are nearly equal. 
/2 
n 8n _At+Nn pas 
An+N)|  9n-N 4n | wren 
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1/2 
n 
S= Take N=n+hwhere his very small. 
n+ a : j! : 


V2 1/2 V2 
ll lt] -(3| (on+hy"? 
2(n+n+h) 2(2n+h) 2 


n 2 h V2 es 














"2 V2 rs : 
-(3| (2) Jeet & higher power peo ya 
Soe n Pa h l we -4) 
“rls Eee 4n 
=3{1- +|- a8 

2 4n} 2 8n 

RHS = = ae 

3 9n-N 4n 
2 8n ntnt+h_— 8n 2n+h 
~ On-(n+h) 4n  9n-n-h  4n 
a _2nth _(8ny4n)- (2n+h\8n—-h) 
~ 8n-h an (8n-—h)(4n) 

32n° —16n* +2nh-8nh+h? ; 
= neglect h 

4n(8n—h) 


_16n° —6nh _ 2n8n- —3h) _ 8n—3h 
2(8n—h) — 4n(8n—h) —2(8n—A) 
_ 8n-h- See h_ 2h 








2(8n—-h) 2|8n-h 8n-h 
ae 3! an I SE 
=o 8n-h} 2 2(8n-h) 


8n—h=8n because h is very small. 


soe L.H.S R.H.S 
2 &n 7 


COLL 


Sol. 


Sol. 


iCS-I 


Indentify the following series as binomial expansion and find the sum in each case. 


1 ) 1.3 il 138(1) 

1-— — |+—_ x] — = = +. eesocorcece 
24) 214 (4) 31.8\4) | 
(4) 13 (1) 1381) 

J-—| — |+—J — } ——] — | 4.000. 
214) 2414) 31gla 


Comparing with 














(4x =m es Petiexie 
nx = 5) a)F-3 T>rx ele I] and 
2)\\4 8 64 
n(n—1)x" s 3 33 (1) I 
2! 2!.4\4 
3 


Dividing HIT by 7 A0—D*- Le - 


aa ae 
n-l 3. 64 


=> — = — x — an- 1=3n => -1=3n- n 
n 64] 


=>-l=2n1=> put value of ninI. 
( |x l ( jl =) ] 
—> |x =--—-> x=] -- |] -—|>]x=—- 
2; 8 8 1 4 
1 -V2 44] “V2 5 =H/2 Ae > 
S 1 . " = ] = =|\—-_ =|— =j— mee 
ng (+4) ( 4 : (3) iB & 
2: 
2\2)*za4l> a46a) oe 


Comparing with 


(4x) =14 m+ Ragin 


nx = s (3 Si PE i 
D2, 4 16 


- 
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mod = 33 (2) eee II 
2! 2.4\ 2 16 
3 
wis ue 16 
Dividing //7 by IJ ———— 7 
16 
oy ee ae 1=3n—-1=3n-n=2n 
n 16 1 
S-=2n|n=—t 
2 
[-3}#°3 
Put n=-— inl =| --—|}x=— 
2 4 


to 





-12 12 -2 142 
So aot =(145] -( =) -(3] (=) ~ 
2 2 2 3 3 


a Se Sed 


iii,  — + —— + —|{_ F ecevececoees i 
iii 4.48 48.12 Faisalabad 2008 


Sol. Comparing with 


(1+x)" =l+nv+ 


een ene enee 


nn~l) 2 + 
m 








Z [aon =— tof ate an 





niece eee Il 
2 


Dividing /// by x. 


anes 16 _b 1 
Sg xe 3 “16 


16 


32) 3539-1) -5na37-3=5n> 3=5n-—3n=> 3-203 |n=—3 
“<3 


tee QGES 
2 4 4}\ 3 2 


~H2 -32 Pa NNR 
- Now (1+.x)’ (1-3) (3 "| -(4) = (2)? = 
' = 29" 2/9 : 


11 13/1) 1,3.5 1) 
2°3 24\3) 246(3 


Comparing with 














1 
Dx? =— 
=> n(n—1)x? 12” 


Dividing WI by H 


_nn-yf _1 36 
nv tie 
36 


Son iyl=3n>-l=3n-n= of] 
n 
“lt 1\(_2 
Putinl ~-—~x=--—=> x=| -— =I. al 
“<2 6 (-£][- i}; 
~H2 “W200 ¢ g\-V2 
So (1+x)" -(1+4) ) -(2) 
: 3 3) \3 


. 3 
] = =.J-=— 
ee (3) 4-2 





=" 
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Use binomial th to show th +ay pees =J/2 
10. se binomial theorem to show that 4.48 48.12 sackovesy 
Sol io aes = y2 Faisalabad 2009, Sargodha 2008 
ol. 4 As 4800" < aisalaba , Sargodha 
Comparing with 
(4x) =1+m + Dy —. 
] i Ce 
nwx=— l>nWx =— i 
16 
oritl ED oad yo Sry 
2! 4.8 48 16 
3 
Dividing Ill by I nin-D x _ 16 
ividing 'y it 1 
16 


To St onl 3nd-1=3n-n=2n=|n=—4 
n 16 1 2 


l 1 1 2 1 
HOPS TK gttnwat i 


W2 -V/2 ~V2 
so(1+ay"=(1-3) (=) -(5| =(2)!? =V2 


2 2 
11, if y= : 43(1) 434(1) + sussseenythen prove that y’ +2y—2=0 
3 2843 3 3 
Sol. y =1+13(1) #35(1) Peceetesees , Faisalabad 2007 
ae 3! \3 


Adding both side 1. 


tafay 
Le yp = 1434] = | #A lose 
% =) 


Comparing with 


=) 2 1 1 
(4x) =L4m + decaeiis t= ee aoe 
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apa e -B5(1) Sot) sey 
a ZU Ss 9 3 
: 
(a-Dx 3-1/9 
Dividing Il by I ars ce 1 = ay 
9 


Bt eee ee 
fA 


=|n=—4]( it ninLeatalx=2 

3| P 3 3 
5 ~1/2 3 9 x V2 l 1/2 

eye Sie el ee 

ee ( 3 3 5] 


1+y=()" =v3 
Square both sides 
(+p) =(V3) >142y+y? =3=> y? +2y41-3=0 


y =2y-2=0 
1. 13-4. 445 3 
12.0 ae peat ay ost deovene ,then prove that 4y’ +4y—1=0 


ape byt dys 1 
Sol. ae" 7 > a 7%. kta Hens Federal 
Adding both side 1. 
hawt adody abd 5... 
ER LYS re ee ree Fick RE 
Se at 2 31 2 
Comparing with 














(1+x)" =L+me so Hick. 
“375 | ee Il 
nmn=l) 2 _13 


] 2 
> x eS ae > ee Ix == lit 


Dividing Hf by [I 


and 
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COLLEGE MATHEMATICS-| 
3 
mn _ 16 se 
ae a 16 1 
16 


Bol he ekg saa eos -1=2n|n=-4 
n 2 


(Puunint)—Fe= Faox= {2 |=-3 => eee 
2 4 4\ 1 


1 -W2 | -V2 l V2 
1+2y=(1+x)" =| 1-— =| —— =| — 
ye+x}'=[1-3) P| 5) 


1+2y = (2)? = 2 

Squaring both sides 

1+4y+4y" =2=4y' +4y+1-2=0 
4y'+4y-1=0 


_2,13 2) 135 2), 
13. y a ails) Parle) to . 


Sol. Adding both side 1 we get 


2 F362 AS 5/27 
le pote ol tare a 
5 2I\5 3115 


Comparing with 





n(n—1) 2 


(1+x)” AEM Pe saceae tes 


if 





my =— 





l>rnx = = 
25 


also — x a5) => n(n-1)x -3(3) 


12 
nn—1)x? =— 
(7-1) rT 








ll 
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12 
Dividing Ill by 4 MAY _ 95 _ 12, 25 
: PT a ee 

25 
Or 455 eae ee 


n 


aint (Put in Pees 
2 Bo teee 
=>x=-| — |=--—>/x=--| 
5475 5 5 


4\" 5_ 1/2 
Sol+y=(4+x)'=|1-—] =/2=° 
ee [ | ey 


=“W2 -< 
+y=(3] =>1l+y=5 =5 
Squaring both sides 
l+2yt+y =S5=> y’ +2y+1-5=0 
=>y +2y-4=0 
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Q#1. 


vi. 
Vii. 


viii. 


Select the Correct Option 


General term in the expansion of (a+x)’ is: 


a) ("e x b) 
r 
c) ( 2 Jere d) 
r+l 
l-xtx? —x? to. +(-1)'x’ +....= 
a) (l-x)' b) 
c) (l+x)" d) 
The expansion of (1+2x)° is valid if 
a) |x| < 1/2 b) 
c) Ix|<2 d) 


The number of terms in the expansion of G = 


(10) 


n ae x’ 
r=} 
WH) 4. 
a’ ry" 
r 


(I—x)" 


(1+x)!? 


|x| <] 


None 


; 
+ is: 
‘ 


a) 2 b) 7 

c) 8 d) 14 

The middle term in expansion of (a +)” is: 

a) T, b) T; 

c) I, d) i, 

The method of induction was given by Francesco who lived from: 

a) 1494-1575 b) 1500-1575 

c) 1498-1575 d) 1494-1570 

n’ >n+3is true for: 

a) n23 b) n20 

c) n22 d) n=) 

2” > 2(n+1)is true for all: 

a) n21 b) n22 

c) #2 d) n>4 4 
The sum of exponent a & b in every term in the expansion of (a+b)” is: 
a) Zero b) 1 

¢} n+\ d\ nt 

34+64+94.0000. +3n= (when nis +ve) 
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n+ 
3) SHRED b) met I) 
3n(n+1 
c) ass (1 : ) d) 3n(n +1) 
3 4 
Q#2. Short Questions: (10 X 2 = 20) 
i. Show that (x— y) isa factor of x°— y*; n=1,2 
3 10 
ii Find 6" term in the expansion of Gi - =| 
x 

iii. State Binomial Theorem for Positive integer n. 
iv, If xis so small that its square and higher power can be neglected then show that 

V1+ 2x 3 

=l+—.x 
V1 =e 2 

Vv. Find the value of Vi7 to three places of decimal by using binomial theorems: 
vi. Expand (1—2x)' ‘up to 3 terms. 
vii. Show that n° —nis divided by 6 for n= 2,3 
viii, Prove that 2+4+6........ +2n=n(n+1) for n=1,2 
in. Evaluate (9.98)' ° by Binomial Theorem: 
x: For what value of x, the expansion (4 —3x)'’ is valid: 
Long Questions: ‘ (2 X 10 = 20) 


; 10 
Q#3. (a) ‘Find the term independent of x in the expansion of [ -2) 


x 


10 
(b) Find the Co-efficient 0 x° in the expansion of [x - 2) 
x 


Q#4,. (a) Use the Mathematical induction to show that 





Qesy tance pe ttes pie be 8 bey Bay 
Ix3 3x5 5x7 (2n=1)(2Qn4+1)  2n+! 


Use Binomial to show that | + =+——= +——— +... + 
(b) | h h he) ee 23S J2 


4 48 4.8.12 
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> 





Fundamentals of 
Trigonometry 





| 
| 
| 





rigonometry: The word trigonometry has been derived form three Greek words 
trei (three) Goni (angles) and metron (measurement). It means measurement of triangle. 


T= om » Two rays with common starting point form an angle. 


He 


4g If the circumference of circle is divided into 360 equal parts in length, the angle 


subtented by one part at the centre of the circle is called a degree. 


ul 


adian: Faisalabad 2008 
A radian is the measure of the central angle of an arc of a circle whose length is 


equal to the radius of the circle. 


Clee eat Sargodha 2011 
As this system of measurement of angle owes its origin to the English and because 


90,60 are multiples of 6 and 10 so it is known as English or sexagesimal system. 





180° 
a 


CElem 7 radian = 180° => 1 radian = 


Theorem 1: Prove that ( =r @ 
Proof; Here (¢ =arc length 
@ = Central angle 


r= radius 





We know by elementary geometry that measure of central angles of arcs of a circle 


are proportional to the length of their arcs. 


m< AOB mAB Orad ¢ 
3 — = 


== 
m<AOC mAC Ilrad Pr 


; 
ré or @= = 
r 
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Theorem 2: Prove the sin?@ +cos?@ =1 Faisalabad 2008, Lahore 2009 
Proof: If ABC is right angle triangle then by Pythagoras theorem B 


a +b?=c* (Divide both sides by c”.) 





a b? ce 
sarees > 
SN ier 
2 by 2 b = 
or (4) (2) =] 2 es Rie : —=Cos0 
c c ; “€ 





=> Sin’ @ +Cos’@ =1 
Theorem 3: Prove that 1+tan’?@ =Sec’?@ 


Proof: We know that sin’ @ + cos?@ = 1 divide both sides by cos?@ 





sin? @ 808° a7 











cos’@ cos?@ cos?@ 
or tan’ +1=sec*?@ => 1+ tan’@ =sec’O 
Example 2: — Convert 21.256° to the D°m’S” form 
Sol; 0.256° = 0.256(1°) = 0.256 (60’) 
= 15.36’ 
and.0.36’ =0.36(1')=0.36(60”)=21.6” 
Therefore 21.256° =21° +0.256° 
=21° +15.36’=21°+15'+0.36’ 
=21°+15'+21.6"=21°15'22” 





1: Express the following sexagesimal measures of angles in radians. 
i. 30° ii, 45° 
r x a 
Sol. = 30x 1° = 30x ——rad= —rad Sol. 45°=45x1°= 45x iB rad= —rad 
80 180 4 
ili. 60° iv. 75° 


6 5 5 
Sol. 60° = 60x 1°= 60x ——rad= rad | Sol. 75°=75x1°= 75x — rad = rad 
180.3 180 12 
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Vv. 


Sol. 


vil. 


Sol. 


Sol. 


xi, 


Sol. 


Sol. 


90° 


90° = 90 x1°= 90x ——rad=— rad 
iso 


135° 


nr 
135° = 135x 1° = 135x ——- rad 
180 





= —x —rad = —rad 
4 180 720 
120’20” 
120 40 ) 
120’40” = | —— 
ee is) 


oes) (8) 
90 90 } 


ie ea 


90 180 18200 


0° =0 x rad’ = 0 rad 
180 


— er 
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vi. 105° 


7 
Sol. 105° = 105 x 1° = 105x —— rad = rad 
180 12 


viii. 150° 


salt 35) <8 wi" » 1505 den cad 
180 6 
x. 35°20’ 


Sol. 35°20’ = (3s + 2) 
60 


2 (354) x ( #5") 
3 3 


» (196) <0 er 
3 3 








eee 
3 180 270 
xii. 154°20” 
Sol. 154°20” = (154620) 
360 
. 2772 
; [isa+7- : (a ty 
180 180 
= 27721 10 
180 
27721 « 27721\n 
= ——x—rad= ra 
180 180 32400 
xiv. 3” 





sot, 3° = (3 -( =| 
60x 60 1200 


Cee See 
1200 180 
= ted 


21600 
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2: Convert the following radian measures of angies into the measures of sexagesimal system 
t a 
= ii 
8 6 
; 180 x # 180 
Sol. = » a degree Sol. — = —x—— degree 
BeBe 6-6 
180 = 30 degree = 30° 
= ——degree = 22.5 degree ~ 
ey nr 
iv. — 
= 22°30’ | 3 
ae = Sel, == BT nc 
4 Be eh a 
I x 180 = 60 degree = 60° 
Sui se = 45 degree = 45° 
4 4 IT Qn 
vi. — 
ra 3 
wo 
2 Z 27 180 
Sol. fax iin ~ degree 
% 9-180 a 3 a 
Sol. — = —x——degree 
Z aE 


= 120 degree = 120° 
= 90 degree = 90° 
viii. 


. 3 ape 
vil. a. 
j 5 
Sol. sale SE EO ira 
32 32 180 6 Oru 
Sol. —- = —x— degree 
4 4 24 = 150 degree = 150° 
= 135 degree = 135° on 
x — 
. Tt 5 
ix, —— 
12 Sn On 180 ? 


Sn 
6 


Sol. — = —x—degree 
7x Tr 180 5 Di UE 

Sol. ——- = —-x—— degree 
k2. 13 Ye = 324 degree = 324° 
= 105 degree = 105° 
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po 











, Ilz 5 Lae 
xi. — xii. ~— 
27 16 
11 11 13 137 180 
Sol. i hie Sol. = —— x — degree 
27 a7 16 16 2 
= 73.333 degree = 146.25 degree = 146°15 
= 73°20’ 2 252 
xv. —— 
36 
17 c 
xii, —— _ Faisalabad 2007 Sol. 28 = 25% 18° deoree 
24 3h SG oe 
ani’ Vn | SP Oe sitio = 125 degree = 125° 
24 24 
19z 
= 127.5 degree = 127° 30 ae. 
19x 19% 180 
Sol. —_- = ——x—— degree 
32 92 ost 
| = 106.875 degree = 106° 52’ 30” 
3. What is the circular measure of the angle between the hands of a watch at 4 O'clock? 
Sol. Angle in\2 hours = 2x ; 
; n 21 
Angle inone hour = — =~ rad fee 
12 6 10- % 
: 4 ; 9 é : 3 
Angle at 4,0 clock = 4x rad = rad S 
6 3 g”. 4 
PEs 
4. Find @, when: Sargodha 2006, Multan 2008 
i. £=1.5em,r=2.5cem ii, & =3.2cm,r=2cm, 
Sol. 9 =?, € =1.5¢em,r=2.5cm. Sol. £ =3.2m,r=2m, @=?, 
5 fag 
(ieee @ =— =— =1.6rad 
F- -25 r 2 


—> 0 =O06rad 


eo 
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5. Find £, when: Multan 2008 a ii. @=65°20’,r=18mm _Sargodha2010 
i. @=7radians,r=6cm Sol. @ = 65°20’, r=18, f =? 
Sol. £ =?, @= 7 rad,r=6cm a 
Gs 65420) -(65+2| 
C=r0=6z = 6 (3.1416) 60 3 
( = 18.84 cm (=) (8) 
6. Find r, when: Faisalabad 09 196 2z 497 
= —x— rad =——-rad 
1 3 * 180" 135 
i, £=5em, @ =— radian 9 
2 Now =r@=18 (; = |-205 mm 
135 
Sol.r=?, ( =5, @ = — rad. ii, £=56em, 6 =45° Rawalpindi 2009 
2 i 
Sol. £4 =56cm, 6 = 45° r= 
r= - wee =>r=5x— 
ah 1/2 1 @ = 45 x—_rad =0.7854 rad 
(= S 2 =71.30cm 
0 0.7854 
z What is the length of the arc intercepted on a circle of radius 14 cms by the arms 
of a central angle of 45°? B 
Sol, f =?,r=14cem, @ =45° 
@ = 45x —— rad =0.7854rad A A 
180 
£=r@ = 14 (0.7854) = 10.99cm 
8. Find the radius of the circle, in which the arms of a central angle of measure 1 
radian cut off an are of length 35 cm. 
Sol. r=?, O0=Irad, f =35 be oe ee eh on 
Nee 
9, A railway train is running on a circle track of radius 500 meters at the rate of 30 


on per hour. Through what angle will it turn in 10 sec? B 


Sol, = (30km/h), r= 500, @ =? 
S=(=vt - bY A 


( = (30km/h) x t 
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10. 


Sol. 


11, 


Sol. 


12. 


Sol. 


13. 


Sol. 


= 30x 1000 (10) m/sec= Cte 
60 x 60 3 


@ _ £ _250/3 _ 250 eae =>é alas 

rit 300 3 500 6 
A horse is tethered to a peg by a rope of 9 meters length and it can move in a 
circle with the peg as centre. If the horse moves along the circumference of the 
circle, keeping the rope tight, how far will it have gone when the rope has turned 
through an angle of 70°? 


r=9,@=-70°, f =? 


0 =70x ice = 492 
180 


Length of rope 
f=r@=8 (1.22) = 10.99 m become radius 


The pendulum of a clock is 20 cm long and it swings through an angle of 20° each 
second. How far does the tip of the pendulum move in 1 second? 


6 =20°= 20x a rad =F rad ,r=20, f =? Faisalabad 2008 


f =10.=20 (= = 6.98 cm LOS 20cm 


Assuming the average distance of the earth from the sun to be 148 x 10° km and 
the angle subtended by the sun at the eye of a person on the earth of measure 9.3 
x 10° radian. Find the diameter of the sun. 
r=148 x 106, 8 =9.3 x 10° rad 


f=r@ 
= 148 x 10° x 9,3 x 10° = 1376.4 x 103 


Man on earth 


= 1376400 km 43x 107 rad 


148x 10° 










A circular wire of radius 6 cm is cut straightened and then bent so as to lie along 
the circumference of a hoop of radius 24 cm. Find the measure of the angle which 
it subtends at the centre of the hoop. 

B 12% 


r= 24 (of Hoop), @ =? r =6 (of circle) 
( =2ar=22(6)=127 ca 
i) 


p= 0 BE 
fr ZN 
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14, Show that the area of a sector of a circular region of radius ris 1/2 r’@, where @ 
is the circular measure of the central angle of the sector. 

Sol. Let A = Area of sector 
O = Centrel angle 
r = radius B ¢ 


we know by elementary geometry that 
Areaof sector: Area of circle=@: 22 


Be 


Area of sector — 0 


Area of circle 27 
A 0 a 9 1 ? 
> ea SS AS RE > A=—r@ 
ree 2K 27 2 
15. Two cities A and B lie on the equator such that their longitudes are 45°E and 25°W 
respectively. Find the distance between the two cities, taking radius of the earth 


as 6400 kms. 


TT 
Sol. 6 =45°+25°=70° = 70x ane = 1.2217, r=6400, { =? 


¢ =r@ = (6400) (1.2217) = 7818.8 km 





= 7819 km (approx.) 


16. The moon subtends an angle of 0.5° at the eye of an observer on earth. The 
distance of the moon from the earth is 3.844 x 10° km approx. what is the length 
of the diameter of the moon? 


Sol. @ = 0.5°= 0.5 x ——= 0.008726 rad 
180 


r=3.844x10°km, f =? 





r=3.844 x 10°km 


( =1@ = 3.844 x 10° x 0.008726 Maw on Santh 
= 3354 km 
17. The angle subtended by the earth at the eye of a spacemen, landed on the 


moon, is 1° 54. The radius of the earth is 6400 km. Find the approximat 
distance between the moon and the earth. 
x 


Sol. @.= 1°54 = ( + =) = (Us) = Us x—— rad = 0.033 rad 
60 60 60 180 


{ =2r=2 (6400) = 12800, r=? 


_ £12800 


= — =" = 385992.6 km = 3895993 km 
@ 0.033 
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1. Find the signs of the following. Sargodha 2011 
(i) sin 160° 
Sol. sin 160° + ve 90 =I? 


(ii) cos 190° 


Sol. cos 190° —ve A (all 


(Sine + ve) 


Ve) 
(iii) tan 115° 
Sol. tan 115°-ve 


(iv) sec 245° ) 





Sol. sec 245°—ve T c 
(v) cot 80° (lan + ye) (Case + ve) 
Sol. cot 80°+ve 
(vi) cosec 297° Si = aN 
Sol. cosec 297°—ve t > 
[For remember Read(CAST) start from 1V quad 
2. Fill in the blanks. Sn We a En 
i. sin (—310°) =.... sin 310° ii. ‘cos (- 75°) =.... cos 75° 
Sol. sin (~ 310°) = — sin 310° Sol. cos (- 75°) = + cos 75° 
iii. tan (— 180°) =.... tan 182° iv. cot (— 173°) =.... cot 137° 
Sol. tan (— 182°) =—tan 182° | Sol. cot (— 137°) = —cot 137° 
v. sec (—216°) =.... sec 216° vi. cosec (— 15°) =.... cosec 15° 
Sol. Sec (— 216°) = + sec 216° Sol. cosec (— 15°) = —cosec 15° 
3. In which quadrant are the terminal arms of the angle lie when 
i. sin @<Oandcos 6 >0 ii. cos 0 >Oandcosec @ >0 
Sol. lies in quadrant IV Sol. lies in quadrant I 
iii. tan 0 <Oandcos @ >0 iv. sec <Oandsin@ <0 — sargodha 2008 
Sol. lies in quadrant IV Sol. lies in quadrant HI 
VY, cot >GQandsin 6 <0 vi. cos 8 <Oandtan 6 <0 Fsa2008, sea 2009 


Sol. Lies in quadrant Ill Sol. lies in quadrant Il 
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4. Find the values of the remaining trigonometric functions. 
; 12 : a 
(i) sin @ = B and the terminal arm of the angle is in quad. I Sargodha 2010 


> 
Sol. Sind = = @ in I quad. By Pythagoras 


vtyer=s er-y’ y 


= (13)’-(12)? =169-144=25 





=> x=+5 => x= 5 (Because on + ve x — axis) 


13 
Cosec @ = — 


hoes ecw 
13 5 


es ek y’ 
5 12 


9 
(ii) cos @ = nA and the terminal arm of the angle is in quad. IV. 


9 
Sol. Cos@= Pe @ in IV quad by Pythagoras 
44yero yer-x 
* = (41) -(9) = 1681-81 = 1600 => y=+40 
=— 40 (Because on — ve y — axis) 


Sec 0 = oF ie O= ie Se @ = tt 
9 4] -— 40 


x 
y 
y 





Tan 6 « 





le PA re 
40 


ee 3 
(iii) cos @=— oy and the terminal arm of the angle isin quad. III. ,Sargodha 2008 


Wr) 


Sol. Cos @=- 2 (@in Ill quad) by Pythagoras, 
Ktyet= Yer-x 


yr=(2-(- V3)? = 4-321 





COLLEGE MATHEMATICS-1 FUNDAMENTALS OF TRIGONOMETRY 


y=+1 => y= —1 (Because on negative y — axis) 





2 -1° 1 
beehives Tend rrp tenes 
sin 0 = — Coté = V3 
Cosec@ = -2 
(iv) tan @=-— ; and the terminal arm of the angle is in quad. II. Multan 2008 


Sol. tan @=- ; (@ inIl quad ) By Pythagoras 


rext+y’ 
= (-3)+(1) > P=9+1=10 


r=4 10 = V10 (always + ve) 





Coté = -> = -3 
l 
Sin @ = —— ,Conec@ = V10 
V10 
Cosé@ = Sess O-= Se 
Vv10 3 


1 
(v) Sin@ = —- pt and the terminal arm of the angle is not in quad. III. 


| 
Sol. Sind = - 5 (@ not in IIT quad) 
Sin @ =—ve given and Sin @ is—ve in Ill and IV but given not in III. Its means Sin @ is in IV quad 
By Pythagoras y 


C+y=P => a P-y 


x = (/2 ?-(-1)?=2-(1)=2-121 


x= +1 = x= 1 (Because on + ve x — axis) x’ x 
Cos@ = Te” SecO = J2 y=~1 





-1 - 2 


1 
tan@ = <> Sth, eset = —— sald eet = y' 
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Sol. 


Sol. ( 0<@< «| Its mean @ in I quad. 
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15 
Ifcot @ = - and the terminal arm of the angle is not is quad. I, find the values 
of cos @ and cosec @ . Multan 2007 


15 ; 
Cot@ = — (@not in1) Because cot @ is + ve so @ in III quad 


15 
cot? = — => exes: 
8 15 
=x? +y? = (—15)* + (-8) 
= 225+ 64 = 289 
r=+17 y=-8 


r= 17 (Because r is always + ve) 





Cos? sb ae 2 cowed Cosec 6 = ike 
17 17 8 


2 





m +1 --9e 
If cosec @ = and m>0 ( 0<@< *) , find the values of the remaining 


m 
trigonometric ratios. Sargodha 2008, 2010, 2011 


m +1 





Cosec@ = 
m 
m 





=> Sind = — 
m +1 

V+y=r 

Y= P-y? 

x? = (m? + 1)? = (2m)? = m* + 2m? +1- 4m’ 

xX =m*+1-2m? => x’? =(m?—1)? 

X = +(m?-1) =>x = (m?-1) (Because on + ve — axis) 











2 » 2 
m= 
Cos? =——, sec et! 
m+) m —]| 
2m | 








Tand =— Cot@ = 
m= 
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Zi If tan O= Wv7 and the terminal arm of the angle is not the Itquad, find the 
cos’ 8 — sec’ 


values of Lee ae aia 
cos’ 6 + sec’? @ 


Sol. tan@ =~—— (@not in III) tanis+ve so @ isin| 


= 


Pex'ty's (V7) +(1)'=74+1=8 







f= +8 Soh ie V8 (always + ve) 


Sing okt. = cosec 6 = /8 


8 
Cos@ = v7 => SecO = v8 
v8 v7 
(v8) {3} gS et 
cosec*@-Sec*O \V7 Le ow Ae Ss 
No Ss ee ee ee eee 9 = 3648 SS 
cosec 0 + Sec g (V8)? ‘ v8 2 Q+ q 4 4 
J7 7 
8. If cot @= 5/2 and the terminal arm of the angle is in the I quad, find the values 


3sin@+4 cos 0_ 
¢—— Multan 2009, Lahore 2009, Faisalabad 2009 
cos 8 — sin @ : 


Sol. Cot@=5/2(@inquadrant /) 
=>tan@ = =, Pex+y? 
r= (5) + (4)? = 25+4=29 
r=+#+V29 > re 29 (always + ve) 


2 5 
Sins —=,Cos@ = —= 
29 V29 
( 2 ) 5 6 + 20 
7 + _ a 
Now 250+ 4Cosd _"\ V29 V29 ) JH % 


= —Any 
osd — Sind” 3 2 ee 


an 
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Exercise 9.3 
0 0° 30° 45° 60° 90° 180° | 270° | 
Sin |~ 1 0 =4 






Sin |- 0 ] +s J 
2 


2 V2 























oo 
+ 
| | 
me ieee i De et | 
i. Verify the following: 
(i) Sin 60° Cos 30° — cos60° Sin30° = Sin30° Sargodha 2009 


Sol. L.H.S = Sin 60° Cos30° — Cos 60° Sin 30° 


EQOA: 


R.H.S = Sin 30° = 


Nil 


Nil 


Hence L.H.S = R.H.S 
n 7 7 
(ii) Sin? — +Sin® —+tan*? — =2 
‘6 3 4 


ya 
Sol.) UWS.= Sint = Sint «tant 
6 3 4 


1 3 
(iii)  2Sin45°+ 5 Cosec 45° = = Faisalabad 2008 


Sol. L.H.S = 2 Sin45° + 1/2 Cosec 45° 
] +-] 2 


—— = eee = 


=2Sin 45° + 2. 
2SindS" V2 9 \ V2 





on 
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5:2 PADUA 6 8 pas 
2 bref 2493 Be fe 
(iv) Sin? — 7 Sin? 4 Sin? = : Sin? a a8: 2:3:4 Faisalabad 2009 
6 4 3 2 


Sol. L.H.S = Sin’ = ‘Sin? oe : Sin? 2 s Sin? a 
6 4 3 


2a, 
424 
Multiplying by 4 
eh ga he 2, R304 
A Oop eg 
2, Evaluate the following 
Tan. ~ Tan | 1-Tan’®* 
eee ae eae 
14+Tan” Tan” 1+Tan?™ 
3 6 3 
tan” ~tan™ Ao I. 1-tan° m/3 2 ees 
$0), re l+tan? 4/3 1 By | 
1+tan tan ~ 1+,/3. ee 
6 ee. gest. 
3] 4 Pe 
ay | 
1+] 3 2 LR 
3. Verify the following when @ = 30°, 45° 
i. Sin2@ =2Sin 0 cos @ ii. Cos20 =Cos’@ -Sin’@ 
Sol. When @ = 30° Sol. When @ = 30° 


H.S = Sin2 @ = Sin2 30° S Cos 2 oy Gr'= : 
L.H in ! ( ) L.H.S = Cos2@ = 05 2 (30°) Cos 6 
= Sin 60° = ¥3 H.S = Gg -—§ n° g 
2 R.H.S Cos i : 


a 2 5 
R.H.S = 2Sin@ Cos @ = Cos*30° — Sin*30° 
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Pas 
ili 


Sol. 


Sol. 


L.H.S = R.H.S 


ho 
oa 


- = 2Sin30°Cos30° 


L.H.S = R.H.S 
When @ = 45° 
L.H.S = Sin2@ = Sin2 (45°) 


= Sin90° 
=1 


R.H.S = 2Sin0 Cos0 


= 2Sin 45° Cos45° | 

eye | 
= 2(—=}(—=)}=2(—}*1 

Wo" le 2 ' 

Cos2@ =2Cos’@ -1 
when @ = 30° 
L.H.S = Cos2 0 = Cos2 (30°) = Cos 60° = 1/2 
R.H.S = 2Cos*@ —1 = 2Cos*30°-1 


af) ass l= Die \cee Soe 
2 + 2 


L.H.S = R.H.S 
When @ = 45° 
L.H.S = cos2 0 = cos2 (45°) = Cos 90° =0 


R.H.S = 2Cos’ @ — 1 = 2 Cos* (45°) -1=2 


L.H.S = R.H.S 
Cos29 =1-2Sin’ 
when @ = 30° 
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a 
4 


L.H.S = R.H.S 
When @ = 45° 

L.H.S = Cos 20 = Cos 2(45°)= Cos 90° = 0 
R.H.S = Cos’ @ - Sin’ @= Cos’ 45° Sin’45° 


pes 
=( =) = (ape hemeintog = 0 
V2 Se 2k 
L.H.S =R.H.S 
co eeae. 
z- 9 
1) 1 
| = =2(5)-1=1-1=0 
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L.H.S = Cos2@ = Cos2(30°) = Cos60°= 1/2 
= ee +5 1 1 l 
R.HS=1-2Sin’@ = 1-2Sin°30° = 1-2 (—) =1-2(—)=1-== = 
2 4 Pav 
L.H.S = R.H.S 
When @ = 45° 


L.H.S = Cos 26 = Cos? (45°) = Cos90° = 0 


l 
R.H.S = 1—2Sin’ = 12 Sin? 45°= 1-2 (—)*='4-2(- )=1-1=0 
V2 2 
L.H.S = R.H.S 
v. aint ees f 
1-tan’ @ 


Sol. When @ = 30° 


LHS = tan26 = tan2(30°) = tan60°= V3 


af +) 2 2 
| tea! NAB) Pe AS xN3 _ 5 





RHS = 8.2, 
1—tan’ 30° ' ( 1 } yl 2 b 
V3 we oe 
L.H.S = R.H.S 
When @ = 45° 


L.H.S = tan2@ = tan2(45°) = tan 90° = «© 








Gu Sa eb ee “ AD. ee 
l-tan?@ 1-tan’45° 1-(1) 1-1 0 
4. Find x, if tan’45° — cos”60° = x sin 45° cos45° tan60° Sargodha 2008, 2009, 2010 
Sol.  tan’45° —cos*60° = x sin 45° cos45° tan 60° Multan 2009, Faisalabad 08 
Fae sak 4 
a =( hee eee 
Wi Pete V3 
cee ae ee oe aS eee 
}-— = x. 3 Ee KT — = 
Wes 4 2 eS a eee. 


— - rey 





5. Find the values of the trigonometric functions of the following quadranta! angles: 


i : 

Sol. —a=r+(-l) In =, k=-1 
Values of Trigonometric functions at-— 2 
and x are same 

Sin (-7) =Sin 7 =0 

Cos (-7)}=Cos 4 =-1 

Tan (-7)=tan z =0 


tir satre eo = oO 
tanz 0 


“] 
cos7r —1 





Sec (-—7) = See # = 





Cosec(~z) = Cosec 7 = — - 
int 0D 


Hl. a 
2 


Sol. Se2et emp 


=3 


-h -34 


Sol.-37 =-Azin ={-2)27 + men 
Values of Trigonametric functions at -3 7 and 
@ are same . 

Sin (-3) =Sin 4 =0 

Cos(-37)=cos7 =-1 


tan (-37)=tan 7 =0 


Cot (-3 7 )=Cotz =1f/tanz = ; = 0 


: 1 
Sec (-3 7) =Sec# = 1/cosz = iT 


= 0 


l 
Cosec (-3 x)= Cosecx = 1/Sinz = 5 


Values. of Trigonometric functions at. i and 2 /2.are same 


iy 2 in = =a : tos 2% =cos © 20 
2 2 2 Se 
52 x 

tan -— =tan — = 0 
2 2 

toe whee ee a E 0 
2 2 tanz/2 oo 

a aes fc 

Cosec — = cosee = = ——-__ = - =] 

2. 2 sina/2 
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5x : 1 
Sec — = Sec 1/2 =~. = =o 


] 
2 cose 7/2 0 


9 
iv ——f 
2 
Sol, -97/2=-67 + = 
=(-3)27+ = + cae 


Values of Trigonometric functions at - 9 7 /2 and 37/2 are same 
Sin (- 9/2) =Sin37/2=-1 
Cos (-97 /2) =Cos32z/2=0 
tan (-9 7 /2) = tan32/2= oO 
1 ] 
Cot (-9 7 /2) = cot 3 /2 = ——_—— = — = 
(| tan3z/2 


] 1 


Sec (-9 7 /2) = Sec 3.7. /2 =—_—_——' = —s 0 
cos37/2 0 
1 1 
Cosec (—9 7 /2) = Cosec 3% /2 = —_——_. = —_= -1 
sin3z/2 —-1 
v. -15z 
Sol. -157 =-167+7=(-8)27+7=27 ; k=-8 


Values of Trigonometric functions at - 157 and z are same 


Sin (-15 7) =Sinz =0 
Cos (-157)=Cosm =-1 
Tan (-157)=tanz =0 


Poe 
tanz. 0 


Cot (-157)=cot z = 





] 
Sec (-157) =Secz =1/cosz = = =-1 


=o 


oS | 


Cosec (-15 7) = cosecaz =1/Sinz = 


= — 
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vi. 1530° 
Sol. 1530° = (4x 360°) +909=90° k= 4 


Values of Trigonometric functions at 1530° and 90° are same 
Sin (1530°) = Sin (90°) = 1 

Cos (1530°) = cos (90°) = 0 

Tan (1530°) = tan 90° = 











] 
Cot (1530°) = cot 90° = =— =0 : 
( 90° 
Sec (1530°) = sec 90° = Be coer ao 
| i 0s90° 0 
“ ; 1 I 
Cos (1530°) = cosec 90° = —-—~ =-=1 
in 90 1 
vii. ~~ 2430° 
Sol. —2430°= — 7x360°+90°=90°; K= -7 


Values of Trigonometric functions at ~ 2430° and 90° are same 
Sin (— 2430°) = Sin 90° =1 

Cos (- 2430°)} = Sin 90° = 0 

Tan (— 2430°) = tan 90° = 











Cat {(- 2430°) = cot 90° = ! = I = 
tan90" 
1 ‘1 
Sec (— 2430°) = Sec 90° = —=s—s 
aa 90° 0 
Cosec (— 2430°) = Cosec 90° = ! = 1 =1 
Sin90° 1 
vill. ee Faisalabad 2008 
St. 2 we tise + se usay ag + ee , k= 58 
2 2 2 
235m 


Values of Trigonometric functions at 





30 
and a. eaene 
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2352 3a 
Sin (“~~ ) =Sin(—) = -1 
( 5 ) =Sin ( 5 ) 
Cos ( ne )=cos ae =0 
2 2 
Tan ( oye an a =a 
2 2 
Cot ( )= ots gis 
2 tan3z7/2 
S (eet eget ye Se 
ar 2 cos37/2 QO 
9 
cosec |= Cosec ae 5g Re ee -1 
2 2 Sin3#/2 -1 
407 
ix —n* 
a 
Sol. ie = 2027 + on tat x 27 + = = oa ; K=101 
2 2 2 2 


407z 32 
Values of Trigonometric functions at ———- and —— are same 








3a 
Sin (——-) = Sin — = -1 
nt “y= i 5 
407 3 
Cos(—* ) =c0 on 
2 
O7z 37 
tan (——— ) = tan — = 2 
2 
1 1 
Cot (= ——— =—=0 
é =)= 0 ( )= tan 37/2 
Sec 4 = Sec 2 = : age = 
2 2 cos37/2 0 
32 ] 1 
Cosec =ense¢ — =———— 4. = = =] 








Sol. 


iii, 
Sal. 


Cosec (390°) = cosec 30° = 


Find the values of the trigonometric functions of the following angles: 
390° - 
390° = (4) x 360° + 30°=30° K=1 
Values of Trigonometric functions at 390° and 30° are same 
; 1 

Sin (390°) = Sin 30° = ; 
Cos (390°) = cos 30° = J3/2 
Tan (390°) = tan 30°= 17/3 

ele 
tan30" 1/¥3 

1 


a 





Cot (390°) = cot 30° = 





- 3 
Sec (390°) = Sec 30° = -———- = — 
| Cos30° J3/2 V3 
Ds Fas 
Sin30° 1/2 





— 330° . 
— 330° = — 360° + 30 = (~1) x 360° + 30°= 30", k= —1 


Value of Trigonometric functions at ~ 330° and 30° are same 
Sin (- 330°) = Sin'30° = ; 


Cos (- 330°) = Cos 30°= /3 /2 


Tan (- 330°) = tan 30° = 1/3 





Cot (— 330°) = cot 30° = eee 








jan30° =-1//3- 
Sec (~ 330°) = Sec 30° = - = ee = ee 
; os 30° 3/2 3 
2: + co 1 ] 
Cosec {- 330°) = cosec 30° = —__—- = —_ = 2 
; - Sin30° 1/2 


765° 7 
765° = 2X 360°445°=45° | k=? 


Value of Trigonometric functions at 765° and 45° are same 








iv. 


Sol. 


Sol. 


Sin 765° = Sin 45° = ee 


es 


ss l 
Cos 765° = Cos 45° = —— 
ee alg 


Tan 765° = Tan 45° =1 


1 
Cot 765° = Cot 45° = 1/tan45° = 1 =1 





1 
Sec 765° = Sec45° =. | = v2, 
: Cos45° Re 
1 ] 
Cosec 765° = Cosce 45° = ——__. = —__ = v2 
Sin 45° 1/2 
- 675° : 


~ 675° = (—2)x 360°+45° =45°,, k= -2 
Values of Trigonometric functions at — 675° and 45° are same 


Sin (- 675°) = Sin 45° = 


= 


Cos (~ 675°} = Cos 45° = — 


a 


Tan (~ 675°} = Tan 45° = 1 


Cot (- 675°) = Cot 45° = 1/tanas° = ; =1 


| 1 1 
Sec (— 675°} = Sec 45° = i 
ec ( } = Sec Cos45" 1 aa = 2. 


1 ig 
Cosec 678" = Cosec 45° = ——_. = ___. = //3 
e Sin45"  1/.f2 





-oa Federal 


~ fr =-6n)+% = -3x29 + 2/3 ; ke-3 





vi. 


Soi. 





i reas -1?# X 
Value of Trigonometric functions at and 3 are same > 


ta a v3 























Sin { =o — = 
a2 
ae a | 
C =Cos — = = 
as (— 3 ao . 
: -l7x a 
Tan ( =Tan — = V3 
an ( 3 )=Tan 3 
oa tT 1 1. 1 
Cot = Cot — =—. = aa 
3 taz/3 V3 V3 
Fa 1 1 
5 = Se¢ — = ————- = —— =2 
act =I a cos7x/3 1/2 
cies = toe a ~~ = 2/43 
| Bes 3. Sinz /3 ar 
13 
— 
3 
ISS ge dw 2taxleel3 -2  , ke 
3 3 3 


ae 132 ox | 
Value of Trigonometric functions at ca and z are same 


Si LE ee a. v3 
3 3 2 
13x R 
Cos —- =Con — = 1/2 
05 3 3 i 
13% a 
T. — = Seal: 
an 3 an, 
137 x 1 “yr 
Cot ——- =Cot — = ——-—— = -—= 
3 3 tanx/3 V3 
Sec 131 = z_ 1 lu, 
3. cosx/3 1/2 
x TY 1 


Cosec “SE = Cosec — = ——— = ——__ = 


% Sing!3 J3)2 z 





co 


vii. 


Sol. 


viii. 


Sol, 


ATH 


25 


ei a Sargodha 2008, Multan 2009 
25% a4n 4. s2n27 42/65 , k=2 
6 . 6 : .6 ; 


ee 25% vr. 
Value of Trigonometric functions at ee and 6 are same — 








Sey een sin ew 2 ° 
6 | 6 2 
cos 2% 2005 % = ¥3 
6 6 20 
Tan oom etan Ze 
64 6 3. 
Cae ek Bee ey 
6 6 tanz/6 1/J3 
ae OR oe Ee 
6 6 











Cosec 22% = Cosec 2, ee “= 2 
6 6 Sin wi6 ~~ 1/2 
a | i 
gon Faisalabad 2009, Federal 
-7lx x x oR 
——— =-lin+— =(-6}2m7+—=— ,. k=-6 
- 6 | 6 ( ) 6 6 
at ; m aa ok 
Value of Trigonometric functions at - — and 2 are same 
? 
Sin ( at ea 
GS-2. 
Cos (— ca = = v3 
-6 2 








Sol. 


Cot (- 1035°) = Cot 45° = 








S = S —_— Fs = = 
oe ae 6 Cosxi6 V3. V3 
2 
Goma ve = Cosec 2s See = is eZ 
& Sima/6 1/2 
= 1035° - Multan 2007 


— 1035” = (- 3) x 360° + 45° = 45° , ke-3 | 
Value of Trigonometric functions at — 1035° and 45° are same 
i 


Sin (— 1035°) = Sin 45° = —— 


~ 


Cos (— 1035°} = Cos 45° = —— 


Sy 


Tan (- 1035°) = Tan 45° = 1 





xt 
l 





i: es Sea 
Sec (~ 1035°) = Sec 48° = a ee 
) ° Cas 45° ” Jz 





Cosec (~ 1035°) = Cosec 45° = pts! ah 


Sin 45° 1/2 
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Exercise 9.4. °° Ses 
Formulas 











i Sin? @ +Cos?@ =1 vi Cosec = 

(i) i ° (vi) Sind 
i 

ii Sin? =1-Cos’@ ii) Sec= 

(ii) n ‘oO (vii) e os 

1 

(iii) Co?@ =1-Sin?@ (viii) Cot? =——_ 
tan@ 
Ss 

(iv)  1+tan?@ =Sec?@ (ix) .tan@ = ing 
Cos 

(v) 1+Cot’@ =Cosc’?@ 

Example 4: cot* 8+ cot’ 0 =cosee'O—cosec?@ Mul tan 2009 


ide L.H.S = cot" 6+cot’ 0 = cot? (cot? @ +1): 

= (cos ¢c’O—1)(cosec’0) =cosec'@ —cosec’@= RH.S 
Prove the following identities, state the domain of @ in each case: 
1. tan@ +cot@ =cosec@ sec@ 


Sol. L.H.S =tan@ + Cot@ 


= Sind. 4 £080 _ Sin’ ree +Co"@ ,Domain= @ € Rbut 6.47 


Cos8 Sind ? " Sin@ Cosd Cos0 2 
‘AE ] “cf ] l 
Sin@Cos@ = Sin@ Cos 
= Cosec@ Sec? =R.HS 
2. sec@ cosec@ sin@ cos@ =1 Multan 2008 


Sol. L.H.S = Sec@ Cosec@ Sin@ Cos@ , Domain = @ € Rbut 6 + = 


1 
Sin? CoS? =1-=RHS 
” Cost ae ss 
3. cos? +tan@ sin@ =sec@ 
‘2 
Sol. L.H.S= Cos@ +Tan@ Sind , Domain= @ € Rbut 0 = ene 
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* a= 
pe fp ot) pee 


=Cos@ + 
Cos@ Cos@ 








’ 2 - 2 
shores e ate = SecO R.HS 


Cos0 Cos@ 
4. cosec@ +tan@ sec@ =cosec@ sec’@ Faisalabad 2008 
nit 
Sol. L.H.S =Cosec@ +Tan@ Sec@ , Domain = @ € Rbut 6 re> 
sind ] . Sin@ Cos?@ + Sin’@ 
=Cosec@ + + = —_—____ 











Cos@ Cos0 > Sin@ Cos?@  Sin@Cos’@ 
1 hes : 


ee et Se ili oe en eee Sect aes 
wit) snetse 











5. sec’?@ —cosec’@ =tan’@ —cot’@ 
* 
Sol. L.H.S = Sec’ @ —Cosec’0 , Domain= 6 € Rbut 8 eae. 
=1+tan’@ - (1+Cot’@) =1+tan’ 0 -1-Cot’d 
= tan’ @ —Cot’@ =R.H.S 
6. cot?@ —cos*@ =cot’@ cos’d 
Sol. L.HS= Cot?@-Cos’O , Domain = 0 € Rbut @ #nz 
Cire 2s Cos?@ -—Cos*@ Sin’@ 
= — — Cos 8 = 
Sin’ @ Sin’ @ 
Cot’ O-Sin’@) Cos? ; 
_ 0 eh in @) bs we Cos?20 
Sin’@ Sin-@ 
= Cot’? @. Cos’@ =R.H.S 
7. (sec@ +tan@)(sec@ -tan@)= 1 


Sol. L.H.S = (Sec@ +tan@Q) (Sec@ -tan@), Domain= @ € Rbut O # 


+ = 


= Sec’?@ —tan’O 


(2n+1)z 
9 


=1+tan’@ -tan’?@ =1=R.H.S 





Sol. 


10. 


Sol. 


11. 


Sol.L.H.S = 2Cos?@ -— 1 = 2(1-Sin?@)-1 


2cos*? -1=1-2sin’?@ 


: Domain = @ € R 
= 2-2Sin?@ -1=1-25in’@ = R:H.S 


2 
_ I+tan’@ } 
ee are | : a 
ia in 6 ° — , Domain = @ © R but 0 gous HE 
I+tan’@  Sec@ 





: s 2 
$ 
” Sec? @ Seco m Cos 7 
= Cos’ @ ~Sin’ @ = LHS 
cosG-—sind _ cot@-1 











= Multan 2007 
cosO+sing cotd+1 
| Coo | 
R.H. . LXG-\_ Sing ; Domain=.8 € Rbut & 4 nz 
Cot6+1 Cosé 
Sin@ 
_ Cos8~Sind Sin? _¢ os 6 — Sin@ _ ee 
Sin@ " Cosd+ Sind” CosO+Sin@ 
sin @ iss, 
+cot@=cosecG Multan 2008 
l+cos@ 
Sol. L.H.S = Sing +Cord . Domain =0 € Rout 6 #nz 
1+Cesé 





3 Sind , 058 _ Sin? 84+€os?8+Cosd 
1+Cos@ Sin@ SinO (14+ Cos) 


Gost) 


: 
= = Cosec@R.HS 
Sind (2050) Sing” | 
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FUNDAMENTALS OF TRIGONOMETRY 
ES t? 6-1 "2 
12. “~~ ==2¢cos*@-1 ~ — Sargodha 2011 
1+cot’ 0 5 
Cor?@-1 Cot? @-1 3 ; 
Sol. L.H.S = ———_— = ———_—_ , Domain= @ € Rbut 0 «nz 
1+Cot'@ Cosec’@ 


Cot?@ ] 
Cosec’@ Cosec? @ 
C 


Saag SH Siro = Cos*@ —(1-Cos’@) 
in 





=Cos’? ~1+Cos’@ = 2Cos*?@ -1=R.H.S 


l+e 
a (cosecO + cot@) 
1 = cos@ 
Sol, R.H.S = (Cosec@ + Cot@)’ : Domain = @ € Rbut 6 # nz 





-( 1 ; =} _ (1+Cos0)° 
Sin@ — Sin@ 





Sin?@ 
_ (1+ Cosdy | (1 + Cos0)? _14Co0s8 a. 
1-Cos’9 (1+ € 058) (1- Cos0) 1-Cosd 
> 1-sin@ 
14, (secO —tan@)*= . Sargodha 2008, 2011 
1+sin0 
4 
Sol. L.H.S =(Sec@ —tan@)’ : Domain = @ € R but 0 fae 











-( 1 Sind ) é“ (+S) 
Cos@ Cos Cos0 
_ (l-Sinoy _ (1-Sin@)? 


Cos’°@ —- 1- Sin’ 


(1—Sinoy 1—Sin@ 


—_ 


——- 
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fees = 2sin@cos@ Multan 2007 
1+tan*@ : 
Sol. L.HS = seeee: = ues - Domain = é € R but g 2 (an+ ix 
l+tan°'O Sec’@ 


= 2tan@ Cos*@ = ene 


Cos’?@ =2Sin@ . cos@=R.HS 
Cos 


1—sin@ 1 cos @ 
cos@ 1+sin8 


16. 








1—Sin0 1-—Sin@ 1+Sin@ 
Sol. L.H.S = ——— = —_———— 








= x ‘ Domain=@ € R 
Cos CosO = 1+ SinO 
SSS. ~ Cos’0 _ 4 eae -. nig 
Cos@(1+Sin@)  Cos@(1+Sin@)  1+Sin@ 
17. = (tan@ +cot@)? =sec?@ cosec*@ 


Multan 2008, Lahore 2009 


ni 
Sol. L.H.S = (tan@ + Cot@) , Domain= @ € R but 6 + = 


: ( Sind Cost y _( Sin’?0+Cos°0 Y 
Cos@ —_ Sin@ Cos@ Sin@ 








] ] 1 
* oa = id Cos’ Sin’@ 
=Sec’@ Cosec’@ =R.H.S 
tan@+secO-1 
tan@—secO+1 
Sol LHS= St : Domain= @ € R but 0 # 
tan @—Sec0+1 
_ (tan@+Sec@) - (Sec’@—tan’ @) 
; (tan@ — Sec0 +1) 
_ (tan@+SecO) — (Sec@ + tan@)(Sec — tan@) 
(tan@ - Sec +1) 
_ ((tan @ + Sec@) [1— (See — tan @)}) 
c _ (tan O- Sec@ +1) 


18. =tan@ +sec@ Faisalabad 2007 


(2n+))z 








cena = tind +Sec6 = RHS 


(tar +1} 
1 i 1 1 oe 
1. Coxec Cot Sind” Sind CosecO+Corg “tan 20072008 
! =o 2 . 
Cosec@-Cot@ Sin? 
l 1 
"1 Cos6 ~ sing 
sin@ Sin@ 
1 1 Sin@ j Sin*o~ 1+ Cos8 


= <a nn ns ee ——— 





Sal. L.H.S = 





z a Cos@ (1- 
=Js Cos’@-1+Cos@ _ Cos@-Cos’0 0s ( 2) _ ooo 


Sin (1—Cos@) ~ Sind (1 “Cos@) . SinO(1 ~ £08) 
Pe ee ee 
Sin@ Cosce9+Coté 


1 1 
Sin® I ‘ Cos 





_ Sind Sin@ 
1 I . 1 - Sind _ 
Sin@ l+Cos® = Sin: 1+. Cos 
_ Sind 
_1+Cos@-Sin’@ _1+Cos@-(1-Cos*) 
Sin8(1+Cos8) SinO (1+ Cos@) 
_ 1+Cos@-1+Cos’@ — Cos? (1+Cosd) | ee: 
Sin@(1+Cos@) ——-SinO (1+ Cos) 
L.H.S=R.HS 
20. = sin’ @ - cos? =(sin? —cos@}{1+sin9 cas) 
Sol. LH.S= Sin? -Cos?A , Domain = 6 < R 
= (Sin8 - Cos} (Sin’ @ + Cos’ @ + Sin@ Cos8} 
= {Sin@ -Cos6)} {1+ Sin@ Cos@)=R.HS 
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21. sin’ @ -cos°@ =(sin?@ -cos’O@) (1-sin?@ cos?@) Fsd 2008, Sgd2009, Lhr 2009 
Sol. _L.H.S = Sin°@ —Cos®@= (Sin’@)?-(Cos?@)?, Domain= @ e R 

= (Sin? @ —Cos?@) ((Sin?@)’ + (Cos? @)? + Sin? @ Cos’ @)) 

= (Sin? @ -Cos’@) [(Sin’ @)’ + (Cos’@)? + 2Sin’ @ Cos’ @ - 2Sin’@ 

Cos’@ +Sin’@ Cos’ @} 

= (Sin’@ —Cos’@) [(Sin’@ + Cos’)? Sin’ @ Cos’ 4] 

= (Sin? @ —Cos*@) (1-Sin’@ Cos’@) =R.H.S 
22.  Sin°@ +cos°@ =1-3Sin’°@ Cos’*O OER Rawalpindi 2009 
Sol. L.H.S = Sin°@ +cos°@ = (Sin’@)’ +(Cos’@)? 

= (Sin? 0 +Cos’@) [(Sin’ @)’ + (Cos’@)’ - Sin’ @ Cos’) 

= 1. [(Sin’@)? + (Cos* 0)? +2Sin’ @ Cos’ @ -2 Sin’ @ Cos’*@ -Sin’@Cos’ A) 

= (Sin?@ + Cos*@ : —3Sin?@ Cos?@ = 1-3Sin’OCos’O =R.HS 


1 
‘T4+Sind I= 7 


sot, Lash nig a) tee i 


1+Sin0 1—Sin@ (1+ SinO)(1-Sin®) ' 


me -2- : , }r2sece = R.H.S 


23. =-25m'e 1. Sec 8 











Domain=@¢R 








1-Sin’@ Cos’@ Cos*@ 
2a, CO + Sin, Cost Sin? | __2___Fajentabad 2007, Sargodha 2009 
Cos@-Sin@ Cos@+Sin@ 1-2Sin@ 
ar : a " 
Sol. L.H.S = Sa = Mare ~e ,Domain= 0 € R but 0 # erie 


Cos@-—Sin@ Cos@+Sin@ 
(Cos@+ Sin)? +(Cos@—Sindy 
‘ (Cos 0-Sin@)(Cos0 + Sin@) 
_ Cos* + Sin? 0+2Sin0Cos0+Cos* ‘0+Sin* 0-2Sin0Cos@ 
(Cos@- Sin®) (Cos@+Sin@) 
‘ 2Cos*@+2Sin*@ _ 2(Cos*O+Sin’@) 2 Bare 
|—Sin’0-Sin’0 1-2Sin°@ 1-2Sin*@\ 
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’ bie fe) 6) EB Marks: 50 


Q#1. Select the Correct Option (10) 
i. In one hour, the hour hand of a clock turns through radians: 


a) .% b) i, 
c) tf d) tf, 


ii, if Tan@ <Q and Cos@ > 0 then terminal arm is in quadrant: 


a) I b) il 
c) HI d) IV 
iii if the terminal side lies on x — axis or y—axis then angle is called: 
a) Central angle b) Quadrantal angle 
c) Co-terminal angle d) Acute angle 
iv. Domain of Sin@ and Cos@ is set of 
a) Integers b) Natural numbers 
c) Real numbers d) None 
37 f 
V. oor radian equal to: 
a) 270° Bp) 90” 
c) 180° d) 60° 
vi. Cosec’ @—Cot’@ equals: 
a) ] b) 0 
c) 2 d) —| 
vii. Which one is true: 
a) | radian< 1" b) | radian> \° 
c) | radian=\° d) Sradian= 2° 
viii. Sin390° is equal to: 


/ 
)  Y, 0» YY, 


c) | d) V5 


ix. The value of Sin420” is equal to 


a) aa b) vA 
V3 


Cc) d) v3f 
x. The 60" part of one degree is called one: 
a) Second b) Radian 


c) Minute . d) Degree 
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Q#2. Short Questions: (10 X 2 = 20) 
i, Write the Sign of Trigonometric functions in // and /V quadrant: 
ii, Provethat Cos’*@ - Sin’@ - fae 
1+Tan@ 
iii. Find xif Tan’ 45” — Cos? 60° = xSin45°.Cos45° Tan60° 
iv. Find /when @ = 60°20' and r =18mm 
V. Verify that Sin60°Cos30° —Cos60° Sin30° = Sin30° 
vi. In which quadrant terminal arm lie if Cos@ <Q and Tan@ <0 
ii Cos0 = 28.0 <0 <4) Fin ining tri ic functi 
vii. 0s0 = “= <@< 7) ind remaining trigonometric functions. 
a) baSa 
viii. Prove that (SecO —Tan@) = oe 
1+ Sin@ 
ix. Define Radian 
‘ Prove that Cosec@ + TanOSec@ = Cosec 0.Sec’0 
Long Questions: (2 X 10 = 20) 
7 -n 2 1—SinO 
Q#3. (a) Show that (Sec@ —7an@) =——— - 
14+ S19 


Q#4. (a) Prove that 


2 
aa 
(b) Cosec@ = eet >Oand 0<@< /, Find value of the remaining 
2m 2 


trigonometric ratios: 
Cos@ + Sin@ 2 Cos@—SinO _ z 
Cos0-Sin0 Cos@+Sin@ 1-2Sin’@ 


(b) Prove that Sin°@-—Cos°@ = (Sin’@—Cos*@)(1— Sin’ 0Cos’@) 
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Trigonometry 
identities 








Fundamental Law 


Cos (a—f£)=Cos @ Cos f +Sin a@ Sin B Sargodha 2011(only statement) 
Proof: 


Consider a unit circle with centre at O. 


Where<AOD=a@ , <BOD= 6 


<AOB=<COD= a - f 


B (Cos [}. Sin |} ) 






C (Cas (ct — |} ),Sin (cx —[,)) 


Now AAOB and A COD are congruent then |AB| = |CD| => |AB|?= |cD/|? 


Use distance formula, we have 


COL - TRIGONOMETRY _ IDENTITIES 
(Cosa -—Cosf)? + (Sina —Sin B)* = (Cos (@ - B )-1)’ + (Sin(@ - B )- 0)’ 
Cos’a +Cos? B -2 Cosa Cos B +Sin’a@ +Sin? B -2Sina Sin B 
= Cos’(a-f8)+1-2Cos((a-f)+Sin’ (a-Z) 
Cos’@ +Sin’a@ +Cos’f +Sin’ B -2 (Cosa Cos B +Sina Sin f) = Cos*{ a -f) + Sin’ 
(a-B)+1-2Cos(a-£) 
1+1-2(Cosa@ Cos Pf +Sina sin B) = 1+1-2Cos(a-/) 
2-2 (Cosa@ Cos # + Sina Sin B) = 2-2Cos(a-f) 
Subtract 2 from both sides 
-2(Cosa@ Cos 8 + Sina Sin B) = 2Cos(a-f) 
Divide by — 2 from both sides 
Cosa Cos 8 +Sina SinB =Cosia-f) 
or Cos(a -£)=Cosa Cos # +Sina Sin B 


Hence Proved 


Distance formula 


Let P(x, ; ») and Q(x, y,) be two points. if d denotes distance between them. 


d =|PQ|=J(x,-x,) +0, -»2) 
or = {(x,-x,)° +(¥;-H) 


Sargodha 2011 


COLLEGE MATHEMATICS-1 Ez 


a 


rT TRIGONOMETRY IDENTITIES 


QO 


CHAPTER. 10 


Note Sign of trigonometric ratio depends in which quadrant @ exists. Important Formulas. 


di; 


Sin(a + #)=Sin@ Cos B +Cosa Sin 
Sin(a-£8)=Sina Cos 8 -Cosa@ SinB 
Cos(a+f)=Cosa Cos f -Sina Sin f \ 
Cos(a-f)=Cosa@ Cos f +Sina@ Sin f 


tana + tan f 


tan(a+f)= 
B | — tana tan BP 
tana — tan 
tan(a-£)= REO a ee 
1+ tana tan B 
(Even number) (#] + 0] then no change of trigonometric function. 


Example Sin [43 ao 0) =Sin@ 


tT 
( Odd number 3 + 0) then change trigonometric function as given below 


Sind, .—————. Cos 0 
+ 


tand 4 «Cord 


SecO ———¥+# Cosec0 
——_____ 


am —@—— I] quadrant 





Also z+@ III quadrant 


22 —@—— IV quadrant 
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i. Without using calculator. Find the values of 
Sin (- 780°) 
: °o : oO oO: 2 oO V3 
Sol. — Sin780° =— Sin (2x360°+60°) =-Sin60° =— ra 
ii. Cot (- 855°) 
Sol. = — Cot (2 x 360°) + 135°) = — Cot 135° = — Cot (180°- 45°) = — (— Cot 45°) 
l 1 
= Cot 45° = —=-=1 
tan45° 1 
iii. Cosec 2040° 
Sol. = Cosec (5 x 360° + 240°)= Cosec 240° = Cosec (180° + 60°) 
= —Cosec 60° = es ae 
Sin 60° V3 /2 V3 
iv. Sec (— 960°) 
Sol. = Sec 960° = Sec (2 x 360° + 240°) = Sec 240°= Sec (180° + 60°) = —Sec60° 
Cos 60° 1/2 
v. tan (1110°) “ 2 
] 
Sol. = tan (3 x 360° + 30°)= tan 30° = FB 
vi. Sin (- 300°) 


V3 


Sol. .=—Sin 300° =—Sin (360° — 60°)= — (— Sin 60°) = Sin 60° = iat 


Z. Express each of the following as a trigonometric function of an angle positive 
degree measure of less than 45° 
i. Sin 196° = Sin (180° + 16°) 
Sol. = Sin 180° Cos 16° + Cos 180° Sin 16° 
= 0.Cos 16° + (— 1) Sin 16° =—Sin 16° 
Sin 196° = Sin (180° + 16°) = —Sin 16° 
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bs 
ie 


Sol. 


Sol. 


Sol. 


Sol. 


vi. 


Sol, 


vii, 


Sol. 


viii. 


Sol. 


Sol. 


3.i. 
Sol. 


Sol. 


Cos 147° 

= Cos (180° — 33°) = — Cos 33° 
Sin 319° 

= Sin (360° — 41°) = -Sin 41° 
Cos 254° 

= Cos (270° - 16°) = - Sin 16° 
tan 294° 

= tan (270° + 24°) =—Cot 24° 
Cos 728° 

= Cos (2 x 360° + 8°) = Cos 8° 
Sin (- 625°) 


Sin (- 625°) = - Sin 625° 


= Sin (2 x 360° — 95°) = — (- Sin 95°) 
= Sin 95° = Sih (90° + 5°) = Cos5° 
Cos (- 435°) 


= Cos 435° = Cos (360° + 75°)= Cos 75° = Cos (90° — 15°) = Sin 15° 

Sin 150° 

= Sin (180° — 30°) = Sin 30° 

Prove that Sin (180° + @ ) Sin (90°- @) = -Sina@ Cosa 

L.H.S = Sin (180° + @ ) Sin 90°-— @ ) =Sin [2x 90+ @ )Sin{1x90- @ }=(-sina@ ) (cosa@ ) 
=-Sina@ Cos@ =R.H.S Sargodha 2006, 2008, 2009, Multan 2009 

Sin 780° Sin 48% + Cos 120° Sin 30° = 1/2 

L.H.S = Sin 780° Sin 480° + Cos 120° Sin 30° 

= Sin (2 x 360° + 60°) Sin (360° + 120°) + Cos 120° Sin 30° 

= Sin 60° Sin 120° + Cos 120° Sin 30° 

= Sin 60° Sin (180° — 60°) + Cos (180° — 60°) Sin 30° 

= Sin 60° Sin 60° + (- Cos 60°) Sin 30° 
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lil. Cos 306° + Cos 234° + Cos 162° + Cos18° = 0 
Sol. L.H.S = Cos 306° + Cos 234° + Cos 162° + Cos 18° 
= Cos (360° — 54°) + Cos (180° + 54°) + Cos (180° - 18°) + Cos 18° 


= Coss ~ Cossd® ~ CosT8* + Cost8® =0=RHS 
iv. Cos 330° Sin 600° + Cos 120° Sin 150° =-1 
Sol. —_L.H.S = Cos 330° Sin 600° + Cos 120° Sin 150° 
= Cos (360° ~ 30°) Sin (360° + 240°) + Cos 120° Sin 150° 
= Cos 30° Sin 240° + Cos 120° Sin 150° 
= Cos 30° Sin (180° + 60°) + Cos (180° - 60°) Sin (180° - 30°) 
= Cos 30° (— Sin 60°) + (- Cos 60°) Sin 30° 














(8 : ti) Bet Oh a 
—)-(=)(=)s-=- —=-— = -1=RHS 
fie ——} (5 M5 ) . Ua 4 
4. Prove that 
Sin? (x +0) tan (22 +0) 
i, 5 - =Cos@ 
Cor? eS -9)Cos? (x -0)Cosec (22-8) 
Sin? (ar +0)tan(2" d 
Sol. LHS= wate sone *© _ —_(-Sind)"(£Cor8) 
: H.S= Tiga A Aa pod Re 
Cot? -8)Cos? (2-0)Cosec(2n—@) "a O(-Cos)*(ACosec0) 
aes 3 
ce ge CMe LS eat. Capek 
Sin’O 1 SiO Sin 
= n  CosO i 
CoO Sin 


p Cos(90° + 6) Sec (—0) tan(180° — 6) a 
Sec(360° - 8) Sin(180° + 8) Cor (90° -@) 


2 Cos(90" +0) Sec (—@) tan (180° -@) ¥ ~ Sin@ Sec@ (- tan @) 
Sec(360" —@) Sin\180° +) Cor (90° -@) Sec@ (—Sin@) tan @ 


Soi. 
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5, if a, 8,y are angle of Triangle ABC, then prove that 

i. Sin(a+ B)=Sina Faisalabad 2008, 2009 

Sol. leta+Pt+y = 180° ( sum of angles of triangle=180°) 
a+ B =180°—y 


Sin (a@ +f) =sin(2x90°-y) 


Sin (@+)=Sin » Hence proved 


at 
Cos ioe) =sin a /2 Lahore 2009 


Sol. Leta+P+y=180° > a+ =180°-7 


a+pP _ 180° -y 
2 2 


. O 
Cos [ase = Cos 180" or x 
2 2 z 
Cos (2 = 3 = Cos 90° ss 4 
2 2 


Cos (424) = Sint Hence Proved 


iii. Cos(a+f)=-Cos y Faisalabad 2009 





Sol. let a+f+y = 180° 

a+ PB =180°-y 

Cos (a+) =Cos(2x90°- y) 

Cos (a+) = —Cos y Hence Proved 
iv. tan(a+f)+tany =0 ) Multan 2007, Faisalabad 2009 
Sol. let a+f + vy =180° 

a+ =180°-y 

tan (a+ B)=tan(2x90°- 7) 


tan(a+f)=-tany —>tan(a+f)+tany =0 Hence Proved 
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EXERCISE. 10.2 
Without using tables. Find the values of all trigonometric functions of 75° 
Sol. As 75°=45°+ 30° 


Example 2. 


Sargodha 2009, Faisalabad 2009 
Sin 75° = Sin (45° + 30°) = sin4S° Cos30° + cos45° sin30° 


- 1B, BH 
42.2 422 242 


Cos 75° = Cos (54° + 30°) = Cos 45° Cos 30° — sin 45° sin 30° 


tan 45° + tan 30° 


tan 75° = tan (45° + 30°) = inn 
]—tan 45° tan 30” 


Multan 2007, Sargodha 2009 








I V3 +1 
a _ 8 3+ 6 _v3+i 
1-0) 3-1 — A oa ey 
i i 
ose * 


Cosec75° = 





Sin7S’  J3-41 


: | 2/2 < 1 J3-1 
Sec75 = ——,cot 75°’ = = 
Cos78" J3-1" tan75° 4/341 
Example3. Prove that Geet Fae 56° 
Cos11° — Sin11° 


Sol. R.H.S = tan56° = tan (45° + 11°) 











Faisalabad 2008, 


Sargodha 2009 


Sinll? ‘asl 1° + Sinl 1° 
tan 45° + tan11° 








. 2 = Gasit* Cosi’ 
1-tan 45” tan11° ey Sint” ~ Cosi 1? - Sin] r 
Cos 1° Cos11° 
_ Cosl 1° + Sin 1° Cos11° Cos11° + Sinl1° 


OOO! rT Cre hr L.H.S 
Cos11° Cos11° —Sinl1° — Cosi1° —Sin) 1? 
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Sol. 


Sol. 


Sol. 


Sol. 


vi. 


Sol. 


_ Sin 270° Cos@ -Cos 270° Sind _ (-1)Cos0—(0)Sind _—Cosé 
Cos 270° Cos@ + Sin270° Sin@ = (0)Cos@+(-1)Sin@ —-Sin@ 


Prove that 
Sin (180°+ 8) =-Sin@ 
L.H.S = Sin (180° + @) 
= Sin 180° Cos@ + Cos 180° Sin@ 
=(0).Cos@ + (-1) sin 0 =~Sin@ =R.H.S 
Cos (180° + 8) = -—Cos@ Sargodha 2008 
L.H.S = Cos (180° + @) 
= Cos 180° Cos @ — Sin 180° Sin@ 
=(-1)Cos@ -(0.)Sin@ = —Cos@ =R.H.S 
tan (270°- @)=Cot@ Multan 2008 


L.H.S = tan (270°- @) = SO : 
Cos (270° -@) 





=Cot@ =R.H.S 


Cos (@ - 180°) = -Cos@ 
L.H.S = Cos (@ - 180°) 
= Cos @ Cos 180° + Sin@ Sin 180° 
=Cos@ (— 1) +Sin@ (0) 
=-Cos@ =R.HS 
Cos (270° + @)=Sin@ Lahore 2009 
LH.S = Cos (270° + @) = Cos 270° Cos@ - Sin 270° Sind” 
=0.Cos@ -(-1)Sin@ 
=0+Sin@ =Sin@ =R.H.S 
Sin(@ +270°)= —Cos@ 
LHS =Sin{@ + 270°) =Sin@ Cos 270° + Cos@ Sin 270° 
= Sin@ (0)+Cos@ (—1) 
= —Cos0 =R.H.S 
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tan (180°+ 6) =tan@ 
LHS =tan (180° + @) 





vii. 
Sol. 


0+tan@ 


_ tan180"+tand _ 
1—(0).tan@ 


1—tan180" tand 


tan@ 
a =tan@ R.H:S 


Cos (360° - 8) =Cos@ 
= Cos (360°- 0) 
= Cos 360° Cos@ + Sin 360° Sin@ 
= (1) (Cos@) + (0) Sin@ 
= Cos@ =R.H.S 
Find the values of 
Sin 15° = Sin (45° — 30°) 
= Sin 45° Cos 30° ~ Cos 45° Sin 30° 
V3 
“(7 ) (> re 
Cos15° = Cos (45° — 30°) 
= Cos45° Cos 30° + $in45° Sin30° 
=(-dey( Zhe +(—= N5)=3 
v2 2 Fi 


tan15° = tan (45° — 30°) 


viii. 


Sol. L.H.S 


Sol. 








_ tan 45" — tan 30° 
1+ tan 45” tan 30” 


Sol. 








Plage 


. , A 
Su 


3 
Pcs 


_ 3-1 
V341 


] 











TRIGONOMETRY IDENTITIES 


—~ : =_ ~ 
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iv. $in105° = Sin (60° + 45°) Multan 2008, Gujranawala 2009 
Sol. _ = Sin60° Cos45° + Cos60° Sin45° 
py hye Bl, SS 
Jd. 2 SS 2 Weeeeee_ 1 Bae 
v. Cos105° = Cos (60° + 45°) Faisalabad 2007 
Sol. = Cos60° Cos45° — Sin60° Sin45° 
3 (\(4 \- v3 (+)- 3. - oe 
DH Ue 2 Sas Bp Bas Bee 
vi. tan105° = tan (60° + 45°) 
“a tan60°+tan45°- V3+1—«1+V3 
ol. ——— = ~ 
1—tan 60° tan45’ 1~J3.1 1-V3 
3. Prove that 
1 
i. Sin (45° + @) = —= (Sin+ Cosa ) Multan 2009 
( ) Gi ( 


Sol. L.H.S=Sin(45°+ a@)=Sin 45° Cos@ + Cos 45° Sing 


= as Cosa@+ 2 Sina=—( Sime +Cosa) 


v2 J2 v2 


ii. Cos (@ +45°)= #: (Cosa -Sina) ° Faisalabad 2007 — 
V2 


Sol. L.HS=Cos(a@ +45°)=Cosa@ Cos 45°-Sina@ Sin45° 


] 
=Cosa + sid See (Cos@ —Sina )=R.H.S 


V2 V2 V2 
4. Prove that 
i tan (45° + A) tan (45°-A)=1 Lahore 2009 
Sol. __L.H.S = tan (45° + A). tan (45° — A) 


z tan 45° +tan A tan 45° —tan A _{ l+tanA l-tand 
1—tan 45’ tan A ) | 1+tan45° tanA}) | 1-1.tan4 })\14+1.tanA 


(ese 
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Sol. LHS = tan [<6] + tn °F +0 | 
4. 4 


x 3x 
5 4 tan 3 +tan@ 1-tand why 


I+tan 7 tan@ 11a ee I+]. tan” 1~(-Itané 





J I-tan@ | —I+tand 
l+tan@ 1+tan@ 


_ A -sanO-1+ sar _0 





= a = = 0 R/S 
1+tan@ 1+tan@ 
a Fa 
iii. Sin (o+2) + cos( 0+) = Cos Lahore 2009 
Sol. L.H.S =Sin G 4 + Cail “| 
=Sin 0 Cos - > +Cos@ ‘ca + Cos@C am — Sin@Sin—— 
6° 6 3 3 


« sit vos 0! scas0 sya 
2 2 a a 


=Cos @ (+ + 3] =Cos@ (1)=Cos@ =R.HS 





Sin - Cos@ .tan 6/2 


—_—— =tan @/2 
Cos@ + Sin@ tan @ /2 


_ Sin@ —Cos@.tan@/2 





Sol. —L.H.S ST Se ee 
Cos 0+Sin0.tan @/2 
5 
Sin@ Sfas0) Sin@ /2 
L Cos 6/2 Sin8 Cos0/2-—Cos@ Sin@ /2 
"Cos + Si Pea mat Ces y= 
Cos@+Sind. Sin0/2 Cos0/2 





Cos@/2 Cos0 Cos 0 + Sin0 Sin /2 
Cos0/2 











s : 


— he onl = 





Sin(@ — 6/2) Sino /2 CostT2 ee apne 


————— XO SC 


Cos /2 Cas6T2 ~~ CosO/2 


- Cos(@~8/2) 
Cos0/2 

l-tan@.tang  Cos(9+9) 

1+tan@.tang Cos(9-9) 





. Ie 
t~tan@.tang = Cas Cos¢ 
l+tan@.tang —, , Sin@ Sing 

Cosé Sing 


Cos0'Cosg Sin Sing _ Cos(8+9) _ -Cos(O+9)  Cosdeorp 


CosOCosd “ee Cosd " Getensp Cos(@ -9) 
Cos0 Caso + Sind Sing ‘os (8-¢) 
CosOCos¢ a Coss 


“ Cas(@ + ¢) 
Cos(@ -$) 


Cos(a +f) Cos(a - A)= Cos’ - Sin’ 8 = Cos" f -Sin’a 

Sol, L.H.S=Cos(a+ f). Cos(a— ) Rawalpindi 2009, Sargodha 2009 
=(Cos@ Cos f -sina Sin 8). {Cosa Cos 8 +Sina Sin f) | 

= (Cosa Cos f)’-(Sina Sin BY =Cos'a Cos’ f - Sin’ a Sin’ B i 


Sok LHS = 


= Cos’a@ (1—Sin’ 6) ~(1~Cos’ a } Sin’ 8 

= Costa - CosteSti’f -sin’f + CosteSin'p 

= Cos’ 1-Sin? 8 Result I | . 

Again from Z Cos (a+ B).Cos (a- B)= Cosa Cos? B —Sin’@ Sin’ B 


=(1-Sin’a@ ) Cos’ 8 —Sin’a@ (1—-Cos’ 8) 


=Cos*f - Sip’e€asf -Sinta + Sin’a€os"B 


= Cos? 8 ~Sin’a Result H 


= ——— 
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Sin(a + B)+ Sin(a — B) 
Cos (a + B)+Cos(a- BP) 
Sin(a + B)+Sin(a — PB) 
Cos(a + B)+Cos(a-— BP) 
_ Sina Cosh + Cosa-8inB + Sina CosB- CoseSinp 
~ Cosa Cos B — Sinee-StHB +Cosa Cos B + Sine StAp 
_ 2 Sina Cosf =tana@ =R.H.S 
“Cosa Cash ‘osa Cosh 


Show that 


=tang@ 


Sol. LHS = 


Cota Cot B-1 


Cot(@ + = 
a i Cota+CotB 
1 _— 
Si? Re _ Cota Corp - ms tana tan B oie tan a tan B 
Cota+CaiB 1 1 _tana@ tan B 
--— + 
tana tanf tan a + tan 8 
tana tan 2 
4 [=tana tan 6 lapetan B 
tanetan pe tana + tanZ 
- ictanatanf _ iE a tories wih L.H.S 
tana+tanf tana+tanf  tan(a +f) 
1—tana@ tan 2 
Cot(a -—B)= eee Multan 2008 
Cota —CotB 
Sol, kee sip nS, eee 


Cot B -Cota 


Sige eee 
_tanatanf  __i+tanatanf _l+tanatanf  lanetarp 
1 _ 1 _tanatanp lanetan B tana —tan 8 


tanB tan@ tana@—tan J 
1 +tana@ tan B 





_i+tanatanf _ 1 


tana —tanf tana — tan B- tan (@~ By 
1+ tana tan # 


tang+tanB  Sin(a+f) 


"  jana—tanf Siu(a— 8) 








Sina | SinB 
tana +tanf Cosa. _ Cosh | SinaCospB + CosaSing 
Sol LHS) = == 
tana -tang Sina _ Sing ~ CosaCosfp 
Cosa ~ CasB ‘SindCosB — CosaSinB 


CosaCosp 


_ Sin(a + B) Lose COB Sint +} B) 


 Coseeosp  Sinla-B) — Sin(a - B) 








= R.H.5 


4: 40 n 
8. lfSing =—,Cosf =— Oca«—, O< ae — , Show that si 133, 205 
= B 1 5 P. nf - AP / 





P 16 25-16 | 
Sol. Cos’a@ =1t~Sin'a =1— (=) =1~ Le — {itsmean @ & {J are in J quad) 





3 25 25 
j 9 3 ant is 
Cos‘@ = —-=> Cosa =+—-=> Cosa : = — (Because @ is in I quad) 
25 "3 5 T 
sin? Bf =1-Cos' B -1-(2) _y_ 1600 _ 1681-1600 _ 81. 
4] 1681 1681 ~ 1681 


Sin J =+ “ = Sin B = (Because £7 is in | quad} 


Now Sin{a — B)=sin£ Cos 8 -Cosa@ Sin f 


-(2) (28). (2\(2)-2 160 27 160-27 133 
S)lar) (5/41) 205 205° = 208205 





9. if Sing = i Sin 8 = s & a <Q<x (ain I), = <P<a (Bin IL) then find 
i. Sint + B) in Cos(a +f) ii. tan (a +f) 


iv. Sin(a — B} v. Cos (a — 8) vi.tan(@a - 8) 


Sol. 


THEMATICS-1 a) TRIGONOMETRY IDENTITIES 


Cos*@ =1-Sin’a@ -1-(2) =1- =, = ac Sargodha 2009 
5 tt 25 
3 3 on 
Cosa =+ z => Cos@ = - 5 (Because @ isin Il) 
ip aos (3) 
Os =1-Sin =1- 
13 
144 169-144 25 5 
=1-—— = ——— =-—> Cosf =+ — 
169 169 169 13 


Cos B =- 2 (Because {2 is in II quad) 











Sina 4/8 
tana = —— = 
Cosa -3/f 
tanga = -—4/3 
uae Sin Sagi 
CosB -5/ 
tan B = -—12/5 € 


Sin(a +8)=Sina@ Cos +Cosa Sinf 


) + CIC 


“ee 
2 489 





Cos(a +f)=Cosa Cosf -Sina Sin f 


IS 48 15-48 -33 
wes 5) ( >) Oc y= sn. tes CS 





tana+tan # 
l-tanatan f 


Slee -4 12 -20-36 
mee 5 4 € 1§. ve~ 56. 15 86 


tan(a@ + B)= 





(AY?) 8 4B 5 * 33 7 33 | 
3 5 15 15 
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Ww. Sin(a ~ B)=Sing Cos 8 ~Cosa Sinff 


-20 36 _ 16 
Sol. =) -=- (-D - ara 6 65 


ele pieced ca sae P= Ae- O® 





Sol eee 
65 «65 65 
ey (=F) ++ 7 ‘ 
tana-tanf _ (3) 
vi. tan(a )= I+tanatan p- 1+ H ue +8 
3 5 
Sol. meclee - _ 16 , 15 16 
15+48 K 8 63 
15 a 


10. Find sin (a+ f) arid cos(a+ A) given that 


(3). tana@ = =, cos =s.0 In II Quad. § in IV Quad. 


, 9 25 $ 
Sol. 1+tan’a =Sec’a => 1+ — =Sec’a = — => Seca =+ — 
16 16 4 
4 -4 
= Cosa = Cosa a {Because a in lil} 


= ,~ 16 


Sint a =1-Cos’a@ -1-( P 


Sing = — : (Because a is in Hl} 


/\2 
sin? f = 1-Cos’ B.=1- (=) 1-25 5 10-8 I sin ae 2 


Sin 8 = —— Depa B is in TV) 


Sol. 


10 (2) 


Sol. 


Sol. 
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Sin(a +8 )=Sina@ Cos f +Cosa Sinf 

-(2)(2)+(F)(B)- 2 B-He*-2 
Bish te 5 13 65 65 65 ~—s«65 

Cos(a + 8 )=cosa Cos 8 - Sina Sin 8 

(=A) (eye feet et 3 senets 
5 J\13 5 )\ 13 65 65 65 65 

tana = - >, sing = = (ain iI, Bin 11) 


‘ wis} >. |Givena notin 1V and tana =—ve 
1+tan°@ =Secca => 1+|}——| =Seca ; ay 
8 soainll Similarly Bin Ill 


2 a 2 
14229 ee Seca => 28? = Secamseca=+ AE Cosa = + * 
64 8 17 





Hl 


Cosa@ = -8/17 (Because @ isin II) 


-@:\ 9 
Sin’ @ =1-Cos’a 4 See = Be => Sina ao 
176 289 =289 17 
; 15 ; 
(Because @ isin Il) 
17 
2 
= a6 2 
Cos’ B =1-Sin’ B -1-(52] —ge ee 2 
25 625 625 625 


Cos B =+ = = £08 f= — = (Because £ is in III) 


Now 
Sin(a +8)=Sina Cos f +Cosa@ SinB 


Haas 
17 25 FU PA2S 425 425 
-360+56 -304 

425 425 
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i. Cos(a+f)=Cosa Cosf -Sina Sin = (3) )2) 


192 105 192+105° 297 
Si. eS SS SE 
425 425 425 425 


Qe = “ge 
11. od =tan37° Multan 2008, Sargodha 2008, Lahore 2009 
Cos8° + Sin8’ 


tan45”—tan8° —- 1—tan8" 


Sol. _R.H.S = tan37° = tan (45° = 8°) = ——_——_—_— == 
1+tan45° tan8° — 1+1.tan8' 








_ Sins" 
_ 1-tan8" | ~ Casg” _ Cos8’ -Sin8’ 
“T+tan8” | Sin8? Cos8” 
Cos8? _ Cos8° + Sin8” 
- Cos8" 
Cos8° — Sin8° O58" _ Cos8" — Sin8" 


=L.H.S 








Cost Cos8” +Sin8’ — Cos8” + Sin8° 
a3: Cota /2+Cot B /2+Coty /2=Cota /2Cot B /2Coty /2 Federal 


Sol. Weknowthat a + 8 +y =180°> @ + ff =180°-y 


Divide both side by ‘2’ “ct. = Toh OIE cop 2 eo 7. 
i 2 2 2 2 2 
tana /2+tan B/2 
tan(@ /2+ 2/2) =tan (90° = y/2) => ————___—"—__ = Coty /2 
" ei) je ma Dense 
Co Core 
ee eee 
] a B 
+ Cait —Cot = 
‘ota/2 CotB/2 
Cota / Cap . = Coty /2 = Eh 7 ee ee = Cot z 
ee Ree Ne i Cot = Cop 2 1 ; 
Cota /2CotB/2 2S PC 2S | 
B 


gts 
Cot — Cot — 
2 2 
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Cota /2 + CotB/2 ~ Cot 5 2 
Cota l2€orBT2 — Cota/2CotB/2-1 


Cota /2 + Cot f /2 = Coty /2 (Cota /2Cot B /2 -1) 


= Coty /2 


Cot a /2 + Cot B /2 = Cota /2Cot B /2Coty /2-Coty /2 

Cota /2 + Cot ff /2 + Coty /2 = Cota /2Cot B /2Cot y /2 
13, Cota Cot +Cot G Coty +Coty Coty =1 Faisalabad 2007, 08 Sargodha 2006, 10 
Sol. a, B, ¥ are angle of triangle then 

a+ B+y =180°> a+ B =180°- 7 = tan(a@ + f) = tan(180°- 7) 


l ] 
tana@ +tan Caine ] 
ana +tan § =-tany > Cota Cotp ._ 
1—tana@ tan B 1 Bet Coty 
CotaCot B 











Cola+Coarp 


CoiaCoiB_ ___1__, Cota+Corp Comeop 


CotraCotp | Cay “Coleeorp * Cota CotB-1 ~ Coty 
CotaCotp 


(Cota +CotpB ) (Coty ) =-(Cota CotB -1) 





Cota Coty +CotBCoty =—CotaCotB +1 
Cota CotB + CotB Coty + Coty Cota =1 
14, Express the following in the form of r sin(@+@) 


i. 12Sin@ + 5Cos@ 
Sol. Puti2=rCos@ &5=rSing then 


12Sin @ -+ SCos@ = rCospSin@ + Sing Cos0 
=r(Sin0 Cos@ +Cos@Sing) =13Sin(A + @) 
5 

l 


Where r= 13 andtan@ = 


WN | 


COLLEGE MATHEMATICS-i TRIGONOMETRY IDENTITIES 


Sol. 


Sol. 


As Cos’ +1’ Sin’ = (12)? + (5)? 


r’(Cos’g +Sin’g) = 144 +25 
orr = 169 => r=13 


& A = Tang = = 


fF Cos 12 





3Sin@ -4CoO =3Sin@ + (-4Cos@) Sargodha 2011 
Put3=rCosg & —4=rSing 

Then 3Sin@ —4Cos@ = rCos@ Sin@ +rSing Cosé 

r[Sin@ Cosg +Cos@ Sing] =rSin(@ + @) =5Sin(O + @) 





Where r’ (Cos’@ + Sin’? @) = (3)? + (-4)? => P=9=16 > rr’ =25=> r=5 


rSin@ -4 ~ —4 
—— =— = tané = — 
rCos@ 3 





and 





Sin@ -—Cos@ =(1)Sin@ +(-1)Cos@ 
Putl=rCosg &-1=rSing 


=rCosgSin@ +rSingCos0 






As r’ {Cos’@ + Sin? @) = (1)? + (-1)’ 
Pe2>r= 2 


rSin@ _ ap 
rCos@ 





="(Sin@ Cosg + Cos@ Sing) 









= rSin(@ + g)= V2 Sin(O + 9) => tan@=-1 





Where r = V2 end tang =-1 

5Sin@ -4Cos@ =5Sin@ + (-4) Cosd 
PutS=rCosm &-4=rSing then 

= rCos gy Sin@ + rSing Cos@ =r(sin@ Cosy +cos @ sing )= rSin(@ + @) 


= V41 Sin(@ + @) 


COL! M 1 3 T METRY IDENTITIES 


r (Cos’@ +Sin?@) = (5)? +(-4) 


P=25+16 > r=41 > r= /41 





v. Sin@ +Cos@ =(1)Sin@ + (1) Cos 


Sol. Put rCosm =1,rSing =1 r(Cos’@ + Sin’? @) = (1) + (1)’ = 2 
=rCospSin@ + Sing Cosé =r= 2 
rsin 1 
=rSin(0 + ~) = V2 Sin(@ + @) and"? _- — tang=1 


rcosg 1 





vi. 3Sin@ -5Cos@ = 3Sin@ + (-5)Cosé 
Sol. Put3=rCos@ & —S=rSing 
=rCos@ Sin? +rSing Cos@ = y Sin(@ + g) 


Where r = /34 and tan@ =-—5/3 


As r°(Cos’@ + Sin’ @) = (3)? +(-5)’ 


P=9+25=34= r= 34 
rSind 
rCos@ 


Double Angle identities 


Therom i. Prove that Sin2q@ = 2Sina@ Cosa 
Sol. Sin2a@ =Sin(a + a@) 





=Sina Cosa +Cosa@ Sina 
= Sina Cosa@ +Sina@ Cosa 
Sin2@ =2Sina@ Cosa@ Hence proved 
Similarly sin@ =2Sin@ /2 Cos@ /2 
Therom ii. Prove that Cos2a@ =Cos’a@ -Sin’a 


Sol. Cos2a@ =Cos(@ +a) 


COLLEGE MATHEMATICS-| TRIGONOMETRY IDENTITIES 


=Cosa@ Cosa —Sing Sing 
=Cos’a@ -Sin’a@ 
Cos’a@ =Cos’'a@ -Sin’a Hence Proved 


Similarly Cos@ = Cos*a@ /2-Sin’ a /2 


1S 2tana 
Therom iii. Prove that Tan2@ = <a 
; l-tan’ @ 
Sol. tan2@ =tan(a@ +a) 
tana+tana@ _ 2tana@ 


Hence Proved 


> 


|-tanatana I-tan’a@ 


soi 2tana 
Similarly tana@ = ———~—-- 
l-tan° a@/2 
Example 3. _ Gujranwala 2009, Rawalpindi 2009, Federal 


Reduce Cos*@ to an expression involving only function of multiples of @ raised to 
the first power. 
Sol. Cos*@ =(Cos’@)’ 


: (+cae20) _ 14Cos20 


2 


“ Cos’@ 


4 


= 


(1+Cos2@)* 


[1+2Cos20 +Cos’2@} 


l/—- £/— 


[1 + 2Cos26 eee “+ Cos’20 = Br 


— plo 


2+4Coes26+1+Cos40 
[ee 


= 


- 


ij 


. (3+ 4Cos20 + Cos4@] 


COLLEGE MATHEMATICS-1 TRIGONOMETRY IDENTITIES 


Double Angle Formulas Double Angle Formulas 


— 


Sin2@ =2Sin@ Cos@ == Sin@ = 2Sin@/2Cos@/2 

ii) Cos2@ =Cos’@ -Sin’?@ => Cos@ =Cos*@/2-Sin?@/2 
Cos20 =2Cos’'0-1 => Cos@ =2Cos’@/2-1 
Cos2@ =1-2Sin°@ = Cos@ =1-2Sin’6/2 


2 /2 
iii) tan2@ = =. => tand = a —— 
|1—tan~ @ l-—tan- 8/2 





iv) 1-Cos2@ =2Sin0 = 1-Cos@ =2Sin’A/2 


v) 1+Cos2@ =2Cos’>@ = 1+Cos@ =2Cos’@/2 
EXERCISE. 10.3 
1.3 Sing = bo ,0<:a< = Sargodha 2010 
13 2 
Sol. Cos’@ =1-Sin’a@ 
12/ 144 
=j-| — =1- — 
13 169 
_ 169-144 25 


= — => Cosa = pie 
169 169 13 


5 
Cos@ = B (Because @ is in| quad) 


tan@ = 





Sina. 12/1312 Sead 12 
ss 
2 


5 
Now Sin2 @ = 2Sing@ Cosa@ =2 & (=) = 120 


13 ~ 169 
Cos2a@ =Cos’a@ -Sin’'a Multan 2008 
A (3) -(#2) _ 25. _144_ 25-144 =119 
13 13 169 169 169 169 


a 
7 2} - 
ztanag 

tan2a = — BS) 


I-tan? a 3; 2) 
5 


COLLEGE MATHEMATICS-1 hte: TRIGONOMETRY IDENTITIES 


24/5 24/5 , 24° °25 -120 


| 144° 25-144 § -119 119 


25 ot 


2 
ii. cg = 2) 9<e nx [2 
(Because @ is in I) 


Sol. sitar =1-corta =1-(2 ) “1-3 = Se ee 
4 
5 


. + = 
Sin@ =+ 5 => Sina = 


Sina _4/5_4 £ 4 





tana = ——- = ——_ = == 
Coa 3/5 8 3.°3 
24 
i) Sin2@ =2Sina@ Cos@ = 2(4/5) (3/5) = 36 
2 2 
ii) Cos2a@ =Cos’@ -Sina = 3) -(3] pee ea 
5 5 as i295 25 25 
34 
ii irs 2tana _ 3 8/3 8/3 _ 8/3 ue min —24 
1-tan’ @ 4) ogee, 9-16 -7/9 3-7 7 
ee 9 9 
2. Cota -tana@ =2Cot2a Faisalabad 2007, Multan 2009 


' Cosa Sina _ Cos’ a - Sin’ a 
Sol. L.H.S=Cota -—tana@ = ~ Detain Bi ahs ieee 








Sina Cosa SinaCosa 
2(Cos*a — Sin’a) (0 & + by 2) = 2£ 952 . > corre =RHS 
2SinaCosa " Sin2da 
Sin2a 
3. ————- = tana Multan 2007,09 Gujranwala 2009, Sargodha 2008 
1+Cos2a 


Sin2a 2S a 5 
sk 1S ew ede R.H.S 


1+Cos2a ‘2Cos’a Cosa 


COLLE THE! cs-l TRIGONOMETRY IDENTITIES 
1 — Cosa a 
4. SS a Sargodha 2008, 09 
Sing 2 


28in? = Sin& b 
2 = 2 = tan > = R.H.S 


a 


1-Cosa _ 
Sina 2Sin = Cos = Cos — 
2 2 2 





Sol. L.H.S = 


Cosa — Sin 
5. SS eee =Sec2a@ —tan2a 


Cosa + Sina 


_ Cosa — Sina _ Cosa — Sina Cosa — Sina 


Sol. LHS= = —=x 
Cosa +Sina Cosa+Sina Cosa — Sine 


_ (Cosa ~ Sina)’ _ Cos*a + Sin’a-2SinaCosa _ 1-Sin2da 


Cos*a - Sin’a Cos2a Cos2a 
= ee - fa Ee ~ tan2a= R.H.S 
Cos2a  Cos2a ; 


1+ Sing Fe Sina /2+Cesa/2 
1- Sina Sina /2-—Cosa/2 


Sek GNS* PO 
1—Sing 


(Sina/2+Cosa/2)? _ Sina/2+Cosa/2 _ 








Sin’ a /2+Cos?a/2+2Sina /2Cosa/2 
Sin’ a/2+Cos*a@/2-2Sina/2Cosa/2 








e oe = —S RS - 
(Sina /2—Cosa/2)° Sina /2—Cosa/2 
9 Cos@ +2Cosec 20 = Cos 0/2 
Sec@ 
oe EY SE: Se ese: 

Sol, LH = CO89+2Cosec2O _ Sind Sin2@ _ Sind ZSinCosd 

ee Sec0 Nh zl. 

Cosé Cos 


= CotO/2=R.H.S 





Cos6+1 Lo £Cos’O/2 ~—_Cos/2 
Sind Ces6 | 


1 Z£SinO/2CosO/2 SinO/2 





Sol. 


10. 


Sol. 


11. 


Sol. 


1+tang@ tan2a =Sec2a © 
Sina Sindta — CosaCos2a + SinaSin2a 








LHS=l+tane tanze@ =1+ 








Cosa Casta = CesaCos2a 
_ Cosa (1-2Sin?@) + Sina .2SinaCosa _ S0SE 281 a + 25G | 
. - CosaCos2a Cosa Cos2a 
= - = Sec2a =R.HS 
Cos2a ; 
2Sin@ Sin26 Seas0 aad 
Cesé + Cos3@ 
LHS = og sin28 0830 = aCos*O —3 Cos) 
Cos84+ Ces3@ 
2SinOSin2@  —-—=—=s2SinOSin2@ . —«ZSinO Sin2o- 





” Cos0+4Cos*6—3Cos@  4Cos°@-2Cos0 ZCos0(2Cos*0 -1) 


Sin Sin20 =tan@tan2@ =tan2@ .tan@ =R.HS 























” Cas6 .Cos2e 

Sin36  Cos30 ; 9 

_ = aisaid 
Sin@ Cas0 
Lg 51738 Cos30 _ Sin30Cos@—Cos30SinO _ Sin(30-0) 
" Sin@ Cos Sin@ Cos@ ‘Sin@ Cos 
Sin2@  —- 2. Sin@-eas6 | 

= ———--— = - =2=R.HS: 

Sin@Cos@ . SinBease 

Cos30 wera = 4Cos26 Federal 

Casé Sin@ 
: My g = C0838 , Cos30 _ Sind Cos30-+Cos0 Sin30 

Cos Sin€ Cos Sin@ 


_ Sin(@+3@) | 2Sin4é _ 2Sin2(20) 
SinOCas@ =. 2Sin@ Cos? Sin2@ 
_ 2.2 Sint Cos26 


Sit 





=4Cos26 =R.H.S 





COLLEGE MATHEMATICS-1 sn TRIGONOMETRY _ IDENTITIES 


12. 


Sol. 


13. 


Sol. 


14. 


Sol. 


15, 


Sol. 


tan@/2 + Cot@/2 z 


=Sec@ 
Cot@/2-tan@/2 


_  Sin@/2 : Cos@/2 
= tang [2 + Colt) 2 , Cosble.__Bine/2 




















.H.S = 
wee Cot@/2-tan@/2  Cos@/2 _ Sin@/2 
Sin@/2 Cos@/2 

Sin?@/2+Cos?6/2 
_  SinO/2CosO/2,— __ 1 : Sin@LeeE 2 

Cos’@/2-Sin?@/2 Cos 2 Cos*@/2 -Sin’@/2 

Sin0/2Cos@/2 
1 

= — =Sec@ =R.H.S 

Cos@ , 
Sin3@ = Cos3@ 

+ = 2Cot2@ 

Cos@ ~— SinO 
Lug 51730 , Cos30 _ Sin3@ Sind +Cos30Cosé 

~". Cos@ — Sind Sin@ CosO 

_ Cos30Cos0+ Sin30 Sind _ 2Cos(30-0) _ 2Cos20 = 2cot20 
Sin@ Cos@ 2Sin@ Cos@ Sin2@ 
, 2 

Sin’ @ =(Sin?@ )? = Gee Faisalabad 2009, Federal 
1—2Cos20+Cos* 20 . ] Sin?@ = 18082? 


3 i ee ee et) 


4 


1 | 2-—4Coes? Rs A 
ii 4Cos sotto) - ; (3-4 Cos20 +Cos40] Cos’ 29 == @ 


_ 3=4Cos20+Cos40 

8 
When @ = 18° Multiply by 5 
then 50 =90° > 20 +30 =90° > 26 =90°-3@ 
Sin (20) = Sin (90°-30) = 2Sin@ Cos@ =Cos30 











Sol. 


2sin8 Ces® = 4Cos?@ —3Cosd = Cosf (4Cos’ 6 -3) 
2Sin@ =4(1—Sin?@)-—3 => 2Sin@:= 4—4Sin’?@ —3 








ASin’ @ +2Sind -1=0 a=4,b=2,c=-14 
ao ~b+ Jb? -4ac  -2*,f(2)?-4(4)(-D 
I i i Oe 

2a 2(4} 

—-2+ —2+ —2+ Z{-lt£V3 

sing = r2tyStl6 _ -24V20 _ -222V5_ 2-145) 

8 8 8 B, 
Sin@= == 5a. ae ene = a Because 18° is in I quadrant 


2 
Cos*@ =1-Sin’@ =1- (=i) =1- se 


541-205 _ 16- 16-6425 - 10+2V5 | 
i- : 
16 Tie Ag. 


Cos*@ = 


| i0+2¥5 ns 
W285 sega OB 5 cui gl OTE 


; 2 W104 25 oe : 
Cos18° = a (Because 18° in I quad} 
When @ = 36° 


then Cos2@ =2Cos’@ -1 
Put @ =18° => Cos2 {18°} = 2Cos7{18°) —1 


0336? - [8] -2{ M28) 








—10+2V5-8 24+2V5 21+, /5) - 
8 gs 8 


Co ae, Sink 0. = 1-Cos 6 





COLLEGE MATHEMATICS-| TRIGONOMETRY IDENTITIES 
Sin’36° = 1 - Cos’36° . 
+75 : + -6-2 

sitar ea (1 S| --(! ‘8 18 6-25 


16 16 


= 10-295 —, sagt = O28 


4 
iii. When @ =54° 
ts 
Sol. Cos54° = Sin (90° — 54°) = Sin36° = 10 ~ 2 V5 
14+/5 
Sin54° = Cos (90° - 54°) = Cos36° = Se 


iv. When @ =72° 


J10+2V2 


Sol. Sin72° = Sin (90° - 18°) = Cos18° = og 


=14-/5 


Sin72° = Cos 72° = Cos (90° — 18°) = Sin 18°= 7 





1 
19. Cos36° Cos72° Cosi08° Cosi144° = 7 


Sol. L.H.S = Cos36° Cos72° Cos108° Cos144° 
= Cos36° Cos72° Cos(180° — 72°)Cos(180° — 36”) 
= Cos36° Cas72° (— Cos72°) (— Cos36°) 





= Cos’36° Cos*72° 
_(14V5) (V5-1Y _ (145 42V5) (541-25 
4 4 16 * 16 


_ (6+2V5)(6-2V5) _ (6)? -(2V5)’ 
16x16 16x16 
_ 36-(4%5)_36-20_ 16 tL 
16x16 16x16 16x16 16 


COLLEGE MATHEMATICS-! are TRIGONOMETRY IDENTITIES 
Formulas: Product To Sum 

i) 2Sina@ Cos B =Sin(a+f8)+Sin(a-Z) 

ii) 2Cosa@ Sin 8 =Sin(a+f)-Sin(a-f) 

iii) 2Cosa@ Cos 8 =Cos(a+f)+Cos(a-—f) 

iv) -2 Sina Sin B =Cos(a+B)-Cos(\a-P) 


Sum To Product 











v) _ SinP+SinQ = 2Sin fie Cos Fi 2 
i < Takea+BP=P&a-B=O 
vi) SinP —SinQ = 2Cos one Sin r 3 Y thena+ B+a-f =P+O 


P+Q 


P+O P-O =20=P+O>a= 

vii) CosP + CosQ = 2Cos hes i Cos. -———— 
er > i Similarly 

- ra te EM OE 
viii) CosP-CosQ~ =@Sin eens Sin ay ig 


~~ => 





Example — 1. Express 2 Sin 70 Cos3@ as a sum or difference. 
Sol. 2Sin7 2 Cos3 @ = Sin(7@ +30)+Sin(7@0 -3@) 
= Sin10@ +Sin4é@ 
Example — 2. Prove Sin19°Cos11° + Sin71° Sin11° = 1/2 
Sol. L.H.S = Sin19°Cos11° + Sin71°Sin11° 


l 
- [2Sin19°Cos11° + 2Sin71°Sin11°) 


| 


2 [2Sin19°Cos11° — (-2Sin71°Sin11°)] 


= — [{Sin(19°+ 11°} + Sin(19° — 11°) — {Cos(71° + 11°) — Cos(71° — 11°)}} 


| 
= ]Sin30° + Sin8° — Cos82° + Cos60°} 


COLLEGE MATHEMATICS-1 Ts TRIGONOMETRY IDENTITIES 





1 1 
= — sin —Cos(90" —8" +5 
2 {12 ? 
VA Re eet es rg 
= sink — sire? 1 
2 ; + | a (1) = 1 ans 
242-2 2 2 
Example — 3, Express sin5x + sin7x as a product Sargodha 2008,09 
Sol. Sin5x + Sin7x = 2 sin +P ogg see =2sin6xcosx 


Example — 4. Express CosA + Cos3A + CosA + Cos7A as product. 
Sol, CosA + Cos3A + CosSA + Cos7A 
= [Cos7A + CosA] + [Cos5A + Cos3A] 


JA+A TA-A 5A+A 5A — A) 
= | 2cos| ———— |cos +|2cos}| ———— Icos | 
2. ves 2 Rr<e 2 


= 2Cos4A Cos3A + 2Cos 4A CosA 








= 2Cos 4A [Cos3A + CosA] 
=2Cos 4A 2cos{ 3A +4 Jecos| a4 - é | 
. \ J 


= 2Cos 4A [2Cos 2A CosA] = 4cos4ACos 2A CosA 





Example — 5. Show that Cos20° Cos40° Cos80° = Multan 2007 


ol|— 


Sol. L.H.S = Cos20° Cos40 °Cosg0° 


| 


= — Cos20° [2Cos80°Cos40°] 


= — Cos20° [Cos (80° + 40°) + Cos (80° — 40°)] 


; \ 
= — Cos20° [Cos120° + Cos40°] = — Cos20° \-4 ~ Cosa" 


tie 


COLLEGE MATHEMATICS-1 576 TRIGONOMETRY IDENTITIES 


—1+2Cos40” 1] 


1 
= — Cos20° [- = — Cos20° [- 1 + 2Cos40°] 
; [ 5 ] [ 
= : [- Cos20° + 2Cos40°Cos20° 
2 : [- Cos20° + Cos (40° + 20°) + Cos (40° - 20°)] 
= ; [- Cost + Cos60°) + Cost” = [Cos60°] 
ge ( | - rus 
4\2 
1.1. 2Sin3 6 Cos@ ii. 2Cos5 8 Sin3 8 Faisalabad 2008 
Sol. = Sin(30 + @)+Sin(30 -@) Sol. =Sin(50 +3@) - Sin(S@ -36@) 
=Sin4@ +Sin2@ =Sin8@ —Sin2@ 
iii. SinS @ Cos@ iv. 2Sin7 6 Sin2@ Multan 2007,Sgd 2011 


Sol. = —(-2Sin7@Sin2 0) 


Sol. = A (2Sin5 @ Cos2@) 
2 -[Cos(7 8 +2@)-Cos(7@ -2@)) 


5 [sin(S 8 +20 )+Sin(S -20)] = —(Cos9@ —Cos5@) 
= Cos50 -Cos9d 
= = (Sin7 0 +Sin3 0) 
Vv. Cos(x+y)Sin(x-—y) | Rawalpindi 2009 
/ 
Sol, < c= 3 (2Cos (e+ y) Sin(x- y)) 


<= =(sin ((x+y)+(x-y))—Sin(x+y)-(x-y)) 
= 5(Sin(x+ f+x- f)-Sin(d+y- 4 +y)) 


= £(sin2s — Sin2y) 


COLLEGE MATHEMATICS-1 577 TRIGONOMETRY IDENTITIES 


vi. Cos (2x + 30°) Cos (2x — 30°) 


Sol. = 5(2C0s (2x+ 30" )Cas(2x-30°)) 
: 5 cos (2x + 30” + 2x - 30°) +Cos(2x + 30°)-(2x- 30") 


| Cs (24+ 30° + 2x— 30°) + Cos( 24 + 30° 24 + 30")| 


2 
= ( Cos4x + Cos60° ) 
vii. Sin12° Sin46° 
Sol = + (— 2Sin12°Sin46°) = — ; (Cos (12° + 46°) — Cos(12° — 46°)) 


=- ; (Cos58° — Cos( — 34°)) = - : (Cos58° — Cos34°) 


viii. Sin (x + 45°) Sin (x — 45°) Multan 2008 


Sol. =- £(~2.in(x+45°) sin( x 45°)) 


a S[cos [(x + 45°) +(x 45° )| = Cos| (X+45")—(x-45° )]] 
=- 5| Cos(x+ 4a 45°) Cosh +45" £445") 
-=- $[cos2s — Cos90° | = “{- Cas2x + Cos90" ) 


= 5(Cos90" —Cos2x ) 





2.i Sin5 8 + Sin3@ Faisalabad 2007 
50 + 150 =30 

Sol, = 2sin + os = 2Sin40Cos0 

ii. Sin8@ -Sin4@ Sargodha 2008 


86 + 40 ,, 86-46 
+ Sin 
9 im 


= 2Cos60Sin2 0 





Sol. = 2Cos 





COLLEGE MATHEMATICS-1 Beye TRIGONOMETRY IDENTITIES 


Sol. 


Sol. 


Sol. 


vi. 


Sol. 


3.i 


Sol. 


Cos6@ +Cos30 











= 2Cos ors ee = 2 Cos = cos 
2 2 2 
Cos7@ -Cos@ Multan 2008, Lahore 2009, Sargodha 2011 
= —2Sin 1 +e Sin? =< =-25Sin4@ Sin3 0 
Cos12° + Cos48° 
0 a 0 a 48° 
2 2 
= 2Cos oS Cos > oe ) Cos(-6) = Cosé 
= 2Cos30°Cos(18°) 
Sin (x + 30°) + Sin (x - 30°) Multan 2008 
x 4 + x cele 0 ca bs ay 
Be BO +x- 3" cog (430")- 30") 
2 2 
=2 Sin 2x as( £230" -4 +30" = 2SinxCos30° 
Zz 2 
Sin3x — Sinx 
———————__ = Cot2x Lahore 2009 
Cosx —Cos3x 
mee Sin3x — Sinx 


Cosx —Cos3x 


>Cos 3x+x Sin 3x- —% 

Poy a _ Cos2xSinx _ —_ Cos2xSinx — _ C os2x Sim 

_25in 3x+x Sin a 3x — Sin2xSin(—x) — Sin2x(—Sinx) — Sin2x ‘Sin2dx Sie 
2 2 

Cot2x = R.H.S 


Sin8x + Sin2x 
Cos8x+Cos2x 


= tan5x 


COLLEGE MATHEMATICS-| WAS) TRIGONOMETRY _ IDENTITIES 














=o 
= 5 2Sin ese Cos aes 
Sin8x + Sin2x 2 2 
Sol. L.H.S = ————————_ = 
Cos8x +Cos2x _ 8x+2x_, 8x-2x 
2Cos Cos -———— 
Zz 2 
= Sin3x Cos3x = tan5x = R.H.S 
CosSx Cas3x 
iii, oe or ieee one Sargodha 2010 
Sina + SinB 2 2 
Sol, LHS= Sina — SinB 
Sina + SinB 
dost + B) sin = By cos 73 é sin 5?) 
Simo Py toe — Sin 2 B Cos| & os 
2 2 2 2 
= Cot (=e) tan ew = tan (#5? co (# = p) 
2 2 2 2 
4.i Cos20° + Cos100° + Cos140° = 0 


Sol. _L.H.S = Cos20° + Cos100° + Cos140° 
20° + 100° 20’ — 100° 
= 2Cos a coo{ 2100) + Cos (180° — 40°) 


= 2Cos 60° Cos(— 40°) — Cos40° 


] 
= Zz (+) Cos40° - Cos40° 


Zz 
= Cost’ ~ Cost =0=RHS 


ii. Sin (4 - 0] Sin (4 + 0] = 2 Cos20 
4 4 2 


“be Ssin [4 Z 0] Sin [4 + 6] 
4 4 


$ 


° 


COLLEGE MATHEMATICS aT t / IDENTITIES 


se 1 {-25in (= 7 6] sin( * + 0) 
30 §-Aof od) -ol(S-4} (5-9) 
=~ ; [Cos (25-5 ] -os(f -O- Z- 0| 


4] 
~ {Cos — ~Cos{-28 
=— 5! os — 2 { q 
1 i. 
=— —[0-Cos2@]= —Cos2@ =R.HS 
2 > 


SinO + Sin3@ + Sin50 + Sin70 | 
i. eee = tan4 Sargodha 2011 
Cos +Cos30+Cos50+Cos76 wane 
SinO + Sin30 + SinS@ + Sin76 
Cos0 + Cos3@ + Cus5@ +Cos7@ 
asin® t 28 cq 9 = 39 9 559 58+ 7E C5 58 -76 
2 ae ae 2: 2 


2Cos eB 38 659 = 20 aco : 78 cng 36 : 70 


Sol. L.H.$ = 








_ 2Sin2@ Cas (-0}+2Sin 60 Co(-#) 
2C 0528 Cos (-8)+2Cos 68 Ca(-0) 
2 8{<) (Sin20+ Sin60) * 
” Cor By (Cos204Cos60) 
204+60 20-60 
ai = OS _ ASins0 Coy facet a se 
= tan 
| 2g 20+ 88 5 20-80 6b ae 





5.i Cos20° Cos40” Cos60" Cos80° = 1 Faisalabad 2008, Sargodha 2008 


Sol. L.H.S = Cos20° Cos40° Cos60° Cos80° 
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] 
= Cos20° Cos40° (<) Cos80° 


1 
=r (Cos20° Cos40°) Cos80° 


] 
= Z (2Cos20° Cos40°) Cos80°  (‘x’ & ‘+’ by 2) 
] 
= 3 (Cos (20° + 40°)+ Cos(20° —80° )} Cos80° . 


[ (Cos (20° + 40°) ] Cos80° + (Cos (20° — 40°)) Cos80° 


-|- 


(Cos60° Cos80° + Cos20°Cos80° —(Cos(-20°)= Cos20°) 


| 


( 5 Cos80° 2 0820" Cos80° 


-\|— 


1 
: (Cos80° + Cos (20° + 80°) + Cos (20° - 80°)) 


; (Cos(180° — 100°) + Cos (100°) + Cos (- 60°)] 


sl- CastOF + Cost + Cos60* | 


2 : t 
ii. Sin z Sin = Sin a Sin x = & Multan 2009 
;. £5 6: 
2 
Sol; LAS Sin Sin Sin = Sin 


= Sin20°Sin40°Sin60°Sin80° 
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3 
= Sin20°sin40° ~— sin80° 


MI (Sin20°Sin40°)Sin80° 


= 


ox a (-2 Sin20°sin40°)sin80° 
ae - [Cos (20°+40°) - Cos (20° - 40°)] Sin 80° 


2 


a Cos20° )sin 80° 


id [Cos 60° — Cos (— 20°)} Sin80°= 


"= - 5 Sin80° — Cos20°Sin80°) 


f3 Sin80° —2Cos20° Sin80° 


3) 


4 2 
V3 o ° Oo 
2 a {Sin (180° — 100°) — [Sin (20° + 80°) — Sin (20° - 80°)}} 
oS Sint ° 
oe + Sin (- 60 )| 
w= 43 ¢ singer) 2-9 [2-3 - ans 
8 8 2} 16 


1 
iii. Sin10°Sin30°SinSO°SIN70° = Pr Multan 2007, Faisalabad 2008, Sargodha 2009 
Sol. L.H.S = Sin10°Sin30°Sin50°SIN70° 


= $in10° G Sin50°Sin70° 


(Sin10° SinS0°)Sin70° 


ors 
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1 
ov Zz (- 2 Sin10° Sin50°)Sin70° 


- [Cos (10° + 50°) — Cos (10° ~ 50°}] Sin70°} 


- i [Cas60° — Cos(— 40°)] Sin70° 


1 ‘ 
=< [Cos60° Sin70° — Cos40°Sin70°) 


ae i. Cos70° — Cos40°Sin70°) 
4 2 


" 


1 [Sere ~2Coes40" Sin70° 


4 2 
=~ : [Sin (70°) — {(Sin (40° + 70°) - Sin (40° — 70°)}] 
a [Sin (180° — 110°) — Sin110° + Sin ( - 30°)] 
YU sie - Sint 10° - Sin30° | 
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Q#1. Select the Correct Option (10) 
i. Sin294° = 
a) Sin24° b) Cos24’ 
c) —Sin24° d) —Cos24" 
ii, Sin20 = 
27Tan@ 2Tan@ 
a) pares - b) ree eee EP 
1-—Tan'0 1+Tan-@ 
¢) ie toe d) a ls 
1+Tan@ 1—Tan°@ 
a # i) 
iil. Cos| —+ = 
os a °F) 
a) Cos B b) —Cosp 
c) SinB d) —SinpB 
iv. Cos @/2 is equal to: 


¢) + — d) + 1l+Cos0 





‘3 |! —Cos20 4 : fi-Cos0 
2 2 
4 
I 


v. Sin 6/2 is equal to: 
a i 1+ Sina b) ‘e 1-—Cosa 
2 2 
. ‘v es) oes v* 
¢) | +Cosa 4) + l— Sina 
2 \ 2 
vi. Cos’ @ is equal to: 
a) 1+Cos20 b) 1—Cos2@ 
1+Cos20 1—Cos2@ 
c) i d) ee et 
2 2 
Vil. lana —@) equals: 
a) Tan @ b) Cota 
c) Tana d) —-Cola 
viii. 3Sina@—4Sin’ a is equal to: 
a) Cos3a b) Sin3a@ 


c) Cos2a a 9 “Sire 
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ix. 


lf-a+B+y =180" then Cos(a+ B)= 











a) Siny b) Cosy 
c) —Cosy d) —Siny 
x. 2Sin12° Sin46" = 
a) Cos34’ + Cos58" b) Sin34° -Cas58° 
c) Sin34° + Sin58" qd) Sin3 4’ —Coas58" 
Q#2. Short Questions: (10 X 2 = 20) 
i, State the Distance Formula: 
ii. ExpressCos7@ + Cos@ as product 
iii. Prove that Cos330" Sin600° + Cos120° Sin150° =—1 
iv. Find the value of Sin2a@ and Cos2.@ when Cosa = 3/5 where 0<@ < 7/2 
Vv. Prove that Sie = SP tan (#5? \cor{ 27) 
Sina + SinB 2 Z 
vi. Prove that Sin(90° — a)Sin(180° +a) =—SinaCosa 
vii. Show that Cos(a + 8).Costa - B) = Cos’ B-Sin’a 
1— Cosa 
‘i Prove that —— =Tan@ 
viii. Bales hi af, 
iy. Without using table/calculator find values of Sin75” and Tan75° 
x. Prove that C ost" Simi” = Jans6° 
Cos) 1° — Sint” 
Long Questions: (2 X 10 = 20) 


Q#3. (a) Express 3Sin0 + 4Cos@ in the form of rSin(@ + @~) 


(b) fa + B+ y =180" show that CofaCorP + Cot fCoty + CotyCota =) 


Q#4. (a) if Sina = 4/5 and Sinf =12/13 Find value of Cos(a — 8) 


Where 2/2<a@<aandn/2<B<a 
(b) Prove that Sinl0° Sin30° SinS0” Sin70° =1/16 


, 


COLLEGE MATHEMATICS-1 
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TRIGONOMETRIC FUNCTIONS 
AND THEIR GRAPHS 








Domain & Range of Trigonometric Functions: 


ne 


| y = Secx 











on 


tt) 
—D<x< 0 al i nez Sgd 2011 








Period of Trigonometric function: 


The smallest + ve number which when added to the original circular measure of the 


angle gives same value of function is called period. 


Sine is a periodic function and its périods is 27. 


Suppose p is period of sine function such that 


Sin (0 +p)=Sin 0, V O-e R ——— ] 
Now Put @ =0 
=> Sinp=0—=> ~~ p=Sin'od 


5 > ——. SS ——————_+ —__ 
y = Cotx —-O <xX<0O,xFNA,NEZ. Mult 2009 
pe -} 








SS =e 
Function Domain Range 
-y = Sinx | 00 <x<+00 Mult 2007,09 Fsd 2008 |-i<y<1 
| Guj 2009 Sgd 2009 
— aati ai pene eee dioeipeannrapeidiienttomas sansa ected -_--—————————___——} 
y = Cosx —-2 <x<+o00 Lhr 2009 f=1<y<1 
y = tanx ES =< <y<o “wal 
| —0O <x <+ 00, xF Z,NEZ 
eae Fsd 2009, Sgd 2010, Rawal 2009 


-OD<y<w 





Sed 2006, 011 | 








y>lory<- —1 ~ Fsd 2009 
ee | 


lyse Cosex —-O <X<+ oO. x#nanez yetorys-1 


Federal 
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= P= O02 2, HPF SR, cas 
If P= 7 then form! 
Sin (7 +@)=Sin @ False because |sin(z7+@)= —sin@ 
if p=27 then from (I) 


Sin (277 +0) = Sin @ (Which true) As 2 7 is smallest + ve number for which 
Sin (27 +@)=Sin @ 
..27 is period of Sin @ 
Similarly we can prove that 
(i). 27 is period of Cos 
(ii). 27 is period of Cosec@ 
(iii). 27 is period of Sec@ 
Theorem: Tangent is periodic function and its period is 7: Federal 
Proof: Suppose p is period of tangent function such that 


I 





Tan(@ +p)=Tan8, V AER 
Now put @ =0 

Tan (0+ p) = Tan0 => p=Tan’ (0) 

p=0,+2 ,+274+327 

lfp = 7 then from! 

Tan (@ + 2) =Tan(@) Which is true 

As 7 is smallest +ve number for which Tan (0 + 2) =Tan@ 


.. @ is period if Tan @ 


Example. Find the period. 
t, ¥ 
(i). Sin 2x (ii). Tan G 
3 
Sol. (i). We known that the period of Sine is 2 z 
“Sin (2x+2)=Sin2x —- Sargodha 2007, Multan 2008, Faisalabad 2009 


=> Sin 2(x + z) = Sin 2x 


= - - = 
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Sol. 


Sol, 


Sol, 


Sol. 


Hence 7 is period of Sin 2x 


(ii) We know that period of tagent is 7 


“. Tan e + n| = Tan (=) 
3 3 


=> Tan Sie +32) =Tan (=) 
3 3 


x 
Hence period of Tan 3 is3 z 


Find the periods of the following functions: 
Sin 3x Note: 


We know that period of sine is 2 7 1. Period of Sin x, Cos x 


Sec x, Cosec x is 277 


“. Sin (3x +22) = Sin 3x => Sin3 (+= = Sin 3x 
3 2. Period of tan x and 


Cot xis 7 





Hence 2 is period of Sin 3x 


Cos 2x Multan 2009, Rawalpindi 2009 

We know that period of Cos is 27 

, Cos (2x +27) =Cos 2x = Cos 2 (x + 2) = Cox 2x 
Hence period of Cos 2x is z 

Tan4z Gujranwala 2009 


We know that period of Tan is z 


X 
“. Tan (4x+ 2) =tan 4x => THES He TaN 


1 
Hence period of Tan 4x is a 


Cot 


Nm |e 


We know that period of Cot is 


= 7s -_- = - e 
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Sol. 


Sol. 


Sol. 


oe Cot (= + 2)=Cot~ = Cot ze =Cot ~ 
Ss eet 2 2 2 
1 
=Cot— (x +2) = Cot 
2 2 


Period of Cot . is2a 


sin . Sargodha 2008, 2011 


We know that period of Sine ts 27 


“. Sin (4 + 2n | = Sin 


Wie. 





x +6 ] 3 
= sin(7 °2) «sin X= sin 5 (x4 677) =5in 3 
3 3 Sess, 3 

; dea 

Hence 6 7 is period of Sin 3 


x 
Cosec — 
4 


We know that period of Cosec is 27 


x oe 
“. Cosec is + 2 | = Cosec — 
4 4 





=> Cosec ( “| = Cosec ; => Cosec ti +87) = Cosec : 


< 
Hence 8 zr ts period of Cosec 4 


x 
Sin 5 Faisalabad 2007, Multan 2008, Sargodha 2009 


We know that period of Sine is 277 


“. Sin x + 27 | = Sin = => Sin aera = wn 
5 5 5 5 


-_e 
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{— 


=> Sin = (x + 10x) = Sin z 


ca 


Hence 107 is period of Sin ; 


8. Cos ; Multan 2007, Faisalabad 2008, Sargodha 2008 


Sol. We know that period of Cos is 27 
x + 127 x 


-. Cos = + an = Cos = => Cos | —— = = Cos— 
6 6 6 


6 


=> Cos (x+127) = Cos ~ 
6 6 


. : x 
Hence 12 7 is period of Cos 6 


9. Tan : Multan 2007, Faisalabad 2008, Sargodha 2009 
Sol. We know that period of Tan is 7 


a Tan (= + 7) =tan = => Tan [+ = Tan = 
7 7 7 7 


] x 
=> Tan 7 (x+77)=Tan 4 ; Hence 7 7 is period. 


10. Cot 8x Faisalabad 2007, Sargodha 2010 


Sol. We know that period of Cot is 77 


, Cot (8x + 2) = Cot 8x = cota» + | = Cot 8x 


x 
Hence 8 is period of Cot 8z 


11. Sec 9x 


Sol. We know that period of Sec is 2 7 
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12. 


Sol. 


hoe 


Sol. 


14. 


Sol. 


Sol. 


Z 
“. Sec (9x+27)=Sec9x > sec 9{ x + =) = Sec 9x 


2m 
Hence oO is period of Sec 9x 


Cosec 10 x 
We know that period of Cosec is 2 7 


.. Cosec (10x + 2 7 ) = Cosec 10x 


Ps 

= Cosec 10 (« + = = Cosec 10x 
a 

=> Cosec 10 € + 4 = Cosec 10x 


z 
Hence . is period of Cosec 10x 


3 Sinx Faisalabad 2009 


We know that period of Sine is 2 7 
“. 3 Sin (x +277) = 3 Sinx 
Hence 27 is period of 3 Sin x 


2 Cos x 


_ We know that period of Cos is 2 7 


“, 2Cos(x+27)=2 Cos x 


Hence 2 7 is period of 2 Cos x 


3 Cos = Sargodha 2011 


What know that period of Cos is 2 z 


*:-3Cos ( + 2n = Stns 
5 5 


=> 3Cos — a Ces a tans (x +107) =3Cos ~ 
5 5 5 3 


x 
Hence 10 z is period of 3 Cos . 
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COLLEGE MATHEMATICS-| tae = TRIONOMETRIC FUNCTIONS AND THEIR GRAPHS 


1. Draw the graph of each of the following function for the intervals mentioned against each 
i. y = Sinx xé€[-27,27] 





ii. y =2Cosx x € [0,27] 
Sol. y=2Cosx [0,27] 





COLLEGE MATHEMATICS-1 TRIONOMETRIC FUNCTIONS AND THEIR GRAPHS 


iii, y = Tan 2x xe [-7, 7] 


Sol. 





2 2 we 


poe ar pe 








x €[-2n,2n) Y 


iv. y=tanx xe[-27,27] 


apa 


















27 = 360° 
0 
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x¢€[-2n,2z2] Y’ 


Vv. Y=Sin x € [0,27] Federal 


Sol. Y = Sin 


Ole wel 
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: x 
vi. y=cos 5 xe[-z,z7] 





-180° -120° -60° 60° 120° 180° 


2(i). yy, =sinx, ¥2 = sin 2x Federal Board 
9 
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2 (ii). Y,=Cos x 
Sol. 
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3{i). Sinx=Cosx , x € [0, z] 
Sol, Take y; = Sin x _ _Y2= Cos x 






(ii). Y,=Sinx y.=x ,xe€([0, 7] 
Sol, 
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Lise felt es tS Marks: 15 


Q#1. Select the Correct Option 

i Period of Cos x/6 is 
a) 127 b) 67 
c) 2a d) a 


ii. Period of 3Cos x is 


a): 3(2z) b) = 

c) 27 +3 d) 2x 
iii. Period of Zan x/3 is 

2 

a) a b) 67 

c) 3x d) x/3 
iv. Period of 3C'os.x/S is: 

a) 4x b) 10x 

c) Sx d) 22 
Vv. Period of Cosec 10x is: 

a) = b) = 

c) 2 d) = 


Q#2. Short Questions: 

i, Write the domain and range of y = Corx 
ii. Find the period of Sin x/3 

iii, Write the domain and range of y = Tanx 
iv. Find the period of Cor8x 


Vv. State the Domain and Range of Sine Function 
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Sol, 


Application of 
Trigonometry 


Find the values of: 

Sin 53° 40’ 

Sin 53° 40° = 0.8056 

Tan 19° 30’ 

Tan 19° 30’ = 0.3541 

Cos 42° 38’ 

Cos42° 38’ = 0.7357 

Sin 18° 31’ 

Sin 18° 31’ = 0.3176 

Cot 89° 9’ 

Cot 89° 9’ = 0.0149 

Find @, if: . 

Sin 9 = 0.5791 

@ =Sin* (0.5791) 
=.35° 23’ 

Cos @ = 0.5257 

@ = Cos* (0.5257) 

= 58°17 

Tan @ =21.943 

0 = Tan™ (21.943) 

=$7".29 


viii. 


Sol. 








APPLICATION OF TRIGONOMETRY 








Cos 36° 20’ 
Cos 36° 20’ = 0.8056 
Cot 33° 50’ 
Cos 33° 50’ = 1.4920 . 
Tan 25° 34’ 
Tan 25° 34’ = 0.4784 
Cos 52°13’ 
Cos 52° 13’ = 0.6127 


Cos @ =0.9316 
@ = Cos’ (0.9316) 
= 21° 92’ 

Tan@ = 1.705 

@ =Tan” (1.705) 
= 59° 36’ 

Sin 0 = 0.5186 

@ =Sin* (0.5186) 
= 31° 14’ 
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EXERCISE 12.2 


important Formuias in right angle triangle 





1). a+ B+ y =180° 
a + B +90° = 180° 
a+ B =90° 
2). a +b?=¢’ 
3), Sing = = a@=Sin7 (= 
; c ec 
So eer, 
4). Cosa@ = —~=>a=Cos lc 
c Cc 
. = 5 pea) 
5) Tan@ = —=>a=Tan 5 
r b} 
1. Find the unknown angles and sides of the following triangles. B 


Sol. a=4,b=?,c=?, @=45°, y =90°, B =? 





B =90°-@ 4=¢ 
< Ore Oo. ° ‘i = ace fi 
B =90°-45° =45 = |p =45 Cy 
a 4 + ee b C 
Sing =— => Sin4S® =-—-> c= => c= 5.656 
c c 0.7071 ES S658 
a 
tana = — 
b 
q i4 Ae ee 
rascals pastes Mins b=4 
ii. 
Sol. B =?, @-=60°, y =90° c=12,b=?,a=? 


B =90°-@ 
B =90°-60° = 30°=>| 8 = 30° 
Sin ae => Sin 60°= = a= 12 (0.866) =>fa = 10.39 





Now a’ + b’ = c’ => (10.39)? +b’ = (12)? => b* = 144-108 = b*= 36 => b= 
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ith. 


Sol. 


Sol, 


Sol. 


vi. 


Sol. 


b=5,c=10,a=? , ¥ =90°,@ =, B=? 
a’ +b? =c?=> a’=c*-b’ => a? = 107-5? = 100-25275-—> a= 8.66 


5 


Now Cos @ = a —= i a =Cos* 5] 
oa 2 


= Cos* (0.5) = |a = 604 
f = 90° -.@ =90°-60° = 30° => | 2 = 304 





a= Si b27e=?\: a =40°, B =?, ¥:=90° 


~on?. = 90° — 40° Po 
f =90°- a =90°-40° = | B = 507 


a 8 8 8 
Sin @ = — => Sin.40? = —-=5.¢ 5 ———___ = c= 12.44 
e c Sin40" 0.6427. © 


a’ +b? =¢? => (8)? +b? = (12.44)’=> b’ = 154.89 -64= 90.89=>b = 953 





a=?,b=?,c=15, a =56°, B=2, y =90° 
B = 90° a =90°-56? => |B = 344 
a 


Sino DES 
ew id 





; | 
Sin 56° = = => a= 15 (0.890) = 


a’ +b? = c?=> (12.43)* + b’ = (15) => b’ = 225 - 154.50 - 70.49 = 8.39 


a=8)b=8,c=? , @ =?, B =?, ¥ =90° 
a+tb=e? 


8+ 8° =0 = 644+ 6420 => 8 =128=c=1131 


= Pasa =tan* (1) => /a = 459 


B =90°-a@ =90°-45°=> | B = 45° 


tan @ = 





o/s 
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Solve the right triangle ABC, in which y = 90° 


2. 


Sol. 


Sol. 


@ =37° 20’,a=243 Faisalabad 2007, Multan 2008, Sgd 2009,10, 11 
@ = 37°23’, B =?, y =90°, a=243,b=?,c=? 


B =90° -@ =90°-37° 20’ =| B =52° 40’ 
243 243° 
Sing SS sSing7ae's 2 ates 
c Ge 0.6064 
a’ +b>=c? => (243)? + b? = (400.69) 


b’ = 160552.48 —- 59049 = |b = 318.59 


a = 243, b = 318.59, c = 400.49 

a= 37°25', B= 52°40',¥ = 90° 

@ =62°40',b=796,a=?, c=?, B =?, y =90° 

Cosa = bas (62°40’) = 7s C= = => c= 1733.57 
c c 0.4592 

a’ +b’ =c? => a? =c’—b? = (1733.57) - (796)? = 2371670.174 


=> ic = 400.69 






















= fa = 1540.02 
8 = 90° - a = 90° - 62°40’ => |p = 27°20’ 
a = 1540.02, b = 796, c = 1733.57 














a= 62°40', B = 27°20', y = 90° A b=796 
a=3.28,b=5.74 Sargodha 2008 
a=3.28,b=5.74,c=? , @=?, B =?, ¥ =90° 
c’ =a’ +b’ = (3.28)? + (5.74)? = 10.75 + 32.94 = 43.69 > = 6.61 B 
tang= 4 = 22 = 0.5714 
bh 5.74 


@ = tan” (0.5714) = [a = 29°44'41"| 
f =90°-a@ =90°- 29°44’ 41” =>[ B = 60°15'18”| 
3.28.0 = 5.74.0. 661 
= 29°44'41", B= 60°15'18", y = 90° 
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5. 
Sol. 


Sol. 


b= 68.4,c=96.2 
a=?,b=68.4,c=96.2 , a@=?, B =?, y =90° 
a’ +b?=c? => a’ +(68.4)’ = (96.2)" 

a’ = 9370.24 — 4678.56= 6575.88 => a= 67.64 


b 67.64 
Cos@~ = — = — 
c 96.2 


a =Cos*(0.7031) => |@ = 45°19’20” 
B =90° -a@ =90°-45°19'20" = 44°40'40” 
a = 67.64, b = 68.4, c = 96.2 








a= 45°19'20", B= 44°40'40"., y = 90° 





a = 5429, c = 6294 7 i 
a= 5429;b=?,c=6294 , a =?, B =?, y =90° 

a’ +b’ =c? => (5429)" + b? = (6294)? om a = $429 
b’ = 39614436 — 29474041 = 10140395 = |b = 3184.39] 

Sing = : = ee = 0.862 => a = Sin” (0.8625) >|@ = 59°36'21”| 


B =90° -—@ =90°-59°36'21” = | B = 30°23'38” 


5429, b = 3184.39, ¢ = 6294 


Cc 


59°36'21", B= 30°23'38" , y= 90° 
B =50° 10’ ,c = 0.832 





B =50°10', a =?, y =90°,c=0.832,b=?, a=? 
a =90° - 8 =90°-50°10’ => @ = 39°50’ 


Sin @ = z => sin 39°50’ = wos = a= (0.832) (0.6405) =k - 0.5329| 
c 0. 


a+b’=c’ => (0.5329)? +b’ = (0.832)" 
b’ = 0.6922 — 0.2840 =0.4082. = |b = 0.6389) 
= 06389 - ¢ = 0832 
= 30°10', y= 90° 










a = 0.5329. b 
a= 39°50, B 
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EXERCISE 12.3 


WHER 4 lier or looking at B above the horizontal line, we have to raise our eyes then 





angle <AO8 is called of angle of elevation. (see figurel) Fsd 2008, Multan 2009, Sgd 2009,10 
ae at ceeiee == For looking at C below the horizontal line we have to lower our 


8 


eyes, then angle <AOC is called angle of depression. 


Sol. 


Sol. 


Figure: | 
c 
A vertical pole is 8m high and the length of its shadow is 6m. what is the angle of 


elevation of the sun at that moment? Gujranwala 2009 


Let require angle is @ then 

BC B 
tand = —— 

AC 

8 gm 
tan @ = aor tan @ = 1,33 


@ =tan* (1.33) = 53°7'48” A 6m c 


A man 18 dm tall observes that the angle of elevation of the top of a tree at a 


distance of 12m from him is 32°. What is the height of the tree? 





Let AE be height of man and h be the height of tree B 
Then tan @ = oe 
AC 

a es 
Tan spe ES 0.624 - BC A 

12 
BC = 12(0.624) AL) a 
BC =7.498m=7.5m q bs 

E 


h= BC +CD AE = CD = 18dm = 1.8m 
= 7.5m +1.8m>)/h= 9.3m] 
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3. 


Sol. 


Sol. 


Sol. 


Sol. 


At the top of a cliff 80m high, the angel of depression of a boat is 12°. How far is 
the boat from the cliff? Multan 2007, Faisalabad 2008 
Let x be required distance 


8! 





Then tan 0 = 
“ AC 


80 
Tan 12° = —-=> 0:2125= = 
x x 


80 
= => i = 376.37m 
0.2125 itt 
A ladder leaning against a vertical wall makes an angle of 24° with the wall, Its 
foot is 5m from the wall. Find its length. 

Let @ be length of ladder 








Then Cos @ = an Cos 24° = - 
AC L 











2 3 
fom = =| f= 5.47m] 
Cos24#" = 0.9135 
A kite flying at a height of 67.2 m is attached to a fully stretched string inclined at 


an angle of 55° to the horizontal. Find the length of the string. 
Let / be length of string then Multan 2008, Fsd 2009 
MA 


Sin @ = a Br gin 55° 65 O74 
“4B £ 
= eRe 
Sin( 55°) 


When the angle between the ground and the sun ai 30°, flag pole casts a shadow 
of 40m long. Find the height of the top of the flag. Sargodha 2008 
Let h be the height of plane then 


tan0 = a yaad 2 Ca 
AC 








h = 40 (tan 30°) 


h = 40 (0.577) => 


COLLEGE MATHEMATICS-1 a APPLICATION OF TRIGONOMETRY 


4s 


Sol, 


Sol. 


Sol. 


A plane flying directly above a post 6000 m away from a» anti-aircraft gum 
observes the gun at an angle of depression of 27°. Find the height of the plane. 
Let h be the height of plane then 


nesses 


AC 


tan27° = oo 
6000 


h = 6000 (tan 27°) => h = 600 (0.5095) = 3057.15 A “gi 





A man on the top of a 100 m high light-house is in line with two ships on the same 
side of it, whose angles of depression from the man are 17° and 19° respecting. 
Find the distance between the ships. 

Let distance between two shop is x then 

















tan @ = = 
tani7° = rep oe de = 100 
: tan17” 
AO ee Se he a 87 OR 
0.3057 

Now tan 19° = BC = 100 

CD CD 
Cp ee 8 aS s0809 


tan19" 0.3443 
x= AD = AC = CD = 327.08-290.42 => =36.7m 


P and Q are two points in line with a tree. If the distance between P and Q be 30m 
and the angles of elevation of the top of the tree at P and Q be 12° and 15° 
respectively, find the height of the tree. Multan 2007 B 
Let h be the height of tree & x be distance from p to A then : 


Tan @ = ah h 
AP 


} 
: —~->x+30 = : <1 oo 


Tan12°= = : ; A 
x+30 GORE | Ae ccccense us ep Rabat tlds 
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h 
0.2125 





=< 50 I 





<. ABR 
Again tan 15° = —— = — 
AQ x 








x= 


Seo 
tan 15° 0.2679 


h 
0.2679 





nce 
0.2679 0.2125 








Comparing I & I] 











ase es = 30> h yada )=30 
0.2125 0.2679 0.2125 0.2679 


h (4.7058 — 3.7327) = 30 


0.9730 h=30 > h= 0 = => Ih = 30.9 m] 


10. Two men are on the opposite sides of a 100m high tower. If the measure of the 
angles of elevation of the top of the tower are 18° and 22° respectively find the 
distance between them, (Federal Board) 

Sol. Let distance betweenA& is x, & x, between D & Cand his height 








Tan@ = BP ay tan18” _ 1 

AD xi 

a 

Sj Se ee SIE . 

tanl8° 0.3249 
Also tan@ = cond => tan22° = = ae | a 

D C x; A vert ereneewer ay sornerannenn: D)oennwenernrtin envvennee 
100 100 





X= - Se a = Bae 
tan22” 0.4040 mt 


Reluaried distance = X, +X, = 307.76m + 247.5m E 555.26m 
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11. Aman standing 60m away from a tower notices that the angles of elevation of the 
top and the bottom of a flag staff on the top of the tower are 64° and 62° 
respectively. Find the length of the flag staff. 





CD ? 
Sol. Let x be the length of flag staff then tan @ = pry k 
! 
= D 
o CD rn ° 
Tan 62° = tee. = CD = 60 (tan 62°) = 60(1.88)= 112.84 
BC BC 
Now tan 64° = —— = 2.050 = —— i 
AC 60 Ji C 
= ae es 60 
BC =60(2.0540) = BC = 123.01 
so. x = BC - CD = 123.01-112.84= [x = 10.17m 
12. The angle of elevation of the top of a 60m high tower from a point A, on the same 


level as the foot of the tower is 25°. Find the angle of elevation Of the top of the 


tower from a point B, 20m nearer to A from the foot of the tower. 














Sol. Let a be the required angle Let x be distance from B to C D 
Tan @ = cD => Tan 25°= ee 
AC x+20 
60m 
60 60 
x+20= = 
tan25’ 0.4663 — — 7 
* 
SN LO IDET SS 2 = 125.67 20 = LOB |; crisrcsnicnisiiiessas gay aicssschniclninte 
tan@ = wa = = = 0.5521=> @ = tan’ 0.5521 =>la = 28°54’16” 
BC 108.67 


13. Two buildings A and B are 100m apart. The angle of elevation from the top of the 
building A to the top of the building B is 20°. the angle of elevation from the base of 
the building B to the top of the building A is 50°. find the height of the building B. 

Sol. Let h be the height of building B and x be the height of A then 


Tan @ = = 
CD 

» DE 

Tan 20° = —— 


100 
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So 


14. 


Sol. 


15. 


Sol. 





0.3639 = am => DE = 100(0.3639) ae E 
Cee] 





a! : D 
DE = 36.39 
We a h 
Nowtan Oe = pnbo” = Se : i 
AB 100 
AC = 100(tan 50°) = 100 (1.1917) a 
AC =119.17 : = x 


h= BD + DE= AC + DE=119.17+36.39 >hh= 155.56 m 


A window washer is working in a hotel building. An observer at a distance of 20m 
from the building finds the angle of elevation of the worker to be of 30°. The 
worker climbs up 12m and the observer moves 4m farther away from the building. 
Find the new angle of elevation of the worker. 


Let @ be the new angle 


fans ee 


vi 








BD 

tana = —— 
AB 

anes x+12 5 11.54+12 _ 23.54 = 0.98 
24 24 ss BH 


@ = tan (0.98) => [a = 44°25] 


A man standing on the bank of canal observes that the measure of the angle of 

elevation of a tree on the other side of the canal, is 60°. On retreating 40 meters 

from the bank, he finds the measure of the angle of elevation of the tree as 30°. 

Find the height of the tree and the width of the canal. 

Let h be required height & x be required width so 

Tan @ = ages tan 60° oe 
CD x 
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1.7320 = z => h= 1.7320 x ———I 
- B 

Now tan30° = = : 
AC 


=»: 


0.5773 = 





x + 40 
h = (x + 40) (0.5773) 
h = 0.5773 x + 23.0940 ———I LE) 
Comparing | & Il 


1.7320 x = 0.5773 x + 23.0940 
1.1547 x = 23.0940 


0946 
oe eee Width = x = 20 m 


~~ L547 
Putin I 


h = 17.320 (20) => Height =h= 34.64] 


Faisalabad 2007, Rawalpindi 2009, Sgd 2006(only statement) 
In any triangle ABC draw a perpendicular form C to AB at D then. in right triangle CAD 


ise TERI 





KE cewenere 


” c 


Siw fe owe hee mld 
ACG. 2b 


In right triangle CBD 





















Sin p = 2 = 2 = h=a Sing — It A D B 
Similarly if we draw a perpendicular from A to BC then = a IV 
Sing  Siny —_ 
Combining I] & IV 
ones eee ee Hence proved 
Sina  SinB  Siny 
Faisalabad 2007, 08, Lhr 2009, Multan 2008, Sgd 2011 


In any triangle ABC, co-ordinates of points are A(0,0), C(b,0), B(c cosa, Csina ) 
Then by distance formula 
(BC)’ = (c Cosa@ —b)’ +(cSin@ -0)* 


a’=¢c’Cos’a@ —2bcCosa@ +b’? +c?Sin?a 
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=c’ (Cos*@ +Sin?a@)-—2be Cosa +b? 
=> a’=c’+b’-2be Cos @ 
ora’ =b’ +¢’—2bc Cosa 
Similarly b’ = a’ + c? — 2ac Cos 8 


c¢’ =a’ +b’ —2ab Cosy 











h? Pre aka 2 2 4? y 
Cosa = eg ee CosB = SE 
2bc 2ac 
b*°+¢.-a’ 
Cosy = 5 
2he 
Low of Tangent: Sargodha 2008, 2010 (only statement) 


| =f 
oe b _Tan| ; 


atb Tite B 
2 
Proof: We have 


Gi ee et, 
Sina SinB — Siny = (say) 
thena=DSin a,b=DSin£ 
a-b _ DSina — DSinB _ D(Sina —SinB) 
at+h DSina+ D Sing ~ D(Sina + SinB) 


2Cos e+ fh Sin—— a=f 























a-b _ s a = tay Tae 
a+b 28in Co go 2 2 
2 2 
a-Bp 
= If a>b 
a+b 4, 2th 





b+e pty” 


KS peor = tan{ & aS 
Similarly 2—£ peek eee see ey 
tan ——+ P 


S 

oe 

CS 

§ 
nts 

|& 
ssl acta | 

ine 
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Solve the triangle ABC, if 
7 B =60°, y =15°, b= V6 Faisalabad 2008, Multan 2009 


Sol a+ B+y =180° 


a =180°- B - y =180°-60°-15° = 105° 


a b a V6 
——— => 


Sina SinB- Sini05°  Sin60° 








9 = NO Sin105° _ V6 (0.9659) 


= 2.7320=V3+1 
Sin60° 0.8660 v3 


c’ =a’ + b’—2ab Cosy 
c? = (2.7320) + (V6 )? -2(2.7320) (V6 )cos15° 


=7.4641 + 6 — (13.38) (40) (0.9659) = 0.5358 => c= 0.7320= J3 -1 










a = 2:73=J3-1, b=J6,c = 0.5358 =J3+] 
a= 105", B= 60", y= 15° 






2. B =52°, y = 89°35’, a= 89.35 
Sol @ +P +y =180° => a=180°- B-y 
@ = 180°-50° — 89°35’ =38°25’ 
oo SO, 
Sina SinB Sin38°25' Sin( 52”) 


(89.35) (SinS2”) (89.35 )(0.7880) 
bm be LE ow Ot = 113-32 [be 1333] 
Sin38°25" 0.6213 os 


c’ =a’ +b’ —2ab Cosy 





c” = (89.35)? + (113.32)? — 2(89.35) (113.32) Cos 89°35’ 


= 7983.42 + 12841.4 - 147.26 = 20677.56 => 


a = 89.35, b = 113.32, ¢ = 143.79 
a= 38°25', B= 52°, y= 89°35" 
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3. 


Sol. 


Sol. 


b=125, y =53°, a =47° 


B =180°- @ - y = 180°-47°-53° = 80°=> 








a b 
Now = 
Sina SinB 
a 125 125 Sin 47° 
=> a=——___ 








Sin47” Sin80° ”—‘Sin80° 
a= ee = 92.8293 >a =93 


AE =, 92.82 _ c 
Sina  Siny Sin47° Sin 53° 














(92,82 )Sin53°  (92.82)(0.7986) 
= ee = Cee ENO? | 101.36 = 101 => = 101] 
Ce See 0.7313 ee 






a = 93,b = 125,¢ = 101 
a= 47’, B= 80’, y= 53° 





c= 16.1, @ = 42°45’, y = 74°32’ 


a+ B+y =180° 


B =180°-a@ ~ y =180°- 42°45’ - 74°32 =|B = 62°43) 

Poy ne Se a A AOE 

Sina  Siny ~ Sin42°45' — Sin74°32' 
_ 16.1 Sin42°45' _ (16.1)(0.6788 ) 

















Sin74°32’ «0.9637 
ee ania 
0.9637 
ew.) iB 
Sina . Sing 
11.34) Sin62°43' 
11.34 ee _ (11.34) Sin 


Sin42’45’  Sin62°43" Sin42’ 45" 
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5. 


Sol. 


3; 


Sol. 





p — (11.34)(0.888) 
0.6788 
16.1 


a = 11.34,b = 14.83, ¢ 

a= 42°45, B= 62°43', 5 

a= 53, B = 88°36’, y = 31°54’ 

a =180°-f-y = 180°- 88°36’ - 31°54’ = [a = 59°30] 
Boi as 53 a b 

Sina Sing Sin 59°30" ~—- Sin 88° 36' 

_ 93 Sin88°36") — 53(0.9997) 


= 14.83 => b=14.83 
























b —$——= > a 
Sins 9°30! 0.8616 
a c 53 c (53) Sin3 1°54! 
= => —_——_— = —_ > ¢ = —————_—————_ 
Sina Siny  Sin59°30' ‘Sin31°54° Sin59” 30° 
(53,)(0.5284) ; 
ou Leet = 92 Ske ee 
0.8616 paseo 
a= 53,b = 6149, ¢ = 3250 
a= 59°30’, ~B = 88°36', y= 31°54! 





Solve the triangle ABC in which: : 
b=95,c=34and @ =52° Faisalabad 2008, Sargodha 2009, 2011 
a°=b’+c’—2be Cosa 

= (95)? +(" ’-2(95) (34) Cos 52° 

= 9025 + 1156 — 6460 (0.6156) 

= 10181 — 3977.17 

= 6203.83 => fa = 78.76 

es 82 76) 2 _ (95)? 
oop SH a ae -08! 

6203.83+1 156-9025 _ -1665.17 


- 5355.68  §355.68 
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B = Cos* (-0.3109) = 108°6’48” 
y =180°-a~-f = 
= 180° — 52°— 108°6'48” =>|y = 19°53’12” 
a= 78.76, b = 95,¢ = 34 
\a@ = 52", B= 108°6'48",.y = 19° 53’ 12" 


2. b=12.5, c=23, @ =38°20’ 







Sol. a’= b*+c*~2be cosw 
=(12.5)’+(23)*-2(12.5)(23)cos 38°20’ 
=156.25+529-575(0.7844)=685.25-451.03=234.22 => [a=15.30 


2 ? —_ 2 , > 2 2 = 2 
co} B= me b ~ (19.30) + +(23)) ~ (12.50) 





2ac 2(15.30)(23) 
409 45290-—]56 25 ; 
“ 234.09 + 529 — 156.25 c 606.84 0.86) 
703.8 703.8 


B = cos“ (0.862) = 30°25' 


y = 180° -a-B = 180° — 38°20" — 30°25" = 11]°15' = y= 07°15) 
a= 15.30, B=125. cxBe a | 

a = 38°20', B=30°25', y=11 1°15'| 

3. a= /3°-1,b= 3 +1 and y = 60° 





Sol. c= a? + b’—2ab Cosy 
= (V3 -1)? + (3 +1) -2 (3 -1) (V3 +1) Cos60° 


=3+1-2 V3 +3+1+2 V3 -2(3-1) (1/2) 


% 


= 8-2(2)(0.5)=8-2-6=>|c= 6] 


cosa = Pte = a (NSH + (NOY - (3 - 17 





— Ils + yl) 
? ~3-I+2N3 _ 12.92 

_3+1+2V3+6-3-142N3 _ 12.928 _ 0.9662 
13.38 13.38 


@ = Cos” (0.9662) = 14°55'54” = 5° >|a@ = 15° 
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B =180°- @ -y =180°- 15° - 60°=105°=>|f = 105° 
a=V3-1, b=V3+1, c=V6 


a@=lS’; B=l0S 7 = 60° 





4. a=3,c=6and £ = 36°26’ 
Sol. b’=a'+c’-2acCos Pf 
= (3)’ + (6)? — 2(3) (6) Cos 36°20’ = 9 + 36 — 36 (0.8055) 
= 45 -—29.0010 = 15.99-=> b = 3.998 => b= 4] 
bite? -a® _ (4) + (6) -(3" _16+36-9 
2be 2(4)(6) 48 


43 
Cosa = z => @ =Cos” (0.8958) =la = 26°23'4" 
y =180°-a@ — B = 180° - 26°23’4” — 36°20'=> ly = 117°16'56") 


az=3, b=4, c=6 
a = 26°23'4", B=36°26', y =117°16'56" 


Cos@ = 





5. a=7, b=3, y =38°13’ 
c’ = a’ + b?— 2ab cosy 
c? = (7) + (3)? — 2 (7) (3) cos 38°13’ = 49+ 9 -42 (0.7856) 
c* = 58 ~ 32.9984 = 25.0016 25 > c=5| 
bo +c? -a’? (3) +(S5) -(7))* 9425-49 =] 


COS = $= = 
2bc 2(3)(5) 30 2 


mien” (+)- 120° = 


B =180° -a-y =180° — 120° ~38° 13' = 21°47' 





a=7, b=3, c=5 . 
a=120°, B=21°47', 7 =38°13' 
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Solve the following triangle, using first law of tangents and then Law of sines: 











6. a = 36.21, b= 42.09 and y = 44°29’ 
a + B = 180° — 44°29’ = 135°31’ ——_] 
a+ P _ 135°3] = 67°45'3]" 
2 2 
B-a@ t =e 
bao ig emg 
b+a wt? @ 42.09 + 36.21. tan 67°45'30" 
2 
Bp-@ 
5.88 _ a 


78.3 «2.4453 
2.4453 x 5.88 _ 
78.3 





tan 


B-a@ 
2 





0.1836 = tan ( 


B -a 
2 
B- @ =20°45'26" Ul 

Solving I & II 
B+ a =135°31’ 
B -d =20°48'26" 


B-a 
5 ) 





=> = tan’ (0.1836) = 10.4036 


2 6 = 156°19'26” => B =78°9'43” 
Put value of £ inl 

@ +78°9’43” = 135°31' 

@ = 135°31’ — 78°9’43” = 57°21'17” 





Bi abe 42.09 c (42.09) (Sin44°29') 
Now a pr eee 
SinB  Siny — Sin78°9'43" — Sin44°29' Sin78°9'43" 
(42.09) (0.7007 ) 
= ——____——* = 3) ]3 c = 30.13 30.1 j 
, 0.9787 e 









a = 36.21, b=42.09, ¢ = 30.13 
a= 57°2I'17", B= 78°9'43", y= 44°29 





COLLEGE MATHEM 


By 


Sol. 


a=93,¢=101and ff =80° 
a+BhB+y=180° > a+y =18°-£ 
@ + ¥ =180°-80° = 100° —_/ 


Yee 


=50° 
2 
c-a_ 
c+a ine 
2 
roe fe 
1-97 ¢ 





-— = = —_s_ 
101+93 — tan50° 194 1.1917 


=o 
tan ~—% =0.04914 > y-@ =5°3737" 


2 
Solving I & fl 


y — & =5°37'37" 


y + @& =100° 


+ 


APPLICATION OF TRIGONOMETRY 


mae 


2y = 105° 37°37” => y =52°48'48" = 53°=>|y =53 


Put in I 


@ +52°48'48" = 100° => a@ =100°- 52°48’48” = 47°11'11” ~ 48° [aq =48 


a b 93 
=> ———_———_ = 


Now 
Sina SinB —§ Sin47°11'12" 








93 x Sin80" _ 93(0.9848) 


b 





Sin80" 


= > b= 124.86 = 125 > b=125 


~ Sind7°10' 11" 0.7335 








a= 93,¢ = 101, b = 125 
a= 48°, B= 80", y= 53” 
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8. b=14.8,c=16.1 and @ = 42°45’ 
Sol a+fh+y =180° > B+ y =180°-a@ 


+y =180°-42°45’ => y + B =137°15' —] 
r Y 





tan? — 4 
¢-6 2 
Now —— = +B 
c+b an 
2 
>? ¥-B 
i61-Maooe S ia 9 


16.1+14.8 tan 68°37°30" 30.9 2.5549 


ran LB = 13x 2.5549 
2 30.9 


roe = Tan" (0.1074) = 6.1350 


= 0.1074 


y -68 =12°1612" —II 
Solving I & I 

y ~ & =12°16'12” 

y+ ff =137°15' 


2y = 149°31'21" => | o 74°45'36" 


Put value in | 


B +74°45'36" = 137°15’ 


= 137°15’ — 74°45'36” = A = 62°29'24"| 





a b 
Now ——— = 
Sina Sing 





Sin42°45'  Sin62°29'24" 0.8869 


COLLEGE MATHEMATICS-| 


APPLICATION OF TRIGONOMETRY 












lb = 14.8, a = 1132,¢ = 161 


a= 42°45’, B= 62°29'24", y= 


9. a=319, b=168, y =110°22’ 





74° 45'36" 





Sol a+ f+y =180°> a + B=180°-y 
a + B =180°-110°22’ > a + B = 69°38’ —/ 


a — B a =f 
a-ba “Sa aos tee. GS 
We know that ee pte ASS cee =—__+_. 
a+b 1,4+P — 319+168 [“ i) 
eo tan) — 





























=P en te 
Bhi OR ma Pi aser 151x0.6954 a-p 
= Se Se a I ateocenmsines LEY 
487 tan34°49' "487 ~— 0.6954 eee 2 
igen a 0.2156 => <= B =tan’ (0.2156 )= 12.1684 
Son : ee 02156 = & = = tan ‘(0.2156 ) = 12.1684 
=> a — B = 24.3369 = 24° 20'13" —_II 
Solving | & Il 
a - £ = 69°38’ 


a+ £ =24°20'13” 


2a =93°58'13” => |a = 46°59] 
Put in] => 46°59’ + 7 = 69°38’=> # = 69°38’-46°59'=22°39' =| 6 =22°39’ 


c bsin 
= eC Lear: 














Also = 
sinp  siny sin B 
(168 )sin110°22' (168)(0.9374) 157.4832° 
a sin 22°39’ 0.3851 0.385] e= 409) 





a= 319 b= 168.c = 409 
a= 46°59, B= 22°39, y= 110°22' 





COL MATIC 621 APPLICA OF TRIGONOMETRY 


10. b=61,c=32 and @ =59°30’ 
Sol. a+P+y =180° > B+y =180°-a@ 


B+y =180°-59°30' => y + B =120°30’ —/ 


a, ee 
b+e acer 


tan 2-7 
2 





Now 


p - B- 
61-32 8 5 ee 


- re => Se eee 
61+32 tan 60°15' 93 1,7496 


y. 





ae € 3 
2 93 


Pot = Tan"! (0.5456) = 28.6162 


B -yv=57°14' —I] 


Solving I & Il 

B - f =57°14' 

B+ f =120°30' 

2B =177°44’ > B[= 88°52) 
' Put value in | 


¥ + 88°52’ = 120°30’ 


¥ = 120°30’ — 88°52’ = | y= 31°38 








a bh 
Now = 
Sina SinB 
Adsitve i 6 _ 61(0.8616) 
Sin59°30’ - Sin8°57 >" p9g0g OSS 
6 = 6l.-a@=53,.c= 32 










a= 59°30’, B= 88°52, y= 31°38" 








COLLE TICS-1 APPLICATION OF TRIGONOMETRY 


Q. #11: Give b=2,c=3, a =57° £ =?, y =? Faisalabad 2009 


Sol. 


12. 


Sol. 


a+P+y =180°> B+y =180°-a@ 


B + y =180°-572123° —/ 





pee 
2-5 ; 
c+ wart? 

2 

¥-B ¥~8 
3-2 tan i 1 Tan 5 


=> —_—— 
3+2 tan 61°30' 5 1.8417 


not ee 
2 





: “ = 0.3683 = a = Tan” (0.3683) 


foe = = 20°13'17" 


y ~ B = 40°26'34°——_II 


Solving | & Il 
y -— £ = 40°26'34" 
y+ B = [23° 


2y = 163°26'34" => |y = 81°43 17’ 


Putin! 

B +81°43'17” = 123° 

B = 123°-81°43'17” , 

Two forces of 40N and 30 N are represented by AB and AB which are inclined at 
an angle of 147° 25’. Find AB , the resultant AB and AB. 

a= 30,b=?,c=40, B = 147°25’ (Federal Board) 


COLLEGE MATHEMATICS. APPLICATION OF TRIGONOMETRY — 
b’ =a’ +c’ —2agcos 8 
(4c) =(aC) +B) -2(48)(8C) coop 
= (30)? + (40)? — 2(40) (30) Cos 147°25’ 


= 1600 + 900 — 2400 (-0.8426) 
= 2500 + 2022.26 € 


b=? 
(acy = 4522.26 steam, 
B 


[AC = 67.29 g wo 


Theorem I sin ese youeee Sargodha 2008, 2010 
Cc 


Prof: We known that 


2sin* : =1-Cosa 





son Sap ttere 
2 2be 
2be-b? -c? +a” E a’? —(-2be +b? +c’) 
. 2be is 2be 
a’ -(b-c) _ [(a-(b-c)] [(at(b-c)] _(a-b+e)(at+b-c) 
Bie Fie 2be 7 2be 
(a+c+b-b-b)(a+hb+c-c-c) 
bd 2be 
(2S -—2bX2S-2c)_4(S-b\(S—c) 
. 2be i 2be 
a@_4S-b)S-c)_ a _A(S-b)S- C) gg @_ [(S=bS-c) 
Sel Se ee ee ee ee be 


Sintiaty Sin oa Je OE=9 gf [S- eXS 0) 
2 ac 2 ab 


COLLEG THEMAT! 





APPLICATION OF TRIGONOMETRY 


a S(S-—a) 
Theorem II Cos a = he Sargodha 2008 


Proof: we know that 2 Cos” . -1+Cosa 





a 2 +e°-a° 2be+b’ +e? =a’ | (b+0) -a’ 


2Cos’ —=/ 
2? 2he 2he 2b 
(b+c-ayb+e+a) (b+ct+a-a-ala+bt+c) 
ee a hers 
(2S —2a)(2S)__4S(S —a) 
- 2be -—t—<“i«é«é i - 


ei a_AS(S—b) waeyyts S(S-a) 
2 Abe 2 \ be 


Similarly cos Se =e) & Cost = ee oo 
2 ac 2 ab 


a (S —b\(S -c) 
5 emca 








Theorem III tan 5 ~ \ “S(S -4a) 
S—b)\(S—c 
, and fa 
Proof: tan — = = 
Cos - 
2 
(S-byS~c) . | bE _ [(S-by(S-c) 
: be S(S-a) S(S-a) 
Similarly tan B = (S—a(S ~e) & inns t- = (S— a(S —b) 
2 S(S—6) 2 S(S—-c) 


COLLEGE MATHEMATICS-| Ws APPLICATION OF TRIGONOMETRY 


ormulas for this exercise when three sides are given. 














F 
+e = = S/ = a —a) 
COSa = ts 
2be ig 
) 
a’ +c’ 4 § owt bP ec 
cos £. = —<—$____——, ef where Ss — 
2ac 2 ac - 
P+ Be" ee ISS +e) 
cosy = ———_,, cos = 
2ab 2 ab 


Solve the following triangles, in which 







Note : 


eo 


a=7, b=7.,,c=9 
a+bt+e 7+7+9 
Sol. S= F; 9 = 


= - 


_ [SC Sa S(S—a) 
cos 
be 


_ (sD (1.5) (45) — [51.75 = Jerid 





Just for practice one 





-=11.5 


ik 


questionis solve by | 


half angle formula 


) 








(7) (9) ‘ 
. a Qa EAA Ee = 25? — en? 
cos 7 ees eee (0.9063 ) = 25° => \a = 50 
cos* PB seo) ay 
ac 
S)ULS-7) — [(11.5) (45 51.75 
= 1s rT p (11.5) (4.5) _ 5] 2 0.8214 
(7) (9) 63 63 
alee | re — 720 _ enO 
OS ee Oe (0.9063 ) = 25 =| = 50 
y = 180°- @ — B=180°-50°-50°= 80° >| y = 80” 
2. a= 32,b=40,c=66 
2 ee ae 52 a oe) ? 
Sol. cong = tS =e po EE 4 (06) Sy, 
2be 2(40)(66) 
160 356 — 102 
cosa= ses cm = 0.9340 > a =Cos*(0.9340) => |@ = 20°56’6”' 
Jz¢ ats 
Ee 2 2 e ? 56 — 
ate —b’ _ (32) +(66) -(40) _ 1024+ 4356 FOO. 20 40 


el Se inte... 4224 
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f =Cos* (0.8948) = [= 26°3022" 
y = 180°- a—- B = 180°-20°59'6” — 26°30'22" =>|y = 132°30'31” 


3. a=28.3, b=31.7, c=42.8 
fe bo +e? -a? (31.7) +(42.8) -(28.3) 
2be 2(31.7)(42.8) 
_ 1004.89 + 1831.84 - 800.89 _ 2035.84 _» a5, 
2713.52 2713.52 


a =cos'(0.7502) = 41°23' 
a+b? (28.3) +(428) -(31.7/ 





cos B= = 
2ac 2( 28.3 )( 42.8) 
_ 800.89 + 1831.84 — 1004.89 
2422.48 
pete pe7ie 
2422.48 


B=cos' (0.6719) = 47°46' 
— -¥ = 180° —a — B = 180° — 41° 23' — 47°46' = 90°50 
4. a=28.3, b=31.7, c=42.8 
Bb? +c’ -a’ (56.31) +(40.27 ¥ -(31.97 
2be 2(56.31)(40.27) 
_ 3170.81+ 1621.67 -1017.61 _ 3774.87 
4535.2 “4535.2. 
a =cos' (0.8323 ) = 33°39 
a’+c°-b’ (31.9) +(40.27 7 -(56.31) 
Fee 2(31.9)( 40.27) 
_ 1017.61 + 1621.67 -3170.81 _ -531.53 
2596.66 ~ 2596.66 
B= -0.2046 => B =cos”'(-0.2046 ) 
B=101°48' 
y = 180° —a - B = 180° — 33°39’ — 101° 48 
y = 44°33 


cosa= 


= 0.8323 


cos B= 
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5. 


> 


Sol. 


Sol, 


a=4584, b=5140, c=3624 
b’+e?-a? (5140) +3624) -(4584)° 


COS Q = 
Phe 2( 5140 )( 3624) 
- 26419600 + 13133376 - 21013056 _ 18539920 _ 4 194 
37254720 37254720 
a =cos”'(0.4976 )=60°9' 
cos pad te =b* _ (4584) +(3624) ~(5140) 
2ac 2( 4584 )( 3624) 
_ 21013056 + 13133376 - 26419600 _ 7726832 _ 0.2325 
33224832 533224832 


B=cos' (0.2325) =76°33' 

y = 180° ~—a-B = 180° —60°9' -76°33' = 43°18" 

Find the smallest angle of the triangle ABC, 

when a = 37.34, b = 3.24, c= 35.06 Federal 
a = 37.34, b= 3.24,c=35.06. b<c<aso smallest angle is B 


2 2 2 
Corps 
2ac 
Cospp=(32 34)" +(35.06 )*=(3.24)" _ 1394.27 +1229.20-10.49 


2(37.34)(35.06) + 2618.28 
Cos B = 0.9979 => B = Cos? (0.9979) => 


Find the measure of the greatest angle, if sides of the triangle are 16, 20, 33. 

a=16,b=20,c= 33 Sargodha 2007, Faisalabad 2007, Federal 

c>b>aSo y» is greatest 

a+b’-c? — (16)'+(20)'-(33) 256 +400-1089 
ie BB -—  ae < 


y =Cos’ (-0.6765) => |y = 132°34’ 


The sides of triangle are x + x + J, 2x + ] and x’ -1, Prove that the greatest angle 


cosy= —0.6765 


of the triangle is 120°. Faisalabad 2007, Multan 2007, 2009 ~ 
a=x+x+1,b= 2x4 1e=x' 1 Clearlya>b>es0 a =? 
2 \2 
Biges +e -a@ (axa +(x° - 7/ = (x" ee: 
2be 2(2x +1) (x° - 1) 


_ Ax’ +4x4+1 +x! —2x7 +1 -(x! 497 4142x394 2x4 2x’ ) 
22x? - 2x+x? - J) 


COLLEGE MATHEMATICS-1 ; ayaa) APPLICATION OF TRIGONOMETRY 


4x? + 4x +1 4 x - 2x? + Daxt =x? = 1- 2x) = 2x -2x° 
a 2(2x* - 2x + x* -1) 

—2x' +2x-x° +] -(2x" —2x+x°-1)_ -I 

22x” =e = 1) 22st = 2x xo = 12. 2 





—] i 
a =Cos’ (=) = 120 
9. The measure of side of a triangular plot are 413, 214 and 375 meters. Find the 
measures of the corner angles of the plot. 
Sol. a= 413, b=214,c=375 


b+ cha? — (214) +(375) -(4137 _ 15852 





Cosa = - ———— = (). 987 
2be 2(214)(375) 160500 

a@ = Cos” (0.0987) =/84°19’54” 
CB a +e -b a (413)° + (375)° — (214)° 

- 2ac 2(413)(375) 

170569 + 140625 — 45796 2 265398 A 
= 309750 ~ 309750 
= 214=1 

B = Cos" (0.8568) => ee : 
y =180°-a@ - B ~ 480° ~ga°19’45" — 31°3'21” c 


ea B ae 
y = 64°37'45"| sere 
10. Three villages A, B and C are connected by straight roads 6km, 9km and 13km. 
What angles these roads make with each other? 
Sol. a=6,b=9,c=13 


ope 0 ppdiay - (6) 


Ct 2 219) ~™ 
2he 2(9)(13) 
Eee 8 ia 
= 934 234 


a = Cos” (0.9145) = 23°51’39” => [a = 23°51’39"| 


? > 
¢ te -s 








Cos # = 
2ac 
SCG FHS) OPE = FOF 108 81 - VA reg 
2(6)(13) 156 156 


£8 =Cos* (0.7948) = |B =37°21'25” 
y =180°- a - B =180°-23°15'39” —37°21'25" = |y = 118°46'56” 
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EXERCISE 12.7 


Area of Triangle when one side is given. Two sides are given 
1 a’ SinB Siny 
Sina 

2 C aa ] 
b° Sina Siny A=-~ac Sing 
SinB 2 
«° Sina SinB A= J 5 Sina 
————_——___—_—— ? 


< 


A= A= Sab Siny 


A= 


bof bo 


Ar- 


to|~ 


Siny 
Three sides are given 


A= fSEOE C=O Woeese trots 


Two sides are given then Area of Triangle 


1 
Theorem I. Area of triangle = A = 5ab Siny Sargodha 2008 











Proof: A 
: | . b 
b 
" : ; B ese Cc) 
(i) (ii) (iil) 
AD : 
In fig (i) AC =e: af 
AD . a . 
In fig (ii) ae Sin( 180° —y )=Siny I 
AD .. a . 
In fig (iii) ae 1=Sin90° = Siny JH 
From I, Il, & Ill it is clear that 





= = Siny => AD = AC Siny =b Siny 


Zé 


/ 
Now Area of triangle = A = 3 (base) (attitude) 


vA 


COLLEGE MATHEMATICS-| PE 


= 2 (BC) (AD) = 5 ab Siny 


Similarly A = "be Sina & A= ; ac SinB 














Theorem II A = Le SnaSinp. 
2 = Siny 
ab re 
Proof: We know that Sina * Sing £ Siny 
see cSina obo cSinB 
Siny Siny 


Now A= 5a Siny 


_ 1 cSina cSinB 





Siny (Put values of a&b 
ie Siny Siny r( of ) 
_ 1 c*SinaSingB 
2. = Siny 
20; 2 
Similarly A = i a*SinBSiny » Aa 2 SinaSiny 


Sina 2 Sing 
Theorem III Heroes formula A = ./S(S —a)(S—b)(S —c) 


Sol. We know that A= bc Sina 
*, Since Sine. . 2Sin : Coss 


Az=-be2Sin@ cos? 
2 2 2 


APPLICAT! I METRY 


$gd2008,09, Rawalpindi 09 


= be | SOS =e) |SS- a), [S(S-anS—by(S—c) 
be be hc? 


JS(S-a)(S—b)(S—c) 
sie ite 
be 
= /S(S-a)(S—b)(S—c) 


COLLEGE MATHEMATICS-| KY APPLICATION OF TRIGONOMETRY 


&; Find the area of the triangle ABC, given two sides and their included angle: 
i. a= 200, b= 120, y = 150° Multan 2007, 2009 


Sti, Ax 5a Siny 


= (200) (120) Sin150° = 


=> (24000) (0.5)= 6000 sg unit 


Nil 


ii. b = 37,c=45, a = 30°50’ 

Sol. A= 5b Sina -5 (37) (45) Sin( 30°50') = 426.69 sq unit 

iii. a= 4,33 , b=9.25, y = 56°44’ 

Sol. A =5ab Siny = “(4 33 )( 9.25 ) Sin( 56°44' ) = (20.02 )(0.8361) = 16.73squnit 


2. Find the area of the triangle ABC, given one side and two angles: 
I. b= 25.4, y = 36°41’, a = 45°17’ 
B =180° -a -y 
= 180° — 45°17’ - 36°41’ = 98°2’ 
A = 1b) Sina Siny _ 1( 25.4) Sin45°17' Sin36°41' 





I 
2“ SinB 2 Sin98°2' 
_ 1 (645.16) (0.7105) (0.5973) 
2 0.99018 
i. c= 32, @ =47°24’, B = 70°16’ 
y = 180° -a - B 
= 180° — 47°24’ — 70°16'= 62°20’ 
_ le’ Sina SinB _ 1 (32) Sin47°24' Sin70°16' 


= 138.25 sq unit 


A 
2 Siny 2 Sin62° 20° 
= + 1024) (0.7360) (0.9412) 1 ia alge OR 
2 0.8856 or tey 


iii. a=4.8, @ = 83°42’, y =37°12’ 
B =180°-a-y 
= 180° — 83°42’ — 37°12’= 59°6’ 


COLLEGE MATHEMATICS-| 


Sol. 


Sol. 


Sol. 


Sol. 


APPLICATI F TRIGONOMETRY 





aoe la SinB Siny _1 (4.8)’ Sin59°6" Sin37°12' 
2 Sing a Sin83° 42' 
_ (23.04) (0.8580) (0.6045) 
2 0.9939 
Find the area of the triangle ABC, given three sides; 


@ =18,b=24,c=30 Fsd 2007, 2008, Multan 2008, Lahore 2009 








= 6.0116 sq unit 


_~at+bt+e _ 18 + 24 + 30 _ 
2 2 
= /36(18)(12)(6) = 146656 = 216 sq unit 
a= 524,b=276,c=315 
9 [eee Lis 


S/S 
2 2 


A =/S(S—a)(S—b)(S—c) 
= (557.5 )(33.5)(281.5)(242.5) = ¥1274910861 = 35705.89squ int 


a= 32.65, b= 42.81, c = 64.92 


_atb+c _ 32.65+42.81+64.92 140.38 
2 2 


Ss 36 





S =70.19 


A = JS(S—a)(S—b)(S—c) = §70.19(70.19 - 32.65 )(70.19—42.81)(70.19—64.92) 


= (70.19 )(37.54)(27.38)(5.27) = ¥380201.27 =616 squint 


The area of triangle is 2437. If a = 79, and c = 97, then find angle £ 


A = 2437,a=79 ¢=97, B=? Sargodha 2006, Raiwalpindi 2009 


As 


to ln 


ac Sinfi => 2437 = ; (79) (97) SinB 


2437 
2437 = 3831.5SinG=> sin B = —— = 0.6360=> = 39°29’5” 
f= Uses 


COLLEGE MATHEMATICS-1 ee APPLICATION OF TRIGONOMETRY 


5. 


Sol. 


'@ =180°- B-y 


The area of triangle is 121.34. If a =,32°, B =65°37',c=?, y =? 
y =180° -a - B 

¥ = 180° -32°23’- 65°37’ => ly = 824 

> Sina SinB 


Now A= Z 
2 Siny 


y 


L ce? Sin32” Sin65°37' 

2 Sin82° 23' 

1c? (0,5299)(0.9108) 

2 0.9912 

°? _ (121.34)(0.9912)x 2 _ 240.54 
(0.5299) (0.9108) 0.4826 


121.34 = 


=498.434 >\c = 22.24 





One side of a triangle garden is 30m. If it two corner angles are 22° % and 112° %, 
find the cost of planting the grass at the rate of Rs. 5 per square meter. A 
Given a= 30, 2 =22°30' y =112°30’ 


= 180° — 22°30’ — 112°30’ = 45° 
! a? SinB Siny 
















Now= A =— 
Sina 
Note : 
2 9; 22°30! Si ° 37) 
~ 1 (30)' $in22°30' Sint 12°30 22° = 22°30 
2 Sin45° 
112°%=112° 30 
1 (900) (0. e 
_/ (900) (0.3826 ) (0.9238) _ 224.43 squint / per rupees 
? 0.7071 


Total Cost = 244.43 x5 =1125 squint 


COLLEGE MATHEMATICS-1 Yl APPLICATI RIGONOMETRY 


as eRe sy 
Theorem I R= Sina 2SinB  2Siny 








A 





(i) Gi) 
Sol, In fig (i) In right triangle A BCD 
a = Sina ——I(a=m< BDC) 
mBD 


In fig (ii) m Z BDC +m Z BAC = 180° (Sum of opposite angie of cyclical quadrilateral = 180°) 
= ZBDC = 180° ~ m Z A =180°-a@ 
In right triangle BCD 


mBC 








== =Sinm<BDC=Sin(180°-a@)=Sin@ il 
mBD 
BC 
ii\Fig fill) clear ee «t= Suet! sSina... Wl 
mBD 
BC iy 
From 3, HHL Sti Soe Sie ao oe es wee ee er 
mBD 2R 
a 





= 2RSin@ =a=> R= n : 
2Sina 


sitet wel men 
2SinB 2Siny 








ab ; 
TheoremIl R= a Fsd 2007, Multan 2007, Sgd 2010, Federal Board 
. a. @ 
Sol. we know that R = Since Sina =2Sin—Cos — 
2Sina 2 az 
a 


<< S 
2.28in Cos *. 
oo 


COLLEGE MATHEMATICS-1 ai i0) APPLICATION OF TRIGONOMETRY 





‘s a . a _ 4 _ abe 
4[S-eMS—e) [S(S-a)  , [S(S-aj(S-b\S-c) 44 4A 
bc be b?e? be 
Theorem II r= 4 Faisalabad 2007, 08, Federal 
Proof In triangle ABC OD, OE, OF are perpendicular to BC, AC and AB respectively 


then Area A ABC = Area of A OBC + area of AOCA + area of AOAB. 


A -+ 8c x OD + Z CAx OE Pat AB x OF 
2 2 2 


/ 1 1 
= ar +—br + =cr 
2 2 


2 


I 1 
ae Pan OH Pace (2S) 





A=rS=> r= = 
Ss 
TheoremIV fr, = Bg = ane b= ee Faisalabad 2008 
wag USB Fg ie 
Proof Let “o” be the centre of escribed circle Draw lar, D, E, F then 


AABC= A OAB+ A OAC- AOBC 


1 3 
=5(4B (OF) + =(AC)(OE) e “(BC OD) 


A= 


a 


1 / 
Ra br, - om 


= 


: / 
= 3n(e+b-a)= a lere+a-a<a) 








] j ma 
A= 7A (2S -—2a)= ao (S-—a) 
A 
A=r (S-a)>r=— 
: Wg 
ee, & A 
Similarly (es Soge eos Federal 
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EXERCISE 12.8 
Important formulas about 12.8 














ya ; Cont = [SE=9) 

S 2 
lees cof = [SED 

S-a 2 ac 
ia Got Be 
ST SO 2 ab 

A -e apa =s 

ry = Sin— = ,J-————————_ 
" SS —¢ ee c 

abe _B Mone) (S-c) 
R=— Sin= = .|-———————— 

4A 4 \ 


ga tt bre hae (S - CTD b) 
a 9 "5 
a 


(S - ee 


= (S(S—a)(S-b)(S—c) tan 
ee S(S-a) 


: 2 
R= = : ee me (3-2) (S> Lee 
2Sina 2SinB- ~ 2Siny 2 S(S-b) 
2 
o> 

















(S—a) (S—6) 


tan — 
S(S—c¢) 


1. Show that: 


a 
i. r= 4R Sin 5 Sin Sin Sargodha 2010 


ae |(S — b) (S—c) I¢ S- (S-a)(S—c) (S—a)(S—b) 
\ be \ ac oe ya ab 

abe {($~a)' (S—b)’ (S-cy’ 
4a \ a’b?¢? 

abe |S*(S—a)’ (S—b)? (S—c)’ 

A Sabre? 

abe S(S—a)\(S-—b)\S -c) 

ae S(abe) 


to 
ee 
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Sol. 


oo 


S$=4R Cos — Cos — 


_ sabe [SS=) a) ae Lae ae c) 
abe [s? S(S- a) (Sa) (Sa) a) (S-a) 
= a hee? 


“ 
me SJS(S—a)(S—b)(S=c) 
A 





Cc 
alk hes whe 
“p fio y 


Show that: r=a $in'L- tin Z. Sec wb sin sis bec! acta can f Sec2- 
i ae a eS 5 


Now Considers 


asin 2 snl See? taswf nt 
2 2 2 2 





a 
Cos — 


z |(S—a) (S-c) [(S-a)(S-) 1 
- ac ab pe 


_g {SiO oes cy a a(S-b) [| be 
S(e= a) 
3 eee: 
: S(S—a)a*he 


ef ee 
. Sa’ 


_a S(S-a) es Sec *) ae ("x" & "="by S) 
= Sa 
ayS(S-a)(S—b)(S—c) ee 3 
SS 


= aS 
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y B 


a 1 
Again bSin 5 sing Sec y 


eee — Si 
2 2¢ os 


, (S=a) (S- -a) ie b) |(S—b)(S-c) reo 
=m b) 
b |(S-a) (S—b) /( S-b)(S—-c) ac 
* ab be S(S —6) 








ac(S-a)(S-b)*(S-c) 


= S(S=B jab’c 





S(S =a) (S=bYS—c) 


b 
= or 
, [SiS a) (S=bNS =e) 
. yy Sb 
aoa 
“Pass " 


oe 


Again cSin e Sin— Sec 
2 2 2 


a (S-b)(S-c) (S-a)(S-c) ab 
\ be ac S(S-—ce) 


ab(S—a)(S-b)(S-c})* 


abe’ S( S<é ) 


S(S-a) (S—b)(S—c) A> A 
= ¢,|———+ i fat ep 
\ cS és 8s 


Hence proved that 


et oi ee 


r=a Sin — coals 
2 





wR 


Bit ¥ 


a 
Re =b Sin — 5 le Sec— =cSin— Sin— Sec— 
2 2 2 2 2 


“= 


to 
Nw 


3. Show that: 


; seek 
i, r, = 4R Sin cos Cos“ Multan 2007, Faisalabad 2007, Sargodha 2008 


abe 


(S—b)(S-e¢) 
AA 


pes hb) [S(S-e) 
be ac ab 
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c [Ss 5/55, by (S=cP  _ abe [S*(S—ay(S—by(S ae 

















Fe ae Me ae a pe . A ab e(S-ay 
_ gE S(S-a)(S-b)(S—c) 
A whe (Sa) 
Zz 
Bin eee ae eee 
mer 2 S-a eg 
t. peancos® Sink Geel 
2 2 2 
RS =4R Cos” Sin! cost. fie [St8-a) a) (S-ay(S~e) |SiS-c) 
2 2 2 inchs a | ac \ ab 
_abe |S°(S-a) (S-c/ 
A abc’ 


we S(S-a)(S- -b\S-c) 1 af a : 
eee r,=RHS 
A wh (S=b) Tele 58 Seah? 
Bia ¥ 


iii. r3=4R Cos = neat Sin — 


a SEE -a) sob -b) (S-a)(S-b) aus b) 
I, 


















So 
abe |S? (S~ -ay (S- -b) 
8) a a’b’c? 
abe |S°(S-a)’ (S- by'(S~ ey 
oa a’b’e*(s—c)? 
_ we S(S-a)(S- Pasco 
Wee MES =c 
Lif es 
AS S-c) S~c <2 
4, Show Sa Multan 2008, Sargodha 2009 


i. r,=Stan @/2 


Sol. RHS=Stan 2 as [S—O9(S-) 
2 S(S -a) 


COLLEGE MATHEMATICS-i 


Sol. 


Sol. 


Sol. 


Sol, 





S(S — a) (S—6)(S —c) 


ag . 
¥ S°(S-a)y 
r’=Stan e 
2 
B |(S -a)(S=c) 


R.H.S=Stan — =S : 
2 y S(S—b) 


S(S=a) (S=b)(S-c) _ 


S 
= S°(S—by 
r;=Stan z 
2 
r3= Stan Les eee 
2 S(S-c) 


5 [SS=4) (S-b)S=c) _ 


= Gg? (S = ce)? 
Prove that: 

rife + fers + 63h, =" 
L.H.S = ryra + rors + F3r1 


A A A A \ A 
*“S<+a S=) S=d 

















7 S(S —a) 


S(S—b) S—b 


APPLICATION OF TRIGONOMETRY 


a -=7, = LHS 


Sargodha 2010 


2 a ar = LHS 


Multan 2008, Sargodha 2010 


A A... 


= — 7, = LAS 
S(S-—c) S-c —~ ' 


Lahore 2009, Sargodha 2011 





A’ 


eta Spee leet, Gh nae neers ieneinaen! 
-(S-ay)(S-b) (S-b)(S-c) (S-e)(S-a) 


At pees. 2 < _ | S-c+S-a+S-b 
(S-ayS—b) (S—b)(S—e) (S—e)S-a) (S—a)(S —b\S -c) 


*5| 3S -(a+b+e) 
: S(S —a)(S =b)(S-c) 





= 2 
c 45 525) = S(S)=S? =RSH 
rrr2t3= A 

L.H.S = ry fo 13 


eRe so arbren2s 


Multan 2007, Faisalabad 2009, Sargodha 2008, 10 
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Sol. 


Iv. 


Sol. 


Sol. 








H 
| 
bea 
> 
WA 
ad 








4 4 
= ee ae rege S 
~ S(S—ayS—byS-c) & 
ritf2+r3—-r=4R Multan 2008, Faisalabad 2008, Sargodha 2008 
LHS=ry+r2+f3—-r 
A A A. hs 
“g- b S=e. <8 





ik piesa -+| 
S-a Sah b there S 


fee S-b+S-a | £- eof 4] SAB ye 





(S-a}(S- Hy S(S-c) (S-a)(S-b) S(S—c) 


A+b+e-A-B <—] . 4 c | 








(S—ay'S—b) S(S—e) 
cal |= Sos -ans-)] 

: Gt S(S-¢) S(S - a(S -b)(S -c) 
Ae pe eee 


(S- a b) T"S(S-e) 





3 2 


XN Xx 
_ | 28° = S(28)+ab | _ | 267 — 25% + ab] abe _ abe _ yp _ pg 
s A A A 4A 
fy tats = rs 
L.H.S= fy lors 
Bk 








* Sage Sa ae Seoe 


~ (S-ayS-b)\(S—-c) S 


SA’ SF 

= S(S-a)(S-biS—-c) 4 

Find R, r, fr, f2 and r3, if measures of the sides of triangle ABC are 
a=13,b=14,c=15 

atb+e_13+14+15 
Poet 

S(S —a\(S -—b\S -c) 





=SA=S(rs)=rs° =R.HS 


S= =21 
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= /21(21-13)(21-14)(21-15) =,J218)(7 6) = 7056 = 84 





Now 
-4_%_, 
Per ae Gujranwala 2009 
mee ee eer 
Sa wi-13°_8 Mul tan 2009 
A 84 84 
tr =———S = = ——=/2 
S-—b 21-/]4 - 
i= a = ot 14 








Se 4-6 

pe Se _ 13)04)15) _ 2730 _ oa Lahore 2009 
4A 4(84) 336 

ii, a=34,b=20,c=42 


Sol. = eae as 


A= VS(S—a\(S-b\(S—-c) =./48(48 -—34)(48- -20)(48 - 42) 
A= (48 )(14)(28)(6) =V 112896 = 336 











px MOE _ (34)(20)(42) _ 28560 _ 5, 95 


4A 4( 336) 1344 
Ve Prove that in an equilateral triangle, Faisalabad 2008, 09 Sargodha 2009, 2010 
i. ri:Rin=12233 
Sol. In equilateral triangle a = b=c 


So 


5 =e aaa 8 A= ¥S(S—a)(S—b)(S=c) =/S(S—a)(S-a)(S—a) 


iS(S<a}’ = = x( (= - = peal 3a-2aV je-20) iS (4 a) 
2 2 
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_ |34,.@ _ |3a" _v3a 
2 SNe ey 
3a° 
pw Beg se oP Ma wl 5 
SB ete 3 os : 
2 


fiat fia? a 


A 4 bets qi a _ VBa? = 3a 








a 

a seid 

2 2 2 

N=hR=nh= ee (because a =b=c sor, =e =r) 


abe aaa =a 
Re 4a) ofilag ag 
oo 
(i) r:Rin=1:2:3 


a a 
LHS=foRir, =—— > —— 
t cade de 
2V3 


Multiplying by —— 
a 


|S 


=1:2:3:=R.HS 
il. riRingirg:r3=1:2:3:3:3 
Sol. L.H.S = r:Riryirairs 


42 A 2K Nid ANG NGA tN Sik AG 


Ae Oe ean eg 
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= 1:2:3:3:3 = R.H.S 
pF 


8.(i) A=r? cot cot~cort 
2 2 2 


] 1 1 
Gop oy ; 
R.H.S =r’ Cot— CotH Cot* = 
2 2 2 tan tan2 tan? 








1 


1 ] 
(S= dS) [(S=aS—e) [(S-aXS—4) 
S(S -a) S(S-b) S(S —c) 
__ SG =a) + SS —b) SSS= cf 
(S-—b\(S—c) \(S-a\(S-c) \(S-a\(S -b) 


1 SS OS WE=9 S(S — a(S — bS ~c) 












(S — ay (S - b) (S-cy 
a 
= V(S—ay(S—b\(S—c) 
fen, 285s ees 
S(S-a)(S—b)(S—c) 
as Af st 
= 4S) As 
Sf A 


pi # 


8. (ii) r=stan— tan — tan— 
2 2 2 


Bi ¥ 


Sol. R.H.S. = stant ity san 
(S-ay(S-by (S-c/ 


g Sz (S-b)(S (S- (S-ayiS=e) c) |(S—a)(S—b) _ 
SB =2 —¢) S(S—b) S(S-c) S53 S(S-—a)(S—b)(S—c) 


Sis a)(S-b)(S-c) aw? _A_ nae 


S$ ISS —a(S—b)(S-c) Sa. S 


sii). A= 4RrCos — Cost Coss 


( Multiply and divided by S ) 






Sol. R.H.S = 4RrCos 5 aa Cost 


os Ape) a) ss os se 
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S(S—a)S(S-b)(S)(S—c) 
(be )(ac)(ab) 


abe [s?.s(S—a)S(S -b)(S-c) 
= A abc’ 


A NS SHAS ONS 0) 8A 324 8 ada LHS 


Eg whe 
LE  SOUCS 3 
9 (i). hak kee Gujranwala 2009 
Sol. L.H.S= —— = eee 
 -2rR gH abe abe abe 
‘S ,44 28 
0 SE ee ata Ate Ue eee ees 





—— + 
abc abc abc abe be ac ab ab be ca 


9 (ii). ee ae Sargodha 2006 


Sol. R.H.S= Eff Sat eae Sk 
nee A A A 





_ 5 [S-a+5-b+S8-c] 


£[38-(atb+e)] 


r 5 [38-28 )]=*=+ Since==r => 


asin B sin f 
10 (i) r= ——-2 2 
Cos 


rs (S-a)(S-c) Ke S-a)(S—b) (S=a)(S~¢).(S—a)(S—b) 
YM Rs SR ee ee abe. 
' (S¢S a) S(S-a) 
be be 


hehe 


r 


&|[& 
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a PUS= =a)" (S-b)(S- c)_# (s- a)(S-b)(S-b) 
oa a’ S(S-a) ray S 


S(S-a)(S-b)(S-e) 24 





2 - Sp ah S 
* Ss Ss 
dsin — sin 
10 (ii). r= 
ae 
2 
bsin ~ sin r 
Sol RAS = 
cos 
2 





<b (S-b)(S-c) |(S-ay(S-b) ac 
\ be ‘ ab VS(S—b) 





ac(S-a)(S-by'(S-c) S(S-a)(S=b)(S=c) 4 
= b = b a Ey ‘f- s 
 @eweiseh) Ye ee mPa, - 
cSin = Sin B 
10 (iii) r= 22 
Cos 


Sol. R.H.S = 


(S- a(S —- -¢) 


ae be ges he bie =e) (2 aS=e) 
[s/s—e) = =e) 
—fab(S-aj(S-b)(S- =e). . |S(S- ahS-b)(S—c) 

abe" S(S—c) cS? 


=A SGT Pa LHS 








Hence es 
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11. Prove that: abc (Sina +Sin 8 +Siny)=4AS 
Sol. LHS = abc (Sing +Sin 8 +Siny) 





a b ¢ Hebie 
= abe Se sp op. = ahe OR b 
2 haa c 
2Sina  2SinB ~ DSiny 








S 
= abe Z: gr 4AS = R.H.S =>sina =<, sin =—.,siny = 


12. Prove that: 
i. (r; +12) tan : =C Faisalabad 2008, Multan.2009 


Bes lj A (S-aj)(S-b) 
Sol. L.H.S = (ry + 2) tan 2 ~ Bag oie  S-c) 
J ! (S-ay(S-b/ 
A 3 pater if" WAN C7 S-—b 
= <5 S(S—a)(S-b)\(S—c) ©" (iS —-a)(S—b)) 


4| S-b+S-a Cate 
"| (Sa) (S—6) A 
=2-a-b=f4+B +ce-4- 6 =c¢=RHS 


ii. (r3—r) cot =c 


It 























Sol. L.H.S=(r;-1) Cot 2 = -( 2 Ws 
3 S—c —< 
tan’ 
(5 o-the S(S-c) 
s6 SIV(S —a)(S- 6) 
'S-(S—c) Sse) 
E S(S-¢ S(S —ay(S —b\(S —c) 
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TEST YOUR SKILLS Marks: 50 
Q#1. Select the Correct Option (10) 
i. Siny = 
a) Area of triangle b) 2(Area of triangle) 
‘c) ‘ (Area of triangle) d) 3(Area of Triangle) 
| 
i —— 
2rR 
2abe 2s 
@) 
a abc 
iii. qe 
a) 2A b) 2A 
s-c s—b 
A 
c) = d) 
s—b s-b 
iv. 2s=a+b+e thenSina/2= 
a) (s—b)(s-c) b) [(s—a)(s-c) 
be be 
c) (s—b)(s—a) d) s(s—a@) 
be be 
v. Cos 6/2 is equal to: 
a) + [+ Sina b) gfe Case 
2 2 
c) + fl + Cosa d) 2 1— Sina 
2 2 
vi. R = 
4A abe 
a) aoe b) ——_ 
abe 4A 
A A 
c) _ d) 
gic s—a 
vii. Cos a/2 =equals: 
a) s(s—a) b) s(s—b) 


be ac 
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0) s(s—c) d) eee 
ab bc 
vii, In any triangle eos = 
s(s—a) 
a) Tana/2 b) Tan 8/2 
c) Tan y/2 d) Cota/2 
ix. Ifa=3,b=4, c=S then S= 
a) 9 b) 6 
c) 12 d) 7 
x, A triangle which is not right is called 
a) Isosceles b) Equilateral 
c) Oblique d) Quadrilateral 
Q#2. Short Questions: (10 X 2 = 20) 


i. In right trianglea@ =37°20', a= 243, y = 90°, c=? 
ii. Prove that r.n.r.r, = A? 


iii, Prove that R= oe. 
4A 
iv. Write any two law of Tangents 
Vv. Solve right triangle if @ = 58°13’, b =125.7, y = 90° 
vi. Prove that A=,/s(s—a)(s—b)\(s—c) 
vii. Prove that 7, =stana/2 
viii. Define angle of Elevation and Depression: 


my Find Area of Triangle if b = 21.6, ¢ = 30.2, @ =52°40' 


x. Prove that Cosp/2= fe= 
ac 


Long Questions: (2 X 10 = 20) 
Q#3. (a) —_ Prove that n7,+475,4+475=5° 

(b) Prove that r=4R Sina/2 Sin B/2 Siny/2 
Q#4. (a) Prove that in equilateral triangle r:R:r, =1:2:3 

(b) Solve triangle if 6 =95, c=34, a =52° 
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Inverse Trigonometric 
Functions 


1. Evaluate without using tables/calculator. 


Iv. —= 





Sol. Let y= Sin(1) ——1] V3 
>Siny=l=> y= ms Sol Lety =tan™ (=) ——]| 
2 ‘ V3 
ina = al 
a rrone Sin ~“(1)= 5 stny-[ =] 
V3 
ii. Sin” *(-1) 
-1 -1 -l a 
Sal. Let y= Sin” (-1) ———I => y=tan V3 => y=— 6 
‘ a 
=> Siny=-1 >y =—- — —/ a 
2 | become tan’ | —— | =- — 
J3 6 
I become sin’! (—1) =- © i 
+ x Vv. Cos” = 
5 2 
iii. Cos* = l 
2 Sol. Let y=Cos™ = —] 
v3 
Sol. Lety=cos’? > I = Cosy = — =>ys% 
s 2 6 
>C # = = | become Cos™ rae 
Osy = S = ose aaa 
ane TSS 2 6 


Semen tee 
| become Cos? 5 Bs 


COLLEGE MATHEMATICS-1 


vi, 


Sol. 


vii, 


Sol. 


Sol. 


Tan™ ( +] 


I 
Let y=Tan”? 7 —I Sol. 
3 


INVERSE TRIGONOMETRIC FUNCTIONS 


viii. ~ Cosec” ( 


-2 
Let yecosec"| || 
V3 





=tany > y= ee C —2 Si V3 — 
ie eas = Cosec y= —= => Siny = —— => yp = —— 
a 6 y 3 y 9 3 3 
ef ie x _) 7 
i Beroraey Tae (=| ie | become conee| = = “ 
Cot™ (-1) 
Let y=Cot™(-1) ——_ gts 
ix. Sin” ( =| 
=> Cot y=-1 fo 
=> tany= Pei Sol. tety : Sin ah ey 
& J2 
= JE 37 
=> Y= — or p= — =} bi 
4 4 = sinye( =) => y= — 
2 4 
x 3 
| become Sin “| 75 | = —— 
2 ; 


because Domain of cot” is [0 } | ) 


= | become Cat™ (-1)= = 


Without using table/ calculator show that: 


tan? Bons Sin! im 
I2 13 


Let Sin” a = a—/ >Sin nee 
13 13 


Syne 


12 3 
tan@ =—- > @ stan 
2 


5 5 
Sin* —stan* — (use {) 
13 12 
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Sol. 


Sol. 


Sol. 


2 Cos* ‘ =Sin 


eae 
5 





Sin @ <= 
% 


Now Sin2 @ =2Sina@ Cosa 


9 
surano(3\(2)-2 
Sj, 3) 25 
] 


4 24 
2{ cos” )- Sin” | 55 | fused 


i 


2@ =Sin” 


tN 





By Pythagoras 






Die gz 2 7 
4 a+b =c c=5 
=Cosa@ = 5 a’ =c’-b’ a 
2 2 
: a=(3)'-(4) 
ee Vee a’ =9>a =3 b=4 
, ! Hi ets 
Catan es ~ sa ates (3) = Cos (3) = Cot {S)(oser 


Find the value of each expression: 


I 
Cos | Sin”! —— 
( V2 


1 l 
Let =Sin’? — —I=osiny =—— 
ss V2 : V2 


COLLEGE MATHEMATICS-! 


Sol. 


sol, 


Sol. 





=y=2 > sin? La = use | 
4 J2 4 
ar ] £24 
Now Cos Sin! | cost = fe 
( V2 4 J2 
I 
Sec | Cos — 
.( : 
Let y=cos? 4 —-] =5 ti ges 
; 2 3 2 
T af1) 2m 
= y= —>Cos Ge (use 1) 
3 Ase 
Now sec( ‘os 5 +SeeZ=— at a 
$ 3 Cos” 
2 
tan (co fs 2 Sargodha 2008 


3 
reas 2-9 —l Cosy = x >y= . (use I) 


Now Tan | Cos V3 penta 
2 6 3 
Cosee (tan™(-1)) 
Let ~_-y=tan’'(-1) ——1 => tany =-1 


T 1 TE 
>y =-—>tan (-1)=—  (usel 
aaa r ) 


Now cosec (tan=(-1)) = Cosec ( +). =——= 


INVERSE TRIGONOMETRIC FUNCTIONS 


. 
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ets | 
v. Sec ( Sin cs Multan 2007, 2008 


Sol. Let y=Sin ' (1) —/] => Sin y= = 





6 2 
Now Sec sin (3) =Sec 


vi. tan ( tan™(-1)) 
Sol. Let y=tan”’ (-1) 


=r 
= tany=-1 => y= - 


=> Now tan(tan”'(-1)) = tan} =—tan eet 


4 
vii. Sin sin’ (2) 
2 


Sol. Let y=Sin * ( SJ => Siny = oa 2 => Sin” (| 
2 2 6 2/ 6 
Now Sin sin iJ a 
2 6° 2 
viii. tn{ sin( =) : 
2 
’ —] 
tae ~4 —T —1) =2 
Let =Sin { —I => Siny= — >y= Fsin( ZF) use | 
‘ 2 Peg eae ae oe 


Now ‘tan sin (=) man (= J= 
2 6) V3 


ix. Sin(tan™(-1)) 
Sol. Let y=tan’* (-1)) ——J 

=F. ao —T 
=> tany =-1 > y= —-> ran’ (-1)=—_ 
4 4 


Now Sin ( tan™ (-1) )}=Sin (=}- Van ok 


4 2 


COLLEGE MATHEMATICS-1 aa INVERSE TRIGONOMETRIC FUNCTIONS 


EXERCISE 13. 2 
Important Note: In whole exercise 13.2 take values of cos@ and sin@ positive 


because cos @ is positive in domain of sin@ and sin@ is positive in domain of cos @. 





TheoremI — Sin” A+ Sin’ B=Sin* (A J1—B? +B 1-4? ) Lahore 2009 


Proof: Let x = Sin A and y = Sin? 8 ——I 











=>Sink= Sand Sin y=”. as ; A 
: t let= 42 A? >a "=a =y1- 2 

Cosx= 1-42 

E ania 
Cosy = 4/1—B? 
Now Sin (x+y) =Sin x Cos y + Cos x Siny 
Sin(x +y)=A J1-B? +B,1-42 1 > 
x+y=Sin" (AJ1-B? +B,1-A?) 

b= - 


(use I) Sin 7A + Sin “B= Sin“ (A,/1— B +B1-A ) Hence proved 


TheoremII Sin“ A= Sin™ B = Sin? (4,1. B+ 3 1-4?) 


Proof: Let Sin “A =x and Sin? B=y 





=> Sinx= Sand Siny=7 





l+4? 
Cos x= = Cosx= f147 &Cosy= 1-B? - 
Now Sin (x—y) =Sin x Cos y — Cos x Siny A B 


Sin (x-y)=A J1-B’ —B 1-4? 
x-y=Sin"(A J1-B? -ByI- A?) 
= Sin"'A-SinB=Sin"(AJi-B ~ Bi A°) 


Hense proved 
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Theorem I Cos? A+ Cos“B = Cos *(AB- \(1— A*)(1- B’)) 


Sol. Let Cos A =x and Cos™B =y 




















1 
= Cosx= Sand Cos y=" Ji-4 =a 
yl-A? Vi-B? A 
Sin x = i & Siny= 1 
Sinx= J1-A? &Siny= J1-B? 1 ci 
Now Cos( x+y) = Cos x Cos y — Sin x Sin y 
Cos(x+y)=AB- I-A? V1-B? B 
=> (x+y) = Cos? (AB- (1-47 )(1-B’)) 
= Cos? A+Cos* B= Cos(aB- /(1- 4?)(1- B)) 
Hense proved. 
Theorem IV Cos A-Cos*B =(AB+ /(1- A*)(1-B’)) 1 a 
=a 
Sol. LetCos*A=xandCos’“B=y ; 
=>Cosx= = = Cosy= = A 
3 jee ne Ji-B? 1 
inx= and Sin y = ———— 
~~ IT-B =b 
Sinx= J1-A” and Siny = 1 -B° 3 


Cos (x-y) = Cos x Cos y + Sinx Sin y = ( AB+4/1-B” Jl-A’) 
=> (x- y)=Cos'(AB+V1- 4 V1-B?) 


=> Cos A-Cos’ B= (AB+ ./(1— A’ (1-B’)) 


r 
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A+B 
Theorem V_ tan’ A+tan"B= sei 1_A 4 Sargodha 2008, 2011 


Sol. Let tan?A=xandtan’?B=y => tanx=A &tany=B 


x+ +B 
Nogetenkeiein: a B 
l-tanxtany 1-AB 


ore => tan 4+tan' B=tan"' i 
=>x+y=tan"| 7 4p os 1— AB 





A-B 
1+ 





/ 
Similarly tan ’A-tan'B=tan’ L ) Federal 





Exercise 13.2 
Prove the following: 
253 


1. Sin™ oe + sin? = Cos* — Sargodha 2009 
13 25 325 


Sol. Let sin’ = x => Sinx= oa Sin Ca y => Siny= aa 
13 13 25 25 


By Pythagrras 


a+b’? =c? 






Now Cos (x+y) =Cosx Cos y—Sin x Siny 












a> 5 2 
cotene( BBS) loctay. =e 
s (x+y) =| — || — |-| — |] — 2 
as Jas) a3 Jl 25 a? =(13)' ~ (5) 
288 35 288-35 a’ =144>4 = 12 5 
md a=: 
325.325. 325 Chen 5 
Cos (x+y) = ose + pe Cos"! = 7p 2 
Ms Saas 325 b*+(7) =(25) 
2 2 
5 EA 253) | +(25) = (7) 
=> Sin™ — +Sin™ 55 =Cos-1 (=) 
13 2 325 a 
; 7 
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Sol. 


Sol. 


9 
tan’ o tan — =tan)— Fsd 2008, Multan 2007,08, 09, Rawalpindi 2009 





8 
A+B 
We know that tan’ A+ tan™ B = tan” 
1-—AB 


PutA= . aun 
4 5 





Pod §+4 
Vga! as 20. 
Then tan ' —+tan™' — = tan"! “— |=tan! 
4 5 s 1)\(1 1 ] 
4)\5 20 
> tan” a =tan~ 9 AO = fan , 
4 5 2 «19 19 


“Hence proved 


2tan™ 25 Sin” bd 
3 13 


=i 


2 2 
Let tan” —=x>tanx=— 
3 3 
Wik SL Peewene 
13 V13 





Now 


Sin 2x = 2 Sin x Cos x 


mol BR) 


Sin 2x = ee IxiBin 
13 13 


2 
2tan —=Sin ' 7 (pul value of x) 


ws fb 


COLLEGE MATHEMATICS-1 AAS INVERSE TRIGONOMETRIC FUNCTIONS 
2 
4. tan” ie =2Cos"' nd 
119 13 

Sol. Take Cos? iy ceGanteee 

13 13 

Sin’ x = 1-Cos?x=1- is = oe 

169 169 


‘ ; 
Sinx= 3 (Sin is + ve in Domain of Cos x ) 





5 
Tanx= pine = ws = = 
Cosx 12. 12 
KB 
2t {5 
Now tan 2x = eee = 
1-tan* x 25 
144 
1010 
12 12 10 144 
2x = ——s = “4 =~, 
She Se 2 1 18 2 19 
144 144 
tan 2x = fai => 2x = tan ( 7 2Cos' at won ( 2) 
119 119 13 119 
5 Sin” ae +Cor” Jee Sargodha 2011 
; a ; 
Sol take sin™ =x=> Sinx= =5 ieee 
l ‘ 
and Cot' 3= y >Coty=3 => tany=— 
a 
© a=1 





b=2 


COLLEG MATICS-1 A | INVERSE TRIGO CTIONS 


Hencd 


L 1 
Slivae Ta AGA ne eg 3 
1— tan xtan y 1-() 1-(3{3) 
3 


ol 


Tan (x + y) = ST ig 1>x+y=tan™ (1) =— 
sh 


1 a 
Hence Sin? —— + Cor '3=— (Put values of x & y) 
V5 4 
es. a ue EE 
Sin = + Sin on = Sin a5 Multan 2008, 2009 Sargodha 2011 


we know that 


Sin? A+ Sin?B = Sin? (AV1-B? + BV1- A’) 


Put A=3/5 and B = 8/17 


sin? + sin? & = Sin” 3 ee 5, ae es 

5 17 5 289 17\ 25 

= sait{ 3 |= 8 64 5 [if \-s sin(3. 158 ‘) 
7 ee ae 


4 
= sinn{ 2922) = Sin! (a 2). Sin” (Z| 
17 5 85 85 


Sin? — + Sin” Bike Sin"' ge 
17 85 
77 
ai — Sin" : = Cos"! = Faisalabad 2008,Multan 2009, Lahore 2009 
Take sin =a, Sin” a B 


= Sina me, SinB = 2 
85 5 


COLLEGE MATHEMATICS-1 INVERSE TRIGONOMETRIC FUNCTIONS 


Sol... 


Cos’a@ =1-Sin’a 


Cos’a@ =1- (2 } , Cos’ B=1-Sin’ B 
85 
Cos’ a yan ; cos'p=1-(2) 
7225 5 
225- 
Cos’a = eer ree eee (Cos in +ve be in Domain of Sin) 
7225 5 


7225 
Now Cos(a@ — 2)=Cosa@ Cos B +Sina@ Sin B 


-(3)(4)+ a \(é)- ee - 3 
a5 )\5) (85 )\\5) 425° 425 425 17 


9 
Cos’@ = Liki => Cosa = a (Cos is +ve in Domain of Sine) 








a-B-= cos( 75) = sin - Sin" = Cos? = (Put volupanfcr B ) 
Hence proved. 
cos 3 +2tan"' a Sin” < Faisalabad 2008, Sgd 2009 
65 5 5 
‘4. 
Cost 2 +tan* 5 > |= Sin" : Use 2tan™” A = tan” aa ; 
65 ' ( 1 5 1-A 
5 
2 
af at 5 43 
Cos -—+tan | —~— | = Sin‘ = 
joa! 3 
25 
2 
Cos’ —+ tan’ 4 = Sin 3 


COLLEGE MATHEMATICS-1 AGPA INVERSE TRIGONOMETRIC FUNCTIONS 


> 

tag? os tan’ (2 x = = Sin” : 
65 > 24 5 65 

5 3 b=? 
Cos —+ tan? — = Sin — 

12 5 

63. 
Let Coste =a &tan* 2 = B 
b’+ (63) =(65) 


Cosa een = 16 
65 


5 
12 

Sing = = Cos p= 

65 13 

Now sin(a + #)=Sin @ Cos # +Cos @ Sin B 
COE are 
65) \13 65/\13) 845 845 


_ 1924315 507 _ 3 


845 845 5 


a+ B =Sin* [2] cos + tan | ae Sin values of a & f) 
5 65 12 5 





9. tan?> + ten! on tit 28 Multan 08, Fsd 09, Guj 09, Sgd 2010 
4 5 19 4 
3,3 27 aT 
Sol. L.H.S=tan” 4 5 ten? 2 tee —20_ —tan- OD stn? A i ae 
oo 19 eae 19 ; 
4°5)- 20 Sif 
204 513-88 é 
11 19 gen ee OF |=tan "(y= =RHS 
| g RAS. 


a -1 <a Es 
= tan ee 27 8 tan 209+ 216 =tan? 4 
11 19 209 


INVERSE TRI METRI CTIONS 


COLLEGE MATHEMATICS.-| 





4 » —I 5 S ay 16 aT 

* Sint 79 B mi 65 12 Federal Board 
. 42 oe. ae 

Sol. LHS = sing + 5in ara a 


sins (4 Vi-B? + BVI }esin 2 ~ 


we 
(BH 13 is) ms 
( 


1 = 65 
+ — |+ Sin! — + Sin 
= Sin {3 3] 65 Sins (=) I a8 
= Sine savin +Bvi- A") 


63 256 16 [ 3969 
= Sin-| = Bornean peo 

6 65\ 4225 

63 [4225 — 256 256 16 [4225-3969 
= Sin” | 65 4225 65 4225 


COLLEGE MATHEMATICS-1 INVERSE TRIGONOMETRIC FUNCTIONS 





i 
11. + tan” = +tan™ o tan ' = tan ' Multan 2008, Fsd 2009, Sgd 2010 


Nil 


1 , 
Sol. LHS = tan? — + tan!’ = 

11 6 
=tan 


A+B 
= tan” 1— AB 


* 61 











= tant} 28 | = tan! $8 = tan?) = 
~ 66 66 
~j 1 -l 1 
Now R.HS=tan —+tan — 
3 7 
lt 5 5 
=tan”’ Aye se Pe = tan? 8s =tan” 6 =tan” ie= 
1-AB) | ,_1 1 nk 5 4 
3:2 6 6 
Hence L.H.S = R.H.S 
12. aan" + tan” a= Sargodha 2008 , Faisalabad 2008 
a! il 1 a 2s 
Sol. L.H.S =2tan ee 7 Use 2tan “ A=tan~ ———— 
5! 
1 3 | a 


= tan’ | —— |/+tan- 


—_ 





1 

9 
= tan? [Sx2 + tan” I tan” Sen i 
+ § z 4 7 


es 25 


3 
ome FS 5a ee th 2e te at a 
ee 3 tan 35 tan (1) 
1-| — 5 1-— — 


28 28 


=R.HS 


|S 


COLLEGE MATHEMATICS-1 


13. 


Ww 


Sol. 


14, 


Sol. 


15. 


Sol. 


16. 


Sol. 


17. 


Sol. 





INVERSE TRIGONOMETRIC FUNCTIONS 


Cos (Sin@x) = V1—x? 

Let  Sin'’x=@ = Sing =x 

Cos’ a@ =1-Sin’ a@ =1-x’ 

Cosa = ¥1—x’ (Cosa@ is tve in Domain of Sin @ ) 


Cos (Sin*x) = V1—x? (Put values of a) 
Sin (2Cos“x) = 2x V1— x? 


Take Cos’x=@ => Cos @ =x 


=> Sin? @ =1-Cos? a => Sina = V1—Cos’a 


+ 
+ 


Sina =vl-x 


Now Sin2@ =2Sin@ Cosa 
Sin2 (Cos™x) = 2V1— x? .x= 2x1 - x’ (Put values of a) 


Cos(2Sin™x) = 1- 2x? Faisalabad 2007, 09 , Federal 
Take Sin? x= @ => Sin @ =x 
Cos2@ =1-2Sin’a 


Cos (2Sin™x) = 1- 2x’ (Put values of a) 

tan? (-x) = —tan x 

or tan” (-x) + tan? x=0 

L.H.S=tan” Sees -tan"( ° 2 )- tan’ (0) =0 
1-—(+x)(x) l+x" 


=> tan” (-x)+ tan? x=0 

= tan™ (-x)=-tan™x , 

Sin™(—x) = —Sin™ x ' Multan 2008, Sargodha 2008 
Let Sin” (-x)= @ => -x=Sina 

'X’ by-1sox=—Sin @ orx=Sin(-a@ ) 

=>Sin*x=-a@ = -Sin’x=a@ 


or Sin”? (-x) = Sin (x) (Put values of @) 


Cc MATHEMATICS-I 


18. 


Sol. 


19. 


Sol. 


20. 


Sol. 


INVERSE TRIGONOMETRIC FUNCTIONS 





Cos” (-x) = 7 —Cos™ x 
or Cos™ (=x) +Cos" x= 7 


Cos*a@ +Cos* B =Cos*(a@ B - J(1-a@’)(1- f’)) 
Put a =-x& f =x 


Cos™ (-x) + Cos*x -= Cos™ ((=x)(x) - r= (—x)’(1— x?)) 
= Cos™ (-x' = /(1-x")(1—x’)) 


= Cos (-x?~ /(l— x’)? ) 


= Cos (—x?— (1 — x’)) 
=Cos! (-x” —| +x") =Cos” (-1) 


Cos" (-x) +Cos*x= 2 = Cos™(-x) = 7 -Cos™x 


tan (Sin™ x) = . 
V1-x? 


take Sin’ x= @ => Sin @ =x 





Cos’ @ =1-Sin? @ =1-x 


Sina 
Cos a = V1—x’ , tana@ = : 


Cosa 





x 


x 
Tan @ = ~=———= = tan (Sin x) = ——— 
vi-x’ Vl-x° 


1 
x = Sin? 3 => Sinx= 








Now Sin x= , Cosec x =2 


wile 





a+bhaCS>h=c-a’ 


b= HP 421 23S 9-49 






Cos x= = , Secx= 
2 


4 
ols 





COLLEGE MATHEMATICS-1 667 INVERSE TRIGONOMETRIC FUNCTIONS 


TEST YOUR SKILLS Marks: 30 


Q#1. Select the Correct Option 
i For—2/2< 0 < 72/2,Sin'(-1/2) =6 =is 


a) =1/3 b) n/3 
¢) 1/6 - d) -1/6 
ii. Range of the function y = Cos™'x is 
a) Osysa b) O<y<z 
c) -Ilsysl d) -l<y<l 
iii, Cos"'(-x) = 
a) Cos"'x b) —Cos'x 
c) m-Cos'x d) m+Cos'x 
, ait ek 
iv. Tan ing} 
a)- x/3 b) ~2/3 
c) /6 d) —1/6 


Q#2. Short Questions: 


i. Prove that Tan7'x = a Cot''x 


ii, Prove that Tan '1/4 + Tan™'1/5 =Tan ‘9/19 
iii. Find the Value of Sec(Sin™'(~1/2)) 


Long Questions: 


Q#3. (a) Without using Calculator prove that Sin”! x +Cot'3= : 
3 


(b) . Prove that nr +tan” ao tan id + tan”! i 
11 6 3 2 
253 
Q#4. (a) Prove that Sin’ Bs + Sin"! a = Cos — 
13 25 325 
(b) Prove that Cos 8 + 27an"! a Sin | 3 
65 5 5 


COLLEGE MATHEMATICS-1 SOLUTION OF TRIGONOMETRIC EQUATIONS 





Solution of Trigonometric 
Equations 








Sargodha 2009, Multan 2009, Lahore 2009 


The equations, containing at least one trigonometric function, are called 


trigonometric equations. e.g. 


2 ag 3 
Sinx = . , Secx = tanx, Sin —Secx +1 = 4 


~ 


- Example 1: Solve sinx=1/2 Sed 2006,09, Multan 2008,09, Fsd 2008 . 
Sol. Sinx is positive in ] & II quadrant 
Reference angle = x = sin’ 1/2 = 7/6 ——in/ quad 


x= 4-£/6=52/6 ——inIl quad 
85={%+2n}U{% +2nr}nez 


Example 2: Solve 1+ cosx=0 Sargodha 2009,10, Fsd 2009, Gujranwala 2009 
Sol. 1+Cosx=0 => Cosx=-1 
There is only one solution, x = 7 in [0,2 7]. Since 2 is period of Cosx 
General value of xis 7 +2nz ,n € Z. 
S.S={2+2nr},neZ 
Example 1(of general solution): Solve Sin x + Cos x = 0 Sargodha 2008 
Sol. Sinx + Cosx = 0 


Sinx  Coasx 








e =0 > Tanx+1=0 = tanx=-1 
Cosx _Cosx 


X 
Tan x is —ve in I] and IV Quadrant with the reference angle “7 


COLLEGE MATHEMATICS-1 : 669 SOLUTION OF TRIGONOMETRIC EQUATIONS 
ge Sie 
x= 1-— = — inl quad 
4 4 
x=27 - 1/4=72/4 but notin[0, 2 ]so it is not solution 


Sie 
General value of x is - +n 


32 
Solution set = {Fe +nal, neZ 


Example3. Solve the equation Sin2x = Cos x Sgd 07, Multan 07, Rw! 09, Federal 
Sol. Sin2x = Cos x => 2Sin x Cos x = Cos x : 


=> 2Sinx Cos x-Cosx=0 => Cos x (2Sinx - 1) =0 


Either Cosx=0 or 2Sinx-1=0 
(i). If Cosx=0 
== ws and a where x € [0,2 7] As 277 is period of Cos x 


Fa 3x 
.“, General value of x are ss +2nz & 3 +2n7T,nNEz 


~~ 


(ii). If 2Sinx-1=0 => Sinx= 


Nil 


Since Sinx is +ve in | and ll quadrant with reference angle = 


alr 


and x = a2 =F where x= € [0,27] 


6 


x 
" 
AlN 


rg Sx 
-. General values of x are 6 +2nz and ie +2n7,neEeZ 


Hence 


I 5 
Solution set={— +n }u(== + ane} U(= +2nz)u (== +2n7} 


a 


COLLEGE MATHEMATICS-1 10 SOLUTION OF TRIGONOMETRIC EQUATIONS 


EXERCISE 14 


3 Find the solution of the following equations which lie in [0, 2 7] 


al ii. Cosec 9 =2 
i. Sinx= io Multan 2009 


Sol. Sin@= z 
Sol. Sinx is-ve in Ill & [V quadrant 2 


3 * Sin@ is+ve in! & Il 
and x= Sin” (S ee 


Reference angle= @ = Sin *(1/2)= . inl 


Therefore 
n 5x 
4 O=7=- — = —inll 
sss jp eee in Hl 6 6 
7 os 
x=27 - oi in IV 
ee 
cs 1 
iii. Secx =-2 Multan 08, iv. Coté = 5 Sargodha 2008 
| 
Sol. => Cosx =—-— Guj 09, Rwi 09 
2 Sol. => tan@ = V3 
Cos x is —ve in Il & Ill quadrant tan@ is +ve in! & II quadrant 
1 
Reference angle= x = Cos* 5 = e and @ = tan” J3 = e in I 
2 3 
a. 2 
x= 7 -— = — inill Rep ti eae in 
3 3 3 


COLLEGE MATHEMATICS— 


Cc F 
oa 


SOLUTION OF TRIGONOMETRIC EQUATIONS 


2. Solve the following trigonometric equations. 
i. tan’?@ = ; Fsd 08, 09, Sgd 09 | ii. Cosec’ 9 = : Sgd 2011, Federal 
Q= +. d 2 3 3 
Sol. ==> tan@=+ Federal | Sol. =>Cosec=+ —— or Sin@ =+ 2— 
a 3 7 
1 
Wheaten t= V3 When Sin @ = = 
@ is +ve in] & Ill quadrant Sin is +ve in] & I] and 
i- <2 
seen twat 
@ =tan i ae @ =Sind> v3 2 
4 2 3 
627+ 7-2 inn n 
6 6 O= — in! 
at) ; 
When tan @ = —= 
V3 Peg ees 
Tan @ is—ve in I] & IV quad 3 3 
When Sin@ is-ve in II] & IV 
ax Sx. 
0 =7 - —=— inll 3 “ 
Ss 6 = Sin Sie 
O=2n~ Fat inv. : 
a 5x 7m \l\n O=n+ 2 = int 
ee ae os 
eos 6227-222" in 
iii.  Sec?@=—  Multanos, Fsdo9 3 
_ mx 2a 4m Sx 
2 oa yg 
Sol. => Sec 6 =t 3 1 ‘ 
iv. Cot?@ =— Lahore 2009 
3 3 
=> Cos. 9=+ — 1 
- Sol. => Coté ae 
When Cos@ = 3 2 
2 Ortan@ =+ V3 


Cos@ is +ve in! & IV quadrant 


@ =Cos” 


When tan@ = J3 
@ isin I & iMquadrant 


COLLEGE MATHEMATICS-1 SOLUTION OF TR IGONOMETRIC EQUATIONS 


pune et an @ =tan?J/3 = = inl 
6 6 3 
4 
When cos =~ 22 O=n+n/3 = — init 
Cos@ is -ve in Il & Ill quadrant When tan 0 =- V3 
ge pen in Ill , tan@ is-ve=inll& IV 
6 6 
, bie tne fst 
6 =-eteee a 
zs bee tin Se a 
7 
So @ - a 5% in Te 3 3 
6 6 6 6 mh m 2n 4n Sx 
4 33 


Find the values of @ satisfying the following equations: 
3. 3tan? 6 +2 V3 tan@ +1=0 
Sol. (V3 tan@)?+2V3 tan@ +(1)'=0 

(V3 tan@ +1) =0 


~ 


V3 tand +1=0 => tand = 


Reference Angle =@ =tan* a = = 


2 yankee ele tare Se ae 
6 6 me 
4. Tan’ @ -SecO -1=0 Federal 
Sol. orSec’@ -1-Sec@ -1=0 
(Sec@ —1) (Sec@ +1)-(Sec@ +1)=0 
(Sec@ +1) [Sec@ —1-—1] =O=> (Sec@ + 1) [Sec —2] =0 
=> Sec# +1=0 or Sec@ -2=0 
Sec =-1 or Sec@ =2 


COLLEGE MATHEMATICS-1 673 LUTION OF TRIGON' IC EQUATIONS 





Sol. 


Sol. 


Cos@ =-1 baba 
2 
O=7 Cos@ is +ve in I & IV quadrant 
1 
6 =Cos? — = = in} 
2 
ep ella Be 
3 3 
2Sin@ +Cos? 8 -1=0 
2sin@ + J -sin’'@ - 1 =0 
2Sin@ —Sin’?@ =0 
Sin@ (2-Sin@)=0 
Sin@ =0 or 2-Sin@ =0 
0=0,7 Sin@ = 2 Not possible 
2Sin?@ -Sin@ =0 => Sin@ (2Sin@ -1)=0 Multan 2007, Sargodha 2010 
Sin@ =0 or 2Sin6 -1=0 
6=0,z Sin@ = : 
2 
Sin@ is +ve in I & Il quadrant 
rs 
@ =Sin’ — = — inI 
2 
O6=n7-4=- = in I 
6 6 
Hence @ =O, z, ie 2 


3Cos?@ -2 J3 Sin@ Cos@ -35in? 6 =0 
3Cos’@ -2/3 Sin Cos@ -3Sin?@ =0(‘+' by Sin?@ we get) 
3Cot’?@ - 23 Cot@ -3=0 


Subtract and add /3 Cot@ 


COLLEGE MATHEMATICS-I ae SOLUTION OF TRIGONOMETRIC EQUATIONS 


3cot?@ -2/3 cot — V3 Cotd + V3 Cot -3=0 
3cot?@ —33 cotd + V3 cotd - V3 V3 =0 
3cot@ (Cotd - ¥3)+ V3 (cotd - V3)=0 

(cova - V3) (acotd + V3)=0 


cot@ - V3 =0 or 3Cot@ + V3 =0 
ab 3 
cot@ = V3 or Cot? = —= = ——— 
V3 V3. 
1 
tan@ = —=" tan@ =- V3 
3° 
tan@ istvein!] & Il} tan@ is-ve inl] & IV 
i stant oe ben Si < 
Be 3 
donee see owes ae 
6 6 3 3 
Hence Pi pe alps Oeden® «ay 
6 16° 3° °3 3 3 
8. 4Sin?@ -8Cos@ +1=0 


Sol. 4(1-Cos’@)-8Cos@ +1=0 
4—4Cos’ 0 -8Cos9 +1=0 
-4Cos’@ -8Cos0 +5=0 
4Cos’@ + 8Cos0 a5 = 0 (Multiplying by “—1” ) 
4Cos’@ + 10Cos 0 -2Cos0 -5=0 
2Cos@ (2CosO +5)-1(2Cos@ +5)=0 
(2Cos@ +5) (2Cos@ -1)=0 : 
2Cos@ +5=0 or 2CosO -1=0 


wl — 


Cos@ = > Impassible or Cos@ = 


@ = Cost ~ = = inl 


—--—_- —- 


COLLEGE MATHEMATICS-1 675 SOLUTION OF TRIGONOMETRIC EQUATIONS 
5 
@=2n-—=— inW 
3 3 
x 52a 
So 0d=—, — 
= ie 


Find the solution set of the following equations. 


9. J3 tanx — Secx-1=0 iNote: Add 2nz in Cosx & Sinx and n 7 in tanx. For sol 
Sol. 3 tanx —Secx -1=0 —~-/ 


V3 tanx = Secx +1 

Squaring both sides 

3tan’x = Sec’x + 2Secx + 1 

3(Sec?x — 1) = Sec’x + 2Secx + 1 

3Sec’x — 3 - Sec’x - 2Secx-1=0 

2Sec’x — 2Secx-4=0 => Sec’x—Secx—2 =0(+ by 2) 
Sec’x — 2Secx + Secx -2 = 0 


» Secx (Secx — 2) + 1 (Secx — 2) =0 


(Secx — 2) (Secx + 1) : 0 


Secx-2=0 or Secx+1=0 
Secx =2 or Secx =-1 

1 
Cosx = 5 or Cosx =-1 


Cosxis+vel & IV 


] 
nC = int x = Cos™ (-1) 
Kinde Oe = in x= 

3 3 


5 2 /3 Does not satisfies | equation 


§3= a a 2nz| U {1+2n7},neZ 


ee - ee ee 


COLLEGE MATHEMATICS-1 676 ION OF TRIGONOM EQUATIONS 


10. 
Sol. 


Cos2x = Sin3x 
1 — 2Sin*x = 3Sinx — 4Sin?x 
or 4Sin*x — 2Sin?x - 3Sinx + 1 =0 


take Sinx = 1 





4sin*x — 2sin*x — 3Sinx+1 = (Sinx — 1) (4Sin®x + 2Sinx - 1)=0 


Sinx-1=0 or 4Sin*x + 2Sinx — 1=0 


sin « Zt VQ)=44Y-D 


2(4) 
= ~2+V4+16 _ -2+ 20 


8 8 
_72+2V5 2-145) 
8 
5 


8 
-1- V5 = ~0.8090 









Sinx = 1 








Sinx = 





Sin x = 0.3090 Sinx = -— 0.8090 
Sinx +ve in] & UH Sinx is —ve in I]J& IV 
X = Sin” (0.3079) x = Sin™ (0.8090) 
X= 18" 18° x "= 2 jn (eat oe 
180 10 10 180 10 
on . 3 
X= 7 —— = — inll X= 7 + — inll 
10 «10 10 
tetpo ce ge t in TV 
10 10 
3 
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11. 


Sol. 


12. 


13. 


Sol. 


Sec3@ =Sec@ 
Sec3 0 =Sec@ = Cos3@ =Cos@ 
or Cos3@ —Cos@ =0 


30+0 . 30-0 | 


-2Sin Sin 0 
2 








=> Sin2@ Sin@ =0 
=> Sin26 =0 or Sin@ =0 


20=nxz or O=nz 
= pe 
9 


S.S={nz}U {=I. neZ 


tan20 +Cot@ =0 Multan 2008, Federal 
tan2@+Cot@=0 — 

Sin2@ o Cos _ 

Cos2@ . Sin@ 


Sin2@ Sin@ + Cos20 Cos@ 2 
SinO0 Cos20 








0 


a Cos20 Cos@ +Sin2@ Sind =0 
3x 


=> Cos(20 - 8)=0 => Cos =0 = = =, 


ss={% + 2nr| U |= + 2m, neZ 


Sin 2x + Sinx = 0 Sargodha 2011, Federal 
or 2Sinx Cosx + Sinx = 0 
Sinx (2Cosx + 1)=0 => Sinx =O or 2Cosx+1=0; 
x=nz or Cosx=—1/2 


Cosx is—ve in Il & Ill 


IC EQUATIONS 





COLLEGE MATHEMATICS—1 see; SOLUTION OF TRIGONOMETRIC EQUATIONS 
pone 
x= Cos? — = — 
2. oS 
et . 2 
K=  —-— = — inl, x= 7 + — = — jn ill 
3 3 


14, 


Sol. 


15. 


Sol.” 


SS ston }u {2 + an] u {= + ana} nez 


Sin 4% — Sin 2x = Cos 3x 
4x +2x ~ 4x -— 2x 








2Cos = Cos 3x 
2 
2Cos 3x Sinx — Cos 3x = 0 => Cos 3x (2Sinx — 1) = 0 
Cos 3x =0 or 2Sinx-1=0 
jak See or Sina 
2 2 2 
3x= > +n - 3x22 sanz or Sinx is+ vein! & li 
a 2nn a 2nzx pate” ae 
x=— + ,x=— + — or x=Sin — = — inl 
6 3 2 3 2.6 
a Se 
or X= 7 —-— = — ini 
6 6 
&S= ee Ue + U ny U gy Pe nez 
6 3 2 3 6 6 
Sinx + Cos3x = Cos5x Multan 2007 
or Cos5x — Cos3x—Sinx=0 . 
+ 3x = 
“iggy SETAE oe OE ASR ee 


2 2 
—2Sin 4x Sinx — Sinx = 0 => -1 [2sin4x sin x + Sinx] = 0 
Sinx (2Sin4x + 1) =0 
Sinx = Oor 2Sin 4x +1=0 


x=0,7 or 2Sin 4x = -1 


_ Sin 4x = = => 4x = Sin? 


wil 
an|A 





16. 


17. 


Sol. 





Sinx is — ve in Ul & IV quadrant 


Gene De Mill Save * teams eo 
6 6 ~ é 24 2. 
ging e +2" => ee in IV 
. 6 6 52h. 2. 
S.S = {0+2nr)u fx + 2nz} U «tly {ve met 
5 24. 2. 24 2. 
sin 3x + sin 2x +sin x= 0 Faisalabad 2008 


Sin-3x + Sin 2x + Sinx = 0 or Sin 3x + Sinx + Sin2x = 0 








3x 4x 3x-x 
~ Cos 
2 ' “2. 


Sin 2x {2Cosx + 1}=0 = 2 Cosx+1=6 or Sin 2x =0 


2Sin + Sin 2x=0 => 2Sin 2x Cos x +Sin2x = 0 


if Sin 2x. =0 => 2x=0, => 2x=O+ 2ngt &x= 7 t2nT —>xK=nK &x= 5 +n7r 
If 2Cosx + 120 ; Cosx=-1/2 


Cos xis —ve in IF & HI x = Cos ; = 


w {> 


ine on in &xet+ = od in Til 
; 3 3.. 3 3 


S$S={nw}U {& + me} v9 + 2nn U ie nez 
2 ot Les, ; 
Sin 7x — Sink = Sin 3x. . 
aces ELE si FA* ~sin3x=0 


2Cos 4x Sin 3x - Sin 3x = 0 => Sin 3x (2Cos 4x -1} = 0 
‘Sin3x = 0 or 2Cos 4x-—1=0 


4f Sin 3x =. => 3%=0, 7 = 3x=O0+2n7,3x= #2n# 





2nx # . 2nx 
x-=--—_ Pt aga ig 


TICS-| 


SOLUTION OF TRIGONOMETRIC EQUATIONS 


COLLE 


2Cos 4x-1=0=> 4x = Cos? 


Nile 
Ww!ly 





cs =f 22} 4 ae {= 
SS 13 U au ; eat 


18. Sinx + Sin 3x + Sin 5x =0 


a 
tetra en 


bia a Bho 
3 

p< SE RS pw 
o"4 


Sol. Sinx + Sin 3x + Sin 5x=0 or Sin 5x + Sinx + Sin 3x =0 


5x +x 5x -x 


25if. ——+—€08 
2 





Sin3x (2cos 2x + 1)=0 


+ Sin 3x = 0 => 2Sin 3x Cos2x + Sin 3x =0 





=> 3x=0, X= 7% 


3x=O0+2naz &3x=7 +2nz 





Cosx = -— 
2 


Cos x is—vein Il & Ill 


1 
2x =Cos? 








2 
x= +z inl 


SES 3 ee 
neh U2 + meh mez 


COLLEGE MATHEMATICS-1 SOLUTION OF TRIGONOMETRIC EQUATIONS 
19, Sin@ +Sin3@ +Sin5@ +Sin7@ =0 


Sol. 


SS -|% jul + mus + malas + mn lye + ana} Uy + 2m} ne A 


20. 
Sol. 


IfSin4@ -0=> 40=0, => 40 =2na R40 “14207 => 02" &O=— rpc 


Sin 7@ +Sin@ +Sin50 +Sin3@ =0 


>in [2 + =| Cos 2 = *) os (2 + | se & =) 
2 2 2 2 


2Sin 40 Cos 30 +2Sin40 Cos@ =0 => 2Sin40 (Cos 30 +Cos@)=0 
30 +6 30 -@ 
2 




















2Sin4@ (2cvs Cos 


)-0= 4Sin 4@ Cos2@ Cos0 =0 


Sin 40 =0, Cos20=0, Cos @=0 
nx nn 


2 


3 
If Cos 20 =0=>20=—42n2 a29= 2 t¢na => O=— tna Pn tnz 


-~ 


If Cos? =0 => O=—+2nz a= = +2n7 


~ 


Cos@ +Cos36 +Cos5@ +Cos7@ =0 
Cos7@ +Cos@ +CosS@ +Cos3@ =0 


2Cos (42) Cos ("| + 2Cos & = =} Cos (# 4) =0 


~ 








2Cos 40 Cos 30 + 2Cos 4@-Cos@ =0 = 2Cos 40 (Cos 34 +Cos@) 


2Cos 4@ =Oor 2Cos a0 + Cos a 7 





=0 > 2Cos2@ Cos @ =0 


~ 


Cos 4@ =0 . Cos 2@ =0 ; Cos@ =0 
If Cos4O =0>40 = 7 2nz &40 om +2na => Go jo &@ = Sl — 
2 2 8 2 8 2 


lfCos20=0>26 = 5 tana a29 = tana = 0 =F +n 80 = +n 


— 


IfCos@ =0 > @= tena & O= = +2nz 


“a 


3-5 ‘ ann Ul + dU iz va S vm) fj = juz naz 


= RSE a 


COLLEGE MATHEMATICS~—1 ya LUT T RiC EQUATIONS 


TEST YOUR SKILLS Marks: 25 


Q#1. Select the Correct Option 
i, Solution Set of 1+ Cosx = Ois 


a) {Z+2nr}.nez b) {x+2nz},nez 
c) a 4 an, Nez d) None of these 
i: ; ae 
ii, Sinx =>,Xx is equal to 
a x 1 r 
a = b _ c — d _ 
) 5 ) 6 ) 4 ) 3 
iii. Number of solutions of trigonometric function is: | 
a) Finite b) Infinite 
c) Only one d) None 
iv. Number of solution of | + Cosx = 0 are in [0,27]: 
ene ] b) 2 
c) Infinite d) 3 


Q#2. Short Questions: ; 
i. Solve Sin?x = : in[0,27 | 


ii. Solvel + Cosx = 0 


iii. Find solution set of 2Sin’@-Sin@ =0 


iv. Define trigonometric equations 
Vv. Solve Sinx = . 
2 
, ] 
vi. Solve tan x = —= 
3 
3 i 
vii. Solve Cotx = —e € [0,27] 
viii. Solve Sinx + Cosx =0 
ix. Solve Sin2x + Sinx = 0 


x, Find solution set of Sin 2x = Cosx 


